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Preface to the Third Edition 


‘The first edition of this text appeared in 1950, and it was so well received that 
‘i went through a second printing the very next year. Throughout the next three. 
decades it maintained its position as the acknowledged standard text for the intro- 
ductory Classical Mechanics course in graduate Sevel physics curricula through- 
‘out the United States, and in many other countries around the world. Some major 
instituions also used it for senior level undergraduate Mechanics. Thirty years 
Jater, ia 1980, 2 second edition appeared which was “a through-going sevision of 
the first edition.” The preface to the second edition contains the following stato- 
rent: “Thave tried to retain, as rnuch as possible, the advantages of the fret edition 
while taking into account the developments of the subject itself, its position in the 
curicalum, and its applications to other fields.” This isthe philosophy which has 
Sutided the preparation of this third edition twenty mote years Iter. 

“The second edition introduced one additional chepter on Perturbation Theory, 
and changed the ordering of the chapter on Small Oscitfations, ln addition it added 
a significant amount of new material which increased the number of pages by 
about 68%. This third edition adds still one more new chapter on Nontinear Dy- 
namics of Chaos, bat counterbalances this by reducing the amount of material ia 
several of the other chapters, by shortening the space allocated to appendices, by 
‘considerably reducing the bibliography, and by omitting the long lists of symbols, 
‘Thus the third edition is comparabte in size to the second. 

4a the chapter on relativity we have abandoned the complex Minkowski space 
in favor of the now standard real metric. Two of the authors prefer the connplex 
metric because of its pedagogical advantages (HG) and because it fits in well with 
Clifford Algebra formulations of Physics (CPP), but the desire to prepare students: 
who can easily move forward into other areas of theory such as field theory and 
general relativity dominated over personal preferences, Some modern notation 
‘such as i-forms, mapping and the wedge product is introduced in this chapter. 

‘The chapter on Chaos is a necessary addition because of the current intersst 
in nonlinesr dynamics which has beguc to play a significant role in applications 
of classical dynamics. The majority of classical mechanics problems and appl- 
cations in the real world :nclude nontineantes, and st 1s ienportant for the student 
to have 2 grasp of the complexities involved, and of the new properties that can 
‘emerge. it is also important to realize the role of fractal dimensionality in chaos. 

New sections have been added and others combined or eliminated here and 
there throughout the book, with the omissions to a great extent motivated by the 
desire not to extend the overall length beyond that of the second edition. A section 
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‘was added on the Euler and Lagrange exact solutions to the three body problem. 
‘In several places phase space plots and Lissajous figures were apperided to illus 
trate solutions. The damped driven pendulum was discussed as an exatnpte that 
explains the workings of Josephson junctions. The symplectic approach was clat- 
ied by writing out some of the matrices. The harmonic oscillator was tested 
with anisotropy, and also in polar coordinates. The last chapler on continua and 
fields was formulated in the moder notation introduced in the relativity chap- 
tof. The significances of the special unitary group in two dimensions SU(2) and. 
the special orthogonal group in three dimensions SO(3) were presented in more. 
up-to-date notation, and an appendix was added on groups and algebras. Specia} 
tables were introduced to clarify properties of ellipses, vectors, vector fields and. 
|-forms, cmonical transformations, and the relationships between the spacetime 
‘and synoplectic approaches. 

‘Several of the new features and approaches in this third edition had been men 
tioned as possihilities in the preface to the second edition, such as properties of 
‘group theory, tensors in non-Euclidean spaces, and “new mathematics” of theoret> 
ical plysics such 2s manifolds. The refereace to “Ono area omitted that deserves 
special attention—nonlinear oscillation and associated stability questions” now 
eoastinutes the subject matter of our new Chapter 11 “Classical Chaos." We de- 
bated whether to place this new chapter after Perturbation theory where it fs 
more logically. oc before Perturbation theory where it is mote ikety to be covered 
in class, and we chose the latter. The referees who seviewed our manuscript were 
evenly divided on this question, 

Toe mathematical level of the present edition is about the same as that of the 
first two editions. Some of the mathematical physics, such as the discussions 
of hemnitean and unitary matrices, was omitted because it pertains much more 
to quantum mechanics than it does to classical mechanics, and little used nota- 
tions like dyadics were curtailed. Space devoted to power law potentials, Cayley- 
Klein parameters, Routh’s procedurs, time independent perturbation theory, and 
the stress-energy tensor was reduced. fn some cases reference was made to the 
second edition for more details. The problems at the end of the chapters were 
divided into “derivations” and “exercises,” and some new ones were added, 

‘The authors are especially indebtod to Michael A. Unseren and Forrest M, 
Hoffman of the Oak Ridge National leboratory for theit 1993 compilation of, 
‘errata in the second edition that they made available on the Internet. It is hoped 
‘that not too many new errors have slipped into this present revision. We wish to 
thank the students who used this text in courses with us, and made a number of 
‘useful saggestions that were incorporated into the manuscript. Professors Thomas 
‘Sayetta and the late Mike Schuette made helpful comments on the Chaos chapter, 
‘and Professors Joseph Johnson and James Knight helped to clarify our ideas 
en Lie Algebras. The following professors reviewed the muruscript and made 
many helpful euggestions for improvements: Yoram Athassid, Yale University; 
Dave Bilis, University of Toledo; John Gruber, San Jose Stare; Thomas Handler, 
University of Tennessee; Daniel Hong, Lehigh University: Kara Keefer, Kdaho 
State University; Carolyn Lee; Yannick Meurice, University of towa; Danie} 
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Marlow, Princeton University; Julian Noble, University of Virginia; Muhammad 
‘Numan, indiana University of Penusyivania; Steve Ruden, University of Califor- 
nia, vine; Jack Semure, Poctland Stare University; Tammy Ann. Smeckar-Hane, 
University of California, irvine; Daniel Stump, Michigan State University; Robert 
‘Wald, University of Chicago; Doug Wells, Idaho State University. 

It has indeed been an honor for two of us (CPP and JLS) to collaborate as 
‘co-authors of this thitd edition of such a classic book fifty years after its first ap- 
pearsnce. We have achnired this text since we first studied Classical Mechanics 
‘rors the first edition in our graduate student days (CPP in 1953 and JLS in 1960), 
and each of vs used the first and second editions in our teaching throughout the 
‘years, Professor Goldstein is to be commended for baving written and later en- 
‘hanced such an outstanding contribution to the classic Physics literature, 

Above all we register our appreciation and acknolwedgement in the words of 
Pealm 19,1: 


01 cbpuvor Sinyotvea 3obav Geod 


‘Flushing, New York Herpert GoLpstary 
Columbia, South Carolina CHARLES P, POOLE, JR. 
Columbia, South Carolina JOUN L, SAFKO 


July, 2000 


CHAPTER 


Survey of the 
Elementary Principles 


“The motion of material bodies formed the subject of some of the eutliest research 
pursued by the pioneers of physics. From their efforts there has evolved a vast 
field known as analytica! mechanics or dynamics, or simply, mechanics, In the 
‘resent century the term “classical mechanics” has come into wide use to demore 
this branch of physics in contradistinction fo the newer physical theories, espe- 
cially quantum mechanics. We shall follow this usage, interpreting the name 10 
include the type of mechanics arising obt of the special theory of relativity, 1 ix 
the purpose of this book to develop the structure of classical mechanics and 10 
coating some of its applications of present-day interest in pure physics, Basic to 
any presentation of mechanics are a number of fundamental physical concepts, 
such as space, time, simoltaneity, mass, and force. For the most part, however, 
these concepts will not be anslyzed critically bere: rather, they will be assumed a8 
undefined terms whose meanings are familiar to the reader. 


1.1 MECHANICS OF A PARTICLE 


Tet r he the radius vector of a particle from some given ongin and v its vector 
velocity: 


ar 


aay 


‘The finear momentum p of the particle is defined as the product of the particle 
mass and its velocity: 


pam. (42) 


In consequence of interactions with external objects and fields, the particle may 

experience forces of various types, ¢.g., gravitational of electradynamic: the vec- 

tor sum of these forces exerted on the particle is the lotal force F. The mechanics 

of the particle is contained in Newton's second law of motion, winch states that 

there exist frames of reference in which the motion of the particle is described by 
the dhffereatial equation, 

@_. 
FaPep. 43) 
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or 


é 
ae aay 
In most instances, the mass of the particle 1s constant and Eg, (1.4) reduces to 
ay 
=m oma, 4 
¥ qu" GS) 
‘where a is the vector acceleration of the particle defined by 


&r 

ae 
‘The equation of motion is thas a differential equation of second onder, assuming 
F does not depend om higher-order derivatives. 

‘A reference frame in which Eq. (1.3) is valid is called an inertial or Galilean 
system. Even within classical mechanies the notion of an inertial system is some 
thing of an idealization. In practice, however, itis usdally feasible to set up a co- 
continate system that comes as close to the desired properties as may be required, 
For mary purposes, a reference frame fixed in Earth (the “laboratory system’) is 
«sufficient approximation to an inertial system, while for sorve astronotnical pur 
poses it may be necessary to construct am inertial system by reference to distant 
gataxies, 

“Many of the important conclusions of mechanics can be expressed in the form 
of conservation thecrems, which indicate under what conditions various mechun- 
focal quantities are constant in time. Equation (1.3) dinectly furnishes the first of 
these, the 


(1.6) 


Conservation Theorem for the Linear Momentum of a Particle: If the total force, 
F, ts zero, then jp = O ana the linear momertian, p, is conserved. 


‘The angular momentum of the particle about point O, dented by L,, is defined 
as 


Lerxp, ary 


where F is the radius vector from O to the particle. Notice that the order of the 
factors is important. We now define the montent of force ot torque about O as 


Narxk aay 


‘The equation analogous to (1.3) for N is obtained by forming the cross product of 
T with Eg. (2.4): 


a 
FXRSNerx om), es 
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Equation (1.9) can be written in a different form by using the vector identity: 


4 d 
Gite) aver Flo, 1.10) 


‘where the first term on the right obviously vanishes. Jn consequence of this iden- 
tity, Eg. (1.9) cakes the form 


a ay 
= Grams Fk. aay 
Note that both N and L depend on the point ©, about which the moments are 
taken. 
As was the case for Eq, (1.3), the torque equation, (1.11), also yields an imme- 
diate conservation theorem, this tne the 


Conservation Theorem for the Angular Momentum of a Particte: If the total 
torque, N, 1 zem then. = 0, and the angular momentun L is conserved. 


Next consider the work done by the external force F upon the particle in going, 
from point 1 to point 2. By definition, this work is 


Waa f Peds. 42) 


For constant mass (as will be assumed from now on unless otherwise specified), 
the integral in Eq. (1.12) reduces to 


emf Bova f 46% 
fF ds=m fF vat =f Seda, 


Win = FO} vp). (4.43) 


and therefore 


“The scalar quantity mu?/2 is called the kinetic energy of the particle and is de- 
noted by Tso that the work done is equal to the change in the kinetic energy: 


Waeh~T. hid) 


If the force field is such that the work Wp is the same for any physically 
possible path betwees points 1 and 2, then the force (and the system) is said to be 
conservative. An alternative description of a conservative system is obtained by 
imagining the particle being taken from point 1 co point 2 by one possible path 
and then being remurged to point 1 by another path. The independence of Wy2 on 
the particular path irmptics that the work done around suck a closed circuits 2er0, 
ie. 


fr-dsmo 0.15) 
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Physically itis clear that 2 system cannot be conservative if friction or other dis- 
sipation forces are present, because F + ds due to friction is always positive and 
the integral cannot vanish. 

By a well-known theorem of vector analysis, a necessary and cufficient cond!- 
thon that the work, Wiz. be independent of the physical path taken by the particle 
is that F be the gradient of some scalar fumction of position: 


F 


We), (1.16) 


where ¥ is called the potential, or potential energy. The exstence of V can be 
anferred inturnvely by a simple argument. If Wiz is independent of the path of 
integration between the ead points 1 and 2. it should be possible to express Wi2 
fas the change in a quantity that depends only upon the positions of the end points, 
‘This quantity may be designated by —V, so that for a differential path Jength we 
Ihave the refation 


Feds=-adv 


or 
a 


Faas, 


a 
which is equivalent to Eq, (1.16). Note that in Eq, (1.16) we can add to ¥ agy 
‘quamtity constant in space, without affecting the results, Hence the zero level af V 
is arbitrary. 

For a conservative system, the work done by the forces is 


Wr = Vi = Va. avy 
‘Combining Eq. (1.17) with Bq. (3.14), we have the result 
T+W=h+%, (1.18) 


which states in symbols the 


Energy Conservation Theorem for a Parsicte: If the forces acting on a particle 
are conservative, then the total energy of the particie, T + V, is conserved. 


‘The force applied to a particle may in some circumstances be given by the 
gradient of a scalar function that depends explicitly on both the position. of the 
particle and the time. However, the work done on the particle when it travels a 
Aisiance ds, 


Feds= as, 


is then no longer the total change in —V during the displacement, since V also. 
changes explicitly with time as the particle moves. Hence, the work done a5 the 
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paticle goes from point 1 to point 2 is no longer the difference in the function V 
between those points. While a total energy 7 + V may stil be defined, itis not 
conserved during the course of the particle's motion. 


1.2 MECHANICS OF A SYSTEM OF PARTICLES 


Jn generalizing the ideas of the. previous section to systems of many particles, 
‘we mist distinguish between the extemal forces acting on the particles due to 
sources outside the system. and internal forces on, say, some paiticte { due to all 
‘other particles in the system. Thuis, the equation of motion (Newton's second law) 
for the fth particle is written as 


DF tH? =p, (as) 
7 


where PO stands for an external force, and Fy: is the internal force on the th 
particle due to the jth particle (F,,, naturally, is zero), We shall assume thar the 
F,, dike the F!) obey Newton's third law of motion in its original form: that the 
forces two particles exert on each other are equal and opposite, This assumption 
(which does not hold for all types of forces) is sometimes referred to as the weak 
faw of action and reaction 

‘Summed over all particles, Eq. (1.19) takes the form 


gum = Dre+ rn. (3.20) 


‘The first som on the right is simply the toxal external force 9, while the second 
term vanishes, since the law of action and reaction states that each pair Fyj + Fy. 
ix zem. To reduce the left-hand side, we define a vector R as the average of the 
radii vectors of the particles, weighted in proportion to their mass: 


Lean _ Lm 
RA (an 


"The vector R defines a pout known as the center af mass, ot mote loosely as the: 
center of gravity, of the system (cf. Fig. 1.1), With this definition, (1.20) reduces 
to 


FO =P, (1.22) 


which states that the center of mass moves as if the total external force were 
acting on the entire mass of the system concentrated at the center of mass, Purely 
interbal forces, if the obey Newton's thd law, therefore have no effect on the 
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FIGURE 14 The center of iss ofa system of patics. 


motion of the center of mass. An off-quoted example js the motion of an exploding 
shell—the center of mass of the fragments traveling as if the shell were sti} in a 
single piece (neglecting air resistance}. The same principle is involved in jet and 
rockel propuision. In order that the motion of the center of mass be unaffected, 
the ejection of the exhaust gases at high velocity must be countesbalanced by the 
forward motion of the veticle at # slower velocity. 

By Eq. (1.2£) the total tmear momentum of the system, 


ee Ltt oa ui 


(2a) 


is the total mass of the system times the velocity of the center of mass, Conse- 
quently, the eqxiation of motion far the center of mass, (1.23), can be restated ct 
the 


Consersation Theorem for the Linear Momentum of a System of Partictes: If the 
total external force is zero, the ‘otal linear momentum is conserved. 


‘We obtain the total angular momentum of the system by forming the cross 


product r, x p, and summing over i. If this operation is performed in Eq. (1.191, 
there results, with the aid of the identity, Bq. (3.10), 


Dexa Of0 ee Dee Fes Denke (1.24) 
. : % 


‘The last term on the right in (1.24) can be considered a sum of the pairs of the 
form 


xB, try x By sin) x Bp, 4.25) 
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FIGURE 1.2 The vector 7 between the ith and jth particen 


using the equality of action and reaction But r; ~ is identical with the vector 
14; from j 107 (cf. Fig. 1.2), so thatthe right-hand side of Eq. (1.25) can be wntten 
as 


fy xB 


If the internal forces between two partices, in addition to being equal and oppo- 
site, also he along the live joining the particles—a condition known as tho stra 
law of action and reaction-—then all of these cxoss products vanish. The. sum over 
pairs is zero under this assumption and Eq, (1.24) may be written in the form 


ab ye 
a mN°. (1.26) 
‘The time derivative of the total sngular momentum is thus equal to the moment 
of the external force about the given point, Corresponding to Eg. (1.26) is the 


Conservation Theorem for Total Angular Momentum: 1, is constans in time if the 
appled (external) torque is rero. 


‘itis pethaps worthwhile to emphasize that this js a vector theorem; Le, Le 
will be conserved if NS” is zero, even if MO and NY are not ze.) 

‘Note that the conservation of linear momentum in the absence of applied forces 
assumes that the weak law of action and reaction is valid for the internal forces. 
‘The conservation of the total angular mmementum of the system in the absence of 
applied torques requires the validity of the strong law of action ané reaction-—that 
the internal forces in acktition be central. Many of the familiar physicat forces, 
such as that of gravity, satisty the strong form of the law. But it is possible 10 
find forces for which action and reaction are equal even though the forces ats not 
‘cental (see below). {a a system involving moving changes, the forces between 
the charges predicted by the Biot Savant law may indeed violate both forms of 
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‘he action and reaction law.* Equations (1.23) and (1.26), and their corresponding 
‘conservation theorems. ar¢ not applicable in such cases, at least in the form given. 
fhere. Usually it is then possible to find some generalization of P or L. that is 
conserved. Thus, in an isolated system of moving, charges it is the sum of the 
mechanical angular momentum and the electromagnetic “angular momentum” of 
the field that is conserved. 

Equation (1.23) states that the total linear momentum of the system is the same 
as if the entire mass were concentrated at the center of mass and moving with it. 
‘The analogous theorem for angular momentum is more complicated. With the 
‘ongin O as reference point, the total angular momentum of the systema is 


L=}n xp, 


Let R be the radius vector from © to the center of mass, and let t/ be the radius 
vector from the center of mass to the «th particle. Then we have (ef. Fig. 1.3) 


nertR 27) 
and 
=Vty 
where 
ved 
a 


FIGURE L3 The vectors involved in the ssf of reference porn for the angular momen- 
fm. 


‘iE two charges are moving unvrmy with parallel vocty vectous that ar’ not perpendlicttes #0 che 
Tine plning the charges thea tie net mal forces are equal zo appotte but do not He along the 
‘vector tenvean the charges. Consuk, forte, 10 charges moving (stants) 30 a to "CROs 
the "12. one charge moving Geely atthe other, which in tora oting aright anges tothe fst 
‘Then the second charge exes 4 nonvanisteng magnesc forse on the Sst without experenctng sty 
Bugeeticreactin tore at that wate. 
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is the velocity of the center of mass relative to O, and 


foie 
is the velocity of the ith particle relative to che center of mass of the system. Using 
Bq, (1.27) the tou angular momentum takes on the form 


=SRamee De em +(e) xreme ED 


‘The last two terms in this expression vanish, for both contain the factor J mt, 
which, ic will be recogaized, defines the radius vector of the center of mass in the 
very coordinste system whose origin is the center of mass and is therefore « mull 
‘vector. Rewriting the resiaining terms, the total angular momentum about 0 is 


LaRx Mv+ Sor xp (1.28) 


L 


In words, Eq, (1.28) says that the fotal angular momentum about a point O is 
the angular momentum of motion concentrated at the center of mass, plus the 
ngolar momentum of motion about the center of mass. The form of Eg, (1.28) 
emphasizes that in general L depends on the origin O, through the vector R. Only 
if he centes of mass 1 at rest with respect to O will the angular momentum be 
independent of the poiot of reference. In this case, the first tem in (1.28) vanishes, 
and L always reduces to the angular momentum taken about the center of mass, 

Finally, et ws consider the energy equation. As in the case of a single particle, 
‘we calculate the work done by all forces in moving the system from an initial 
configuration 1, to a final configuration 2: 


Woe DP Hoa = Deeds D [ty -as. 0.29) 
; y % 


Again, the equations of motion can be used to reduce the integrals to 


Lf tesa L fmionar Fs rfe (nef). 


‘Heme, the work done can still be written as the difference of the Ginal and initial 
Kinetic energies: 

We=h—ty 
where T, the total Kinetic energy of the system, is 


4 
Ts phn (1.30) 
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Making use of the transformations to center-of-mass coordinates, given in Eq. 
(2.27), we may also waite T as 


I 
* slime wey 


= ]Dne Detar (Ona) 


and by the reasoning already employed in calculating the angular momentum, the 
last tenn vanishes, leaving 


1 1 a 
Ta gma 3 Somat 31) 


‘The kinetic energy, like the angular momentum, thus also consists of two parts: 
the kmetc energy obtained if all the mass were concentmated at the center of mass, 
plus the kinetic energy of motion about the center of mass. 

Consider now the right-hand side of Bq. (1.29). In the special case that the 
external forces are derivable in terms of the gradient of a potential, the fist term 
can be written as 


Lf een a-S feed = Ty. 


where the subscript # on the del operator indicates that the derivatives are with 
respect to the components of r,. If the internal forces are also conservative, then 
the mutual forces between the ith and jth particles, Fi, and F,, can be obtained 
from a potential function ¥,,. To satisfy the strong law of action and reaction, Vi, 
‘can be 4 function only of the distance between the particles: 


Yay = Yul te ~ 81. (1.32) 


“The two forces are then automatically equal and opposite, 


Fy =~ WV, = 49,Yy (2.33) 
and lic along the Iine joining the wo particles, 
Wy — oD = th (3a 


‘where 7 is some scalar function. If Vi, were also a function of the difference of 
some other pair of vectors associated with the particles, such as their velocities 
‘(G0 step inte the domaia of modem physics) their intrinsic “spin” angular mo- 
enta, then the forces would stiff be equal and opposite, but would not necessarily 
lie along the direction between the particles 


1.2. Mechanics of a Sysem of Particles " 


‘When the forces are all conservative. the second term in Eq. (1.29) can be 
rewritten 95 a sum over pairs of particles, the terms for each pair being of the 
form 


‘ 
= fv As HY My Ay 
i 


the difference vector F. ~ r, is denoted by r,,, and if Vj, stands for the gradient 
with respect tor,,, then 


and 
ds, —ds, = de, ~ de, =dr,j, 
50 thatthe term for the j pair has the forma 


=f 9% dey. 


‘The tota! work arising from intemal forces then reduces to 


1 7 1 f 
Ef wy any = -3 Ov - 138) 
3hf Madey = 5 2 Mah (135) 


wy i 


‘The factor 4 appears in Bq. (1.35) because in summing over both 7 and j each 
member of @ given pair's included twice, frst in the # summation and then in the 
summation. 

From these considerations, itis clear that tf the extemal and mternal forces are 
both derivable from potentis it is possible to define a total potential energy, V, 
of the system, 


136) 


such that the total energy T + is conserved, the analog of the conservation 
theorem (1-18) for a single particle. 

‘The second term on the right in Bg. (1.36) will be called the internal potential 
energy of the system. In general, it nced not be zero and, more important. it may 
‘vary 6s the system changes with time. Only for the particular class of systems 
known as rigid bodies will the intemal potential always be constant. Formally, 
2 Figid body can be defined as a system of particles in which the distances r,, 
are fixed and cannot vary with time. In sack case, the vectors dryy can only be. 
perpendicular to the corresponding t,,. and therefore to che Fiz. Therefore, in a 
rigid body the internal forces do no work, and the internal potential must remain 
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constant. Since the total potential is in any case uncertain to within an additive 
constant, an anvarying intersal potential can be completely distegarded in dis- 
‘eussing the motion of the system. 


1,3 M CONSTRAINTS 


From the previous sections one might obtain the impression that all problems in 
mechanics have been reduced to solving the set of differential equations (1.19%: 


mE, = RO - SE y. 
7 


One merely substitutes the various forces acting wpon the particles of the system, 
tums the mathematical crank, and grinds out the unswers! Even from a purely 
physical standpoint, however, this view is oversimplified. For exatnple, it may be 
necessary to take snto account the constraines that limit the motion of the system. 
We have already met one type of system involving constcains, namely rigid bod- 
ies, where the constraints on the motions of the particles keep the distances r,, 
unchanged. Other examples of constrained systems can easily be furnished. The. 
beads of an abacus are constrained to one-dimensional motion by the supporting 
wires. Gas mofecules within a container are constrained by the walls of the ves- 
sel to move only inside the container. A particle placed on the surface of a solid 
sphere is subject to the constraint that it can soove only on the surface oF in the 
region exterior to the sphere. 

‘Constraints may be classified in various ways, and we shall use the following 
systema If the conditions of constraint can be expressed as equations connecting 
the coordinates of the particles (and possibly the time) having the form 

FMT ot) (137) 
then the constraints arc said to be holonomic. Peshaps the simplest example of 
holonomic constraints is the rigid body, where the constraints are expressed by 
equations of the form: 


0. 


@ one, 
A particle constrained to move along any curve or on a given surface is another 
obvious example of a hofonomic constraint, wath the equations defining the. curve 
or surface acting as the equations of a constraint. 

Constiaints avi expressible in this fashion are called nonholonomic. The watts. 
of 4 gas container constitute a nonholonomic constraint. The constraint involved 
in the example of a particle placed on the surface of a sphere is also noniholo- 
nomic, for it can be expressed as an inequality 


Podzo 
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(where @ is the radius of the sphere), which is not in the form of (1.37). Thus, in 
a gravitational field a particle placed on the top of the sphere will slide dowa the 
surface part of the way but will eventually fall off. 

Constraints are further classified according to whether the equations of con- 
straint contain the time as an explicit variable (cheonomous) of are not explicitly 
dependent on time (scleronomous). A bead sliding om a rigid curved wire fixed. 
in space is obviously subject to a scleronomous constraint; if the wire is moving 
in some prescribed fashion, the constraint és theonomous. Note that if the wire 
moves, say, 45 a reaction to the bead’s motion, then the tune dependence of the 
constraint enters in the equation of the constraint only through the coordinates 
‘of the curved wire (Which are now part of the system coordinates), The overall 
constraint is then scleronomous. 

Constraints introduce two types of difficulties in the solution of mechanical 
problems. First, che coordinates r, are xo Jonger afl independent, since they ate 
conttected by the equations of constraint; hence the equations of motion (1.19) 
are wot all independent. Second, the foes of constraint, ¢.., the force that the 
‘wie exerts on the bead (or the wall on the gas particle), is not furnished a pri- 
ori. They are among the unknowns of the problem and must he obtuined from the 
solution we seek. Indeed, imposing constraints on the system 3 simply another 
method of stating that there are furces present in the problem that cannot be spec 
afied directly bat are known rather in terms of their effect on the motion of the 
system. 

Ta the case of holosomic constraints, the first difficaly is solved by the intro» 
duction of generalized coordinates. So far we have been thinking implicitly in 
terms of Cartesian coordinates. A system of N particles, free from constraints, 
hhas 3NV independent coordinates or degsees of freedom. f there exist hofonomic 
constraints, expressed in & equations in the form (1.37), then we may use these 
equations to eliminate & of the 3 coordinates, and we are left with 34 ~ k inde- 
pendent coordinates, and the system is said to have 3N ~ & degrees of freedom, 
“This elimination of the dependent coordinates can be expressed in another way, 
‘by the introduction of new, 3 — k, independent variables @3, dz, -..g34—t i 
terms of which the oid coordinates #1, f2,...,.ty are expressed by equations of 
the form 


P= FG G20 BNA) 
2 (2.38) 


a = Eyles ts --- GW —ke HD 


comaining the constraints in them implicitly. These are sransformation equations 
‘rom the set of (11) variables to the (gy) set. or alternatively Eqs. (1.38) can be con- 
sidered as parametic repreventations of the (ry) variables. Tt is always assumed 
that we can also transform back fiom the (g2) {0 the (7) set, Le. that Eqs. (1.38) 
combined with the k equations of constraint can be inverted to obtain any g, as & 
function of the (¢)) variable and time. 
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‘Usually the generelized coordinates, q, unlike the Cartesian coordinates, will 
not divide into convenient groups of three that can be associated together 0 farms 
vectors. Thas, in the cese of a particle constrained to move ov the surface of a 
sphere, the two angles expressing position on the sphere, say latitude and fongi- 
tude, are obvious possible generalized coordinates. Or, in the example of a double 
pendulum moving in a plane (two particles connected by an inextensible ght 
tod and saspended by a similar rod fastened fo one of the particles), satisfactory 
generalized coordinates are the two angles 8). 82. (CE. Fig, 1.4.) Generalized co- 
‘ordinates, in the sense of coordinates other than Cartesian, are often usefal in 
systems without constraints, Thus, in the problem of a particle moving in an ex- 
ternal central force field (Y = V(r)}, there is no constraint involved, but i is 
clearly more convenient to use spherical polar coordinates than Cartesian coordi- 
nates. Do not, however, think of generalized coordinates in terms of conventional 
‘orthogonal position coordinates. Al! sorts of quantities may he ianpressed to serve 
as generalized coordinates, Thus, the amplitudes in a Fourier expansion of may 
be-used as generalized coordinates, or we may find it convenient to employ quan 
tities with the dimensions of energy or angular momentum, 

Ifthe constraints nonholonomic, the equations expressing the constraint cun- 
not be used to eliminate the dependent coordinates. An oft-quoted example of 
a nonholonomic constraint is that of an object rolling on 2 rough surface with. 
cout slipping, The coordinates used to describe the system wifl generally involve 
angular coordinates to specify the orientation of the body. plus a set of coords 
nates describing the location of the point of contact on the surface, The constraint 
of “tolling” connects these two sets of coordinates; chey ant not independent, A 
change in the position of the point of contact inevitably means & change in its 
orientation. Yet we cannot reduce the number of coordinates, for the “rolling” 
condition is not expressible as x equation between the coordinates, in the manner 
of (1.37), Rather, it is @ condition on the velocities (Le , the point of contact is 
stationary), « differential condition that can be given in un integrated form only 
‘after the problem is solved. 


FIGURE 14 Double pendutem, 


1.3 Consteaunts 8 


° = 
FIGURE 15. Vertical disk rothag on a horizontal plane, 


A sinmple case will ustrate the point. Consider « disk rofling on the horizontal 
zy plane constrained to move so that the plane of the disk is always vertical 
‘The coordinates used to describe the motion might be the x. y coordinates of the 
center of the disk, an angle of rotation @ shout the axis of the disk, and an angle 
@ between the axis of the disk and say, the x axis (cf, Fig 1.5), Ag a result of the 
constraint the velocity of the center of the disk, v, has a magnitude proportional 
104, 


vmag, 
where a is the radius of the disk, and its direction is perpendicular to the axis of 
the disk: 
$= using 
$m -2e0s6. 
‘Combining these conditions, we have two differential equations of consiraint: 


dx ~asinbdg =0, 


(139) 
dy +acosédd = 0. 

‘Nelther of Eqs. (1,39) can be integrated without in fact solving the problems i. 
wwe cannot find an integrating factor f(x, >, 8, 6) that will tur either of the eq 
tious into perfect differentials (cf. Derivation 4).* Hence, the constraints canaot 
bbe reduced to the form of Ea. (1.37) and are therefore nonbolonomic, Physically 
‘we can see that there can be no direct functional relation between ¢ and the other 
coordinates x, y, and 6 by noting that at any point on its path the disk can be 


‘in principle, an wsegrating Gem ca always be found for» csr-order dfereatal equation of con 
stains i» systems invofving caly two coordinates sad such constraints we therefore Bolonomc. A. 
‘Fomaliac example 1s the two-dimensional motion ofa caste rolling onan inclined plane, 
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made to roll around in circle tangent to the path and of arbitrary radius, Atthe 
end of the process, x, }. and 8 have beer returned to their original valves, but } 
fras changed by an amount depending on the radius of the circle. 

Nonintegrable differential constraints of the form of Eqs. (1.39) are of course 
not the only type of nonholonomic constraints. The constraint conditions may 
involve higher-order derivatives, or may eppear in the form of inequalities, as we 
have seen. 

Pacily because the dependent coordinates can be eliminated, problems invalv- 
ing holonomic constraints are always amenable to a formal solution. But there is 
xo general way to attack nonholonomic examples, True, ifthe constraint is nonin- 
tegrable, the differential equations of constraint can be introduced inta the prob» 
Jem along with the differential equations of motion, und the dependent equations 
eliminated. in effect, by the method of Lagrange multipliers 

‘We shall return to this method ata later point. However, the more vicious cases 
of nonholonomic constraint must be tackled individually, and consequently in the 
development of the more formal uspects of classical mechanics, itis almost invati- 
ably assumed that any constraint, if present, is holonomic. This restriction does 
‘not greatly limit the applicability of the cheory, despite the fact thas many of the 
‘constraints encountered in everyday life are nonbotonomuc. The reason is that the 
entire concept of constraints imposed in the system through the medium of wires 
ot surfuces or walls is particularly appropriate only in mactoscopic ot large-scale 
problems. But today physicists are more interested in atoruic and nuclear’ prob 
Jems. On this scale all objects, both in and out of the system, consist alike of 
molecules, atoms, of smailer particles, exerting definite forves, and the notion of 
constraint becomes artificial and rarely appears. Constraints are then used only 
fs mathematical ideatizations to the actual physical case or as classical appro 
mations to a quuntum-mechanical property, e.g.. rigid body rotations for “spin. 
Such constraints are always hofonomic dnd fit smoothly into the framework of the 
theory. 

‘To surmount the second difficulty, namely, that the forces of constraint are 
unknown a prior, we should like to so formulate the mechanics that the forces 
of constraint disappear. We need then deal only with the known applied forces. A 
fhine as to the procedure to be followed is provided by the fact chat in a particular 
system with constraints ie arigid body, the wark done by intemal forces (which 
are here the forces of constraint) vanishes. We shull follow up this clue in the 
ensuing sections and generalize the ideas contained in it. 


1.4 WE D’ALEMBERT’S PRINCIPLE AND LAGRANGE’S EQUATIONS 


A virwal (infinitesimal displacement of a systems refers to a change in the con- 
figuration of the system as the result of any arbitrary infinitesimal change of the 
coordinates 5r,, consistent with the forces and constraints imposed on the system 
at the given instant t. The displacement is called virtual to distinguish it from an 
actual displacement of the system occurring in a tine interval de, during which 


14. DiAlembert’s Principte and Lagrange’s Equations 7 


the forces and construines may be changing. Suppose the system i in equilibrium: 
the total force on each particle vanishes, F, = 0. Then clearly the dot product 
1, which is the virtual work of the force F, in dhe displacesnent 8r,, sl80 
‘vanishes. The sum of these vanishing products over all particles must likewise be 


2000: 
Tees 
7 


AS yer nothing has been said that has any new physical content, Decompose F, 
into the applied force, FP, and the force of constraint, f,, 


(240) 


=k +h. 4) 
80 that Bq. (1.40) becomes: 


Dea +E 


‘We now restrict ourselves to systems for which the net virmual work of the 
forces of constraint is zero. We have seen thut this condition holds teve for rigid 
bodies and it is valid fora lange number of other constraints. Thus, if particle ix 
constrained to move on a surface, the force of constraint is perpendicular to the 
surface, while the virtua displacement must be tangent to i, nnd hence the virteal 
work vanishes. This is no longer true if siding friction forces are present, and 
‘we must exclude such systems from our formulation. The restriction is not ua 
Guly hampering, since the friction is essentially a macroscopic phenomenos, On 
the other hand, the forces of rolling friction do not violate this condition, since the 
forves act on a point thatis momentarily at rest and can do no work in an infinites- 
imal displacement consistent with the rolling constraint, Note that if a particle is 
constrained to 2 surface that is itself moving in time, the force of constraint is 
instantaneously perpendicular fo the surface and the work during a virtual dis- 
placement is still zero even though the work during an actual displacement in the 
time dt does not necessarily vanish. 

‘We therefore have as the condition for equilibrium of a system that the viral 
work of the applied forces vanishes: 


DR? 5s 


Baoation (1.43) is often calied the principle of virtual work, Note that the coef 
ficients of 5p, can no longer be set equal fo zero; Le. in general BO 7 0, since 
the Sr, are not completely independent but are connected by the constraints. In 
coder to equate the coefficients to zero, we must twansform the principle into a 
form involving the virtual displacements of the g., which are independent. Equa- 
tion (1.43) satisfies our needs in that if does not contain the f,, but it deals only 
‘with statics; we wact a condition involving the general motion of the system. 


sn 0 (142) 


(143) 
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“To obtain such a principle, we use a device first thought of by James Bernoulli 
and developed by D' Alembert. The equation of motion, 


Rab, 


can be written as 


F,-p=0, 


‘which states that the particles in the system will be in equilibrium under a force 
equal to the actual force plus s “reversed effective force” ~pj. Instead of (1.45), 
‘we can immediately write 


LF bo dr 0, (1.44) 
7 


‘and, making the same resolution into applied torces and forces of constraint, there 


results 
x 


~ Br) 8 + DOG bry = 0. 


We again restrict ourscives to systems for which the virtual work of the Forces of 
constraint vanishes and therefore obtain 


De - p- sr, =, (1.45) 


which 1s oftea called D’Alembert's principle. We have achieved out aim, in that 
the forces of constrsint no longer appear. and the superscript “ can now 3¢ 
roped without ambiguity. It is still not in 4 useful form to furnish equations 
‘of motion for the system. We must now transform the principle into an expression 
involving virtual displacements of the generalized coordinates, which are then in~ 
dependent of each other (for holonomic constraints), so that the coefficients of the 
‘iq, can be set separately equal to zero. 

‘The trunstation frou r, to gy langaage starts from the wransformation equations 
0.38), 


Fe HG Go Ga tD (145, 


{assuming m independent coordinates), and is carcied out by means of the usual 
“chain rales” of the caloulus of partial differentiation. Thus, vj is expressed in. 
terms of the dy by the formula 


rans 


a (1.46) 
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Similarly, the arbitrary vietusl displacement Sr, can be connected with the virtual 
displacements 5g, by 


ris Ly aan 


Note that no variation of time, S¢, is involved here, since a viral displacement 
‘by definition considers only displacements of the coordinates. (Only then is the 
virtual displacement perpendicular to the force of constraint f the constraint itself 
is changing in time, 

In terms of the generalized coordinates, the virtual work of the B, becomes 


xe. +85; = Des 
= Seven (1.48) 
7 


where the Q, are called the components of the generatized force, defined as 


a=SK- = (tag) 


Nowe that just as the 4's need not have the dimensions of length, so the Qs do 
not necessarily have the dimensions of force, but Q,6q, must always have the 
dimensions of work. For example, Q, might be x torque N, and dq, a differential 
angle d@,, which makes N, dé, a differentist of work. 

‘We mn now to the other other term myolved m Bq. (1.45), which may be 
‘written as 


Db te = Lomas ori. 


Expressing dr, by (1.47), this becomes: 


2 mh “ELF E)-m8 5 (B)] 50) 


{n the last term of Eq, (1.50} we can interchange the differentiation with respect 
tos and q,, for, in analogy to (1.46), 
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any <B-D Fe, a ar, 


3a; Baoan * 3g,68° 


by Bg, (1.46), Further, we also see from Bg, (1.46) that 


te asi) 


‘Substitution of these changes in (1.56) leads to the result that 
a ee ay ay 
Low = TLS (ma 3) mn =]. 


and ths second term on the left-hand side of Eq. (1.45) can be expanded into 


rl s[é(ei)}-s(en)-o} 


Identifying $0), 41,v? with the system kinetic energy T, D'Alembert’s principle 
(ef. Eq. (1.45)) becomes: 


D(SB)-J-a}e-5 am 


Note that in a system of Cartesian coordinates the partial derivative of 7 with 
respect to q, vanishes. Thus, speaking in the language of differential geometry, 
this term arises from the curvature of the coordinates ¢,. In polar coordinates, 
itis in the partial derivative of T with respect to an angle coordinate that the 
centripetal acceleration term appears. 

‘Thus far, no restriction has been made on the mature of the constraints other 
ham that they be workless in a virtual displacement. The variables g, cas be any 
set of coordinates used to describe the motion of the system. If, however, the con- 
saints are hotonomic, then itis possible to find sets of independent coordinates 
4, that contain the constaint conditions implicitly in the transformation equations 
(1.38), Any virtual displacement éq, is then independent of ga, an therefore the 
‘only tay for (1.52) to hold is for the individual coefficients to vanish: 


«assy 


‘There are n such equations in all. 
“When the forces are derivable from a scalar potential function V, 


R 
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‘Then the generalized forces can be written as 


which is exactly the same expression for the partial derivative of a function 
= Ve. 7a, 5 Ew, f) with respect to 95: 


(1.54) 
Equations (1.53) can then be rewritten as 
ar\ ag-v) 
Ce 0 


‘The equations of motion in the form (1.55) are not necessarily restricted to conser- 
-vative systems, only if V is not an explicit function of time is the system conserva 

tive (ef. p.4). As here defined, the potential V does not depend on the generalized 
velocities, Hence, we can include a term mn V in the partial derivative with respect 


4 (Wav at ~¥) 
at \ 44, 44; 
Or, defining a new fumetion, the Lagrangian L, as 


LeT-V, (1.56) 
the Eqs. (1.53) become 
d (al 4 
—(—}-— «0, 1.57; 
a)“ 0 


expressions referred to as “Lagrange’s equations.” 

[Note that for @ particular set of equations of motion chere is no wmique choice 
of Lagrangian such that Faqs (157) lead to the equations of motion in the given 
generalized coordinates. Thus, in Derivations 8 and 1G cis shown thut if L(@.4, 1) 
4s sc approxinsate Lagrangian and P(g, 1) is any differentiable function of the 
generalized coordinates and time, then 


Mtg a 40h 2 
1q,6.0 = 1G.4.04 7 57/) 


is e Lagrangian also resulting in the same equations of motion, tt is also offen 
possible co find alternative Lagrangians beside those constructed by this prescrip- 
tion (see Exercise 20). While Eg. (1.56) is always a suitable way to construct a 
Lagrangian for a conservative system, it does not provide che ony Lagrangian 
suitable for the given system. 
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1.5 ME VELOCITY-DEPENDENT POTENTIALS AND. 


‘THE DISSIPATION FUNCTION 


Lagrange’s equations can be put in the form (1.57) even if there is no potential 
function, ¥. in the usual sense, providing the generalized forces are obtuined from 
a function U(g,. é,) by the prescription 

ae =( 
aq, 

In such case, Eqs. (1.57; still follow from Bags. (1.53) with the Lagrangian given 
by 


a= +): ass) 


29; 


LeT-uU, (1.59) 


Here U may be called a “generalized potential,” or “velocity-dependent poten 
tial” The possiitity of using such 4 “potential” is not academic; it applies fo one 
very import type of force field, namely, the electromagnetic forces on mong 
charges. Considering its importance, digression on this subject is well worth- 
while. 

Consider an electric charge, g. of mass m moving at a velocity, v, in an other- 
wise charge-free region containing both an electric field. E, and a magnetic field. 
B, which may depend upon time and position. The charge experiences u force, 
called the Lorentz force, given by 


Fe gE+(v xB). 0.60) 


Both E(r, x. y.2) and B(t, x, y. 2) are contiquous functions of time and posinon 
derivable from a scalar potential $(t, x, y, 2) and a vector potential A(t, x, 9,2) 
by 


(.6t0) 
and 
BaVxA, (1.82) 


‘The farce on the charge can be derived from the following velocity-dependent 
potential energy 


B=qb—gA-¥, (1.62) 
so the Lagrangian, L = T ~U,is 
dmv? — gh + gA-y. (1.63) 


1.5. Velocity-Dependent Potentials and the Dissipation Function 2B 


Considering just the x-component of Lagrange’s equations gives 


a BAe | Ay | Bar (3 aA, 
misalust ty so +n) 4 Eta) 6s 
‘The tial time derivative of A, is related to the particfe time derivative dirough 
A eA, 


OA, GAr | adn GAs 


Sa GE TO Gy Te a 
Equation (1,616) gives 
BAy Bay Oar aA, 
oxpnen (Z B) +o (F a) 


‘Combining these expressions gives the equation of motion in the x-direction 
mi qUEx + (¥ XB). (1.66) 


(On a component-by-component comparison, Eqs. (1.66) and (1.60) are identical, 
showing that the Lorentz force equation is derivable from Eqs. (1.61) and (1.62). 

[Note that if not all the forces acting on the system are derivable from a poten- 
tial, then Lagrange’s equations can always be written in the form 


4 (ay abo 

at X94, )° Aq, 
where L contains the potential of the coaservative forces as before, and Q, rep 
resents the forces not arising from a potential. Such a situation often occurs when 


frictional forces are present. It frequently happens that the frictional force is pro- 
portional to the velocity of the particle, so cha itsx-component has the form 


Fy = wkede. 
Frictional forces of this type may be denved in terms of a function F, known as 
Rayleigh’s dissipation function, and defined 2s 
1 
Fa © (beh, +654, +heh). 67} 
‘where the summation is over the particles of the system, From this definition it ix 
clear that 


ca 


=e 
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0%, symbolically, 
Fy = WF. 68) 


‘We can also give a physical interpretation fo the dissipation function. The work 
done by the system against friction is 


sd By dt = (bg02 +b u} ~ hy 


Hence, 2F is the rate of energy dissipation due to friction. The component of the 
guncralized force resulting from the force of friction is then given by 


aq 
ai, 
aa," 


Pei (2.69) 


wD, 


‘An example is Stokes’ law, whereby a sphere of radiss 2 moving at a speed 
», in a medium of viscoutty 7 experiences the frictional drag force Fy = Gr qau. 
‘The Lagrange equations with dissipation become 


d (aL aL aF 
a (aty ab ar e 
Ga) aati oF 


$0 that 1wo scalar functions, £ and F, must be specified to obtain the equations 
of motion. 


1.6 M SIMPLE APPLICATIONS OF THE LAGRANGIAN FORMULATION 


‘The previous sections show that for systems where we can define 4 Lagrangian, 
ie,, holonomic systems with applied forces derivable fram an ordinary or gen- 
eralized potential and workless constraints, we have a very convenient way of 
setting up the equations of motion. We were led (o the Lagrangian formulation, 
by the desire to eliminate the forces of constraint from the equations of motion, 
and in achieving this goal we have obtained many other benefits. In setting up the 
origina} form of the equations of motion, Eqs. (1.19), itis necessary to work with 
many vector forces and accelerations. With the Lagrangitn method we only deat 
with two scafar fonctions, T and V, which greatly simplifies the problem. 

A straightforward routine procedure can now be established for alt problems 
cof mechanics to which the Lagrangian formulation is appliceble. We have only to 
write T and ¥ in generalized coordinates, form L trom them, and substitute in 
G.57} to obtain the equations of motion. The needed vansformation of 7 and V 
from Cartesian coordinates t0 generalized coordinates is obtained by applying the 


1.6 Simple Applications of the Lagrangian Formulation 3 
transformation equations (1.38) and (1.45). Thus, 7 is given in general by 


Its clear that on carrying out the expansion, the expression for T in generalized 
coordinates will have the form 


aig Fe 
T= Mot SMa, + 5 YM pd due any 
7 x 


where Mo, M,. Mfje are definite functions of the r's and # and hence of the q's 
‘and. In fact, a comparison shows that 


My = Son EE, an 


and 


‘Thus, the kinetic energy of a system can always be written as the sum of three. 
homogeneous functions of the generalized velocities, 


T=M%+N+h, (7a) 


where Ty is independent of the generalized velocities, 7 is linear in the velocities, 
‘and 7; is quadratic in the velocities. Ifthe transformation equations do not contain 
the time explicitly, as may occur when the constraints are independent of time 
(scleronomous), then only the last term in Bq. (1.71) is nonvanishing, and 7 is 
always 4 hornogeneous quadratic forn in the generalized velocities, 

Let us now consider simple examples of this procedure: 


1. Single particle ia space 
(@) Castesian coordinates 
(b) Plane potas cooninates 
2. Atwood’s machine 
3. Time-dependent constraint —bead sliding on rotating wire 


L. (@) Motion of one particte: using Carzesian coordinates. The generalized 
forces needed in Eg. (1.53) are obviously F, Fy, and F;, Then 
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Tajm(P+r +2), 


ar aT _ar 
ax By” 


ans, 
ae 
and the equations of motion are 
a a 4 
Simi) = Fy, Ami) = Fy, Limi) = Fe 174 
Fimd= Fe Fla = By Femey amy 


‘We are thus led back to the original Newton's equations of motion, 

() Morion of one particle: using plane polar coordinates. Here we must ex 
press 7’ in terms of # and 8. The equations of transformation, i.¢., gs, (1.38), in 
this case are simply 

x= reos8 
y= rsing, 
By analogy to (1.46), the velocities are given by 


#0084 ~ ré sin8, 
$F sind +16 cos8, 


‘The kinetic energy T = mCi? + 52) then reduces formally to 
P= Ym [7 + (8) (75) 


Analternative derivation of 8, (1.75) is obtained by recognizing thatthe plane 
polar components of the velocity are # along r, and ré along the direction per- 
pendicular to +, denoted by the unit vector n. Hence, the square af the velocity 
expressed in polar coordinates is simply #?4-(78)®, With the ald of the expression 


dr=ftdr+rbde+kde 

for the differential position vector, de, in cylindrical coorinates, where F and 
6 are unit vectors in the r and @-directions, respectively, the components of the 
genetalized force ext be ublained from the definition, Bq, (1.49), 


1.6 Simple Applications of the Lagrangian Formulation 7 


786m 


oy 


Fey 


FIGURE 16 Derivatve ofr with respect to 0. 


since the derivative of x with respect to 6 is, by the definition of a derivative, a 
‘vector in the direction of 8 (ef. Fig. 1.6). There are two generalized coordinaies, 
«ad sreore two Lagrange equations. The derivatives occurring in the r equation 
are 

Sw mri, 


and the equation itself is 
mi rd = F,, 


the second term being the centripetal acceleration fern, For the @ equation, we 
aye the derivatives 

Seno, Ham, 
so that the equation becomes 


4 (rne28) = mr28 + 2r48, 


Emr) o mr? + Art oe Fe. 


Note that the left side of the equation is just the time derivative of the angular 
momentum, and the right side is exactly the applied torque, so thet we have simply 
rederived the torque equation (1.26), where L = mr*f and NU x: r Fg. 

2. Anwood's mackine—<See Fig. 1.7) an example of a conservative system 
with holonamic. scleronomous constraint (the pulley is assamed frictionless and 
massless). Clearly there is only one independent coordinete x, the position of 
the other weight being determined by the constraint that she Tength of the rope 
between them is 1. The potential energy is 


w= ~Migx ~ Magil ~ x), 
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FIGURE 1.7 _Anwsod's machine. 


‘while the kinetic energy is 
Tm} (My) + Mg) i? 
‘Combining the two, the Lagrangian bas the form 
La T~V =) (My + M2) i + Mige + Magll — 2), 


‘There is only one equation of motion, involving the derivatives 


z = (Mi ~ Mada. 
(Oy + Ba) i, 
so that we have 
(My + Ma) = (hy ~ Mad, 
or 


Mh - Me 
Mem 


which isthe familiar resuit obtained by more elementary means. This trivial prob 
lem emphasizes that the forces of constraint—here the tension in the rope— 
appear nowhere ia the Lagrangian formulation. By the same token, neither can 
the tension in the sope be found directly by the Lagrangian method. 

3. A bead (or ring) shading on a uniformly rotating wire in a force-free space. 
‘The wire is straight, and is rotated uniformly about some fixed axis perpendicular 
so the wire, This example has been chosen as a simple Wustation of a constraint 
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‘being time dependent, with the rotation axis along 2 and the wire in the xy plane. 
‘The transformation equations explicitly contain the time, 

xsroeser. {eo = sngulas velocity of rotation) 

yersines. (¢ = distance along wire from rotation axis) 
‘While we could then find T (here the same as L) by the same procedure used 10 


obtain (1.71), itis simpler to tske over (1.75) directly, expressing the constraint 
by the relation 6 = a2: 


T= }m(7? +170?) 


Note that 7 is not @ hornogeneous quadratic function of the generalized velocities, 
since there is now an additional term not involving F. The equation of motion is 
then 


mi = mrt = 0 


Faro, 


‘which 1s the farnitiar simple harmonic oscillator equation with a change of sign. 
‘The solution r = && shows that the bead moves exponentially outward because 
of the centripetal acceleration, Again, the method cannot furnish the force of con- 
straint that keeps the bead on the wire. Equation (1.26) with the angular momen- 
tum, E = mr2w%e*, provides the force F = N/r, which produces the constraint 
force, F = mrate**, acting perpendicular to the wire and the axis of rotation. 


DERIVATIONS: 


4, Shew that for 2 single perce with constant mass the equation of motion imphes the 
following differential equation forthe kinetic energy: 


“while ifthe mass varies with dime the corresponding equation is 
ant) 
a 


2 Prove that the magnioude R of the position vector for the center of mass from an 
arbimary origin is grvcn by the equation 


Fp. 
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3. Suppose a system of two panicles is known to obey the equations of motion, Eqs. 
(0.22) and (1.26). From the equations of the motion of the individual particles show 
tha the internal forces between particles sotisfy both the week and the strong laws 
cof action and reaction The argument may be generalized to a system with arbitrary 
umber of particles, thus proving the converse ofthe arguments leading to Eqs. (1.22) 
ani (8.26). 


4, The equations of constraint for the rolling disk, Eqs. (1.39), ame special cases of get 
‘ect hnear differeasial equations of constraint of the form 


Dai. xndds #0. 


‘A constraint condition of this ¢ype is hotonomo only if an fategrating fanchon 
F Cx)... can de fond that turns it into a0 exact differential, Clearly the Func> 
tion most be suc that 


atfed _ fe) 
ay 8, 


forall 1 # j. Show that no such mntegraing fuctos can be found for either of Eg, 
39. 


5. Two wheels of radius o are mounted on the ends of u commen axle of length b such, 
‘thatthe wheels rotate independenlly. The whole combynation tolls without slipping on 
‘8 plune, Show that there are two nonholoncmic equations of constraint, 


costdx + sinédy = 0 
sin8dx ~ cos@dv w ba (ap +d¢'), 


‘(where 2, @, 00d 4 have meanings similac to those in the problem of a single vertical 
dak, und (x, 9) sre the coordinates of a point on the axle mdway between the Ewe 
wheels) and one holonomic equation of constraint, 


@ 
O26 ~Fb= 9. 


where C is a constant. 


©. A particle moves tn the xy plane onder the constraint that its velocity vector is al. 
‘ways directed towards a point on the x axis whose ohecsssa ig sine given function of 
time (0. Show that for 7(P) differentiable, but otherwise arb.rary, the constraint ix 
nocholonomic. 


7. Show chac Legrange’s equations in the fors of Egy. (1.53) can alto be written as 


‘These are sometimes known as the Nielsen (orm of the Lagrange equations. 


& If L isa Lagrangian fos s sysuem of m degrees of freedom sutisfyiog Lagrange’s equa 
‘uons, show by direct substitution that 
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BF Q gel) 


beac at 
alo satisfies Lagrange’s equations where # is any arbitrary, but differentiable, fone 
‘ion of is expuments. 
9. ‘The electromagnetic field is invarant under s gauge transformation of the scalar and 
vector potential given by 
AF AFTHED, 
a 
an 
where y ss arburary (but differentiable). What effect does this gauge transformation 
hhave on the Lagrangian of» particle moving inthe electromagnetic field? Is the motion, 
affected? 
10, Let 9i.....gn be @ set of independest generalized coondinass for system of 


degrees of freedom, with a Lagrangian L(g, j,¢). Suppose we transform to another 
set of independent cooedinstes sy, ..., fq by means of transformation equatyons, 


Oro 


PC nee 
(Such 9 wansformetion is cafled a port rangformation.) Show that ifthe Lagrangian 


fonction is expressed as a fonction of 5), i,. and ¢ through the equations of transfot- 
ration, thes L satisfies Lagrange’s equations with sespect to the 5 coordinates: 


4 (34) at og 

HAG) 7 35, 7 

Tn other words, the form of Lagrange’s equations Js invariant ander a pount transfor 
‘maton, 


EXERCISES 


11, Consider a uniform thin disk that rolts without slipping on a horizontal plane, A hor 
zontal free is applied to the center ofthe ds ad in direction parallel to the plone 
of the disk. 

(a) Derive Lagrange’s equations aed find te generalized force. 
(b) Discuss the motion sf the force fs aot applied parallel to the plane of she disk. 


12, The escape velocity of« pamele on Earth i the asininnuns velooy required at Bart's 
surlace in onder thatthe particle can escape from Barth's gravitational field. Neglecting 
(he resistence of the atmosphere, the system is conservative. From the conservation 
theuretn Six pulonsal plus Kioctic energy show that the escape velocity for Bart, 
‘gnoring the presence ofthe Moon, is 1-2 kms. 

413, Rockaus are propetied by the momentum reaction of the exist gates expelled from 
thew. Since these guses are from the reaction of the fuets corred in the rocket, the 
maps of the rocket is aot constant, but decreases us the foe is expend. Show that he 
‘equation of motion for s socket projected vercally upward ina uniform gravitational 
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4, 


1s. 


16. 


ia 


18. 


‘feld, neglecting atmospheric fricuon, 38 


‘ware m1 the mass ofthe rocket and v isthe velocity ofthe escaping pases relate to 
the rocket Integrate tis equation to obtain vas a function of m, assuming a cons ant 
time rae of toss of mass, Show, for 2 rocket starting intially from rest, with v" equal 
02.1 mis anda mass toss per second equal to | /60th ofthe intial mass, cht in order 
to reach the escape velocity the ratio of che weight of the fuel to the weight ofthe 
‘empty rocket must be almost 300! 


‘Two poinis of mass m are jomed by a rigid weightless tod of fength 2, the center of 
“which is constrained to move om a circle of radius a. Express the Kanetic energy i 
‘generahzed coordinates. 
A point particle moves in space under the influence of force derivable from a gener. 
‘lized potential of the form 

Ue, wy Vid ek, 


‘wiere isthe radu vector feorm@ fixed point, Ls the angular momentum about that 

peint, and oi a fixed vector in space. 

(a) Find the components ofthe force on the parele in both Cartesian aod spherical 
polar coordinates, on the bests of Eq. 1.58). 

(b) Show ha the components the two coordinate systems are related o each other 
as mEq, (1.49). 

(6) Obiaim the equatens of movon in sphencal polar coordinates. 


A particle moves in a plane under the influence of a fosce, acting (oward « center of 
force, whose magnituce 1s 


1 Pate 
(2) 

where r isthe distance of the particle to the center of fore. Find the generalized 
potcatal that wit! cesut in sucha force, and froma thatthe Lagrangian for the mation 
sna plane. (The expression for F sepresents the force between Iwo charges in Weber's 
fectrodynamnis.) 

‘Arrwcleus, originally a est, decays radioactively by emutting an eleeton of momen- 
tum 1.73 MeVic, an et right angles tothe direction ofthe etecvon a neutrino wath 
momentum 1.00 MeVic. (The MeV, milion electron volt, is a unit of energy wed 
tm modere physes, equal 10 1.60 x 107" J, Comespondingly, MeVic as «uni of 
luntar momentum: equal to $34 x 102? kgm. tn what direction does the au 
cleus secoit? What is ts momentum 10 MeVie? Hf the mass ofthe residual nucleus 
154.90 x 1077 kg mat i is netic enceny in electron volts? 


A Lagrangian for a particular physical system can be wtien os 


2 (02 enniyccr)~E (or? 420404), 


>, ane c are abitrary constants but subject tothe condition that b? — ac #6 0. 
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‘What are the equations of motion? Examunc particulary the two cases @ = O = © 
and b = 0, c= ~a. What isthe physical system described ty the above Lagrangien? 
Show that the usual Lagrangian for this system as defined by Bq, (1.57") is related 
to £ by a point transformation (cf. Dervation 10), What is the significance of the 
-condinon a the value of b? = ae? 


19, Obiain he Lagrange equations of motion tora spherical pendula, Le, a mass point 
saponded by «rigid weightless rod 
20. A particle of mass m moves in one dimension such that 1 has the Lagrangeant 
msg 
En tm2VO)— V2), 
where V js some differentiable function of x. Fied the equation of motion far x(t) and 
describe the physical nature of the system on the basis af this equation 


21. Two mass points of mass my and ntp are connected by a sing passing ehrough & 
hole in a smooth table so that my rests on te table sutZace and my hangs swopended, 
Acsamiing ma moves onfy in a vertical line, wht are the generalized coordinates for 
the systema? Write the Lagrange equations for the system and, if possible, discuss 
the physical significance any of them might have, Reduce the problem to a single 
sexond-order differential equation and obtain « fist sntegeal of the equstion, Wha: is 
its physical sigificance? (Consider the motion only wntil my teaches the hole. 


22, Obuamn the Lagrangian and equations of motion forthe double pendula sfostatec 1 
Fig. 1.4, where the lengths of the pendula ere and fa with corresponding misses my 
and my 

23, Obtain the equation of motion for a pastcle falling vertically under the infuence of 
_gravity when frictional forces obtainable from a dissipation function kv are present. 
Tinegrate the equation to obtain the velocity as function of une and stow that the. 
‘maximum possible velocity fora fall from rest is v = mg. 


24, A spriag of reat longs L (90 tensioa) is connocted to a support at ane end and has 
a mass Mf ettached at the other. Neglect the inass of the spring, the dimension of the 
mass M,und assume tht the motion ss confined toa vertical plane. Also, assume that 
the spring only stretches without bending but it can swing a the plane. 

(8) Using the angular displacement ofthe mass from! the vertical and the length that 
the string has sietched from ie rest length changing with the mass), find Lax 
grange’ equations. 

{8} Solve these equations for small stretching and angular displacements, 

(€) Solve the equations in part (a) to the next order in both stretching and angwhar 
displacement, This part is amenable to hand calculations, Using some reasonable 
assumptions about the spring constan, the mass, and the eet length, discuss the 
motion. Is a resonance likely under the assumptions sutec in the problema? 

(41 (Foe analytic computer programs) Consider the spring to have 4 total mass 
me & M, Neglecting the bending of the spting, set up Logrange’s equations 
‘correctly to first order io m and the angular ait linear displacements 

(€) (For numencal computer analysis} Make seis of reasonable assumptions of the 
constants m past (a) and make a single plot of the two coordinates aa fonctions of 
ime, 


CHAPTER 


Variational Principles and 
Lagrange’s Equations 


2.1 HAMILTON'S PRINCIPLE 


a4 


‘The derivation of Lagrange’s equations presented in Chapter | started from a 
consideration of the instantaneous state of the system and small virteal displace: 
ments about the instentaneous state, ie. from a “differentia principle” such as 
D’Alembert’s principle. It is also possible to obtain I agrange's equations from a 
principle that considers the entire motion of the system between times 1) and f, 
sand small virtual variations of this motion from the actual motion. A principle of 
this nature is known as an “integra} principle.” 

Before presenting the integrel principle, the meaning ateched to the phrase 
“motion of the system between times fy and 42” mast fitst be stated in more pre 
‘ese Fanguage The instantaneous configuration of a system is described by the 
values of the n generalized coordinates 92, ..., gn. and comesponds to a particu 
1st pomt in a Cartesian byperspace where the q's form the n coordinate axes. This 
n-dimensional space is terefore known as configuration space. AS time goes on, 
the state ofthe system changes and the system point moves in configuration space 
Uuacing out a curve, dese-ibed as “the path of motion of the system.” The “motion 
‘of the system,” as Used above, then refers to the motion of the system point along 
this path in configuration space, Time can be considered formally as a paramme- 
(er of the curve; fo each point on the path there is associated one or more vahies 
‘of the time. Note that configuration space has no necessary connection with the 
physical three-dimensional space, just as the generalized coordinates art not net 
essarily position coordinates. The path of motion in configuration space has no 
sesemblunce to the path in space of any actus! particle; each point on the path 
represents the enrire system configuration at some given instant of time. 

The integral Hamilton's principle describes the motion of those mechanical 
systems for which aif forces (except the forces of constraint) are derivable from a 
generalized scalar potential that may be 2 function of the coordinates, velocities, 
and time. Such systems will be denoted as monogenic. Where the potential isan 
explicit function of posision coordinates only, then a monogenic system 18 also 
conservative (ef. Section 1.2). 

For monogenic systems, Hamilion’s principle can be stated as 


‘The mation of the systern from time ty to time tp ix such shat the line 
integral (called the ection or the action integral), 
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r fea, 24) 
hy 


T = V, has a stationary value for the actual path of the 


‘That is, out of all possible paths by which the system point could travel from 
its position at sime nto its position at time fp, i will actually travel slong that 
path foc which the value of the integent (2.1) is stationary. By the term “station 
ary value” for a line integral, we mean that the integral along the given path has 
the same value to within frst-ondcr infinitcsimals as that along a neighboring 
‘paths (.e., those that differ from it by intimtesimal displacements). (Cf. Fig, 2.1.) 
‘The notion of a stationary value for a line integral thus corresponds in ordinary 
function theory to the vanishing of the first derivative, 

‘We can summarize Hamilton's principle by saying that the motion is such that 
‘the variation of the line integral / for fixed ty anxt 4 is zero: 


Gn. thdt a 0, (2.2) 


‘Where the system constraints are holoromic, Hamitton's principle, Eq. (2.2) 
is both 2 necessary and wafficient condition for Lagrange’s equations, Bas, (1.57). 
“Th. it can be shown that Hamilton's principle follows ditectly from Lagrange's 
equations. instead, however, we shall prove the converse, namely, that Lagrange’s 
equations follow from Hamilton's principle, as being the moce important theorem, 
‘That Hamilton's principle is a sufficient condition for deriving the equations of 
motion enables us to construct the mechanics of monogenic systems from Hamil- 
ton’s principle as the basic postulate rather than Newton's laws of motion. Such 
4 formulation has advantages; ¢ g , since the integral 7 is obvivusly invariant 10 
the system of generalized coordinates used to express L, the equations of motion 
‘must always have the Lagrangisn form no matter how the generalized coordinates 


FIGURE 21 Path of the system point in configuration space. 
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‘are transformed. More important, the formulation in terms of a variational prin- 
ciple 1s the route that is generally followed when we try to describe apparently 
nonmechanical systems in the mathematical clothes of classical mechanics, as in 
the theory of fields. 


SOME TECHNIQUES OF THE CALCULUS OF VARIATIONS 


Before demonstrating that Lagrange’s equations do follow from (2.2), we must 
first examine the methods of the calculus of variations, for a chief problem of this 
‘calcul is (0 find the curve for Which some given line integral hax a stationary 
value, 

‘Consider first the problem in an essentially one-dimensional form: We have & 
fonction f(y. j, x) defined on a path y = y(x) between two values x4 and x2, 
where } is the derivative of y with respect to x. We wish to find a particular pach 
y(e) such that the line integral J of the function f between x1 and x2, 


sad, 
t= f° so5.ade a3) 


thas a stationary value relative to paths differing infinitesimally from the comrect 
function y(x). The variable x here plays the rote of the parameter ¢, and we con- 
sider only such varied paths for which yx) = yi, y(42) = 92. (Cf. Fig. 2.2.) 
Note that Fig. 2.2 does not represent configuration space, In the one-dimensional 
‘configuration epace, botb the correct and varied paths are the segment of the 
straight line connecting y1 and yy; the paths differ only in the fimctional cela- 
tion between y and x. The problem is one-dimensional, y isa function of x not a 
coordinate, 


y 3.9) 


sort 


FIGURE 22. Varied paths of the function of y(x) in the one-dimensional extremam 
problem. 
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‘We put the problem in a form that enables us to use the fernliar apparatus of 
the differential esloulus for finding the stationary points of a function, Since J 
‘must have a stationary value for the correct path relative to any neighboring path, 
the variation must be zero relative 10 some particular set of neighboring paths 
labeled by an infiniesircal parameter ce. Sach a set of paths might be denoted by 
yGr, a), with yx, 0) representing the comrect path. For example, if we select any 
function (x) that vanishes at x = xy and x = xp, then a possible set of varied 
paths is given by 


34a, 2) = y(z,0) + ante). 24) 


Por simplicity, it is assumed that both the correct path y(x) and the auxiliary 
function n(x) are well-behaved functions—continuous and nonsingular between 
xj and a2, with continuous first and second derivatives in the same interval. For 
any such parametric family of curves, J in Bq. (2.3) is also a function of 


F(a) =f °F yGea), ave), 2) dx. (2s) 
_and the condition for obtaining a stationary point is the famifiar one that 
ad 
(& on 06) 


By the usual methods of differentiating under the integral sign, we find that 


Z-f* of & 
da dx, \ay 9a 


Consider the second uf these integrals. 


ay 


Integrating by parts, the integral becomes, 


mag ay pd a) & 
fe ae ree ed Bee as 6 Er . 
f BF axea aR ax & aa baa 
‘The conditions on alf the varied curves are that they pass through the po:nis 
(ts, yi) (2, y2), and hence the partial derivative of y with respect to @ atx and 
x4 Must vanish. Therefore. the first term of (2.8) vanishes and Bq. (2.7) reduces to 

Hf (E-2U) 2, 

de J, \ay 7 ax 35) 30 


‘The condition for a stationary value, Eq. (2.6), is therefore equivalent to the equa- 
sion 
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—s) 3 
LG -a3)@),-2 oe 


Now, the partial derivative of y with respect to a occurring in Bq, (2.9) is a 
function of x that is arbitrary except for continuity and end point conditions. For 
example, for the particular parametric family of varied paths given by Eq. (2.4), 
it is the arbitrary function n(x). We can therefore apply to Eq (2.9) the so-called 
“fundamental lemms” of the calculus of variations, which says if 


Hh " Meoniddx <0 (2.10) 
eT 


for all arbitrary functions n(x) continuous through the second derivative, then 
‘M(2) aust identically vanish in the interval (xy,.x2). While 4 format mathemnat- 
ical proof of the lemma can be found in texts on the calculus of variations, the 
validity of the lemma is easily seen intuitively. We can imagine constructing 4 
function » that is posite in the immediate vicinity ot any chosen pomt in the 
interval and zero everywhere else. Equation (2.10) can then hold only if (x) 
‘vanishes at chat (arbitraily) chosen point. which shows Mf must be zero through> 
‘out the interval, From Bq. (2.8) and the fundamental lemona, it therefore follows 
that J can have a stationary value only if 


of od 
y ae (2h) 
"The differential quantity. 
ay 
(2) erm (iy 


represents the infinitesimal departure of the varied path from the comeet path yx) 
at the point x and thus corresponds to the virtual displacement introduced in Chap- 
ter |} (hence the notatiou Sy}. Similarly, the infinitesimal variation of J about the. 
correct path can be designated 


at) 

=) dam sy (2.13) 
@ 6 

‘The assertion that J is stationary for the correct path can thus be writien, 


=f" £-Ey) veo. 


requiring that y(2) satisfy the differential equation (2.11). The S-notation, intro- 
duced through Eqs. (2.12) and (2.13), may be used as ¢ convenient shorthand 
for treating the variation of integrals, remembering always that it stands for the 
manipulation of parametric families of varie paths such as Bg. (2.4). 
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Some simple examples of the application of Bq (2.11) (which clearly 
resembles a Lagrange equation) may now be considered: 


1. Shortest distance between two points in a plane. As element of length in 8 
plane is 


ds = yer +dy? 


and the total length of any curve going between points 1 and 2 is 


2 aT Jay\t 
t=f a= f y'+(¥) dz. 
“The condition that the curve be the shortest path is that / be a minimum. This is 
sn exatnple of the extremum problem as expressed by Bq. (2.3), with 


faylee 
Substisatmg in (2.51) with 


Yo Lad 
By EE 


we have 


Vite 


where ¢ is constant. This sohition can be valid only if 


where a is a constant related to ¢ by 


But this is clearly the equation of a straight fine, 


yaarts, 
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‘where 6 is another constant of integration. Strictly speaking, the straight lina has 
aly been proved to be anextremam path, but for this problem itis obviously also 
antinimum, The constants of integration, a and b, are determined by the condition 
that the curve pass through the two end poiats, (x1..¥2). (t2. 92). 

In a similar fashion we can obtain the shortest distance between two points 
on a sphere, by setting ap the arc length on the suttace of the sphere in terms of 
the angle coordinates of position on the sphere In general, curves that give the 
shortest distance between two points on a given surface are called the geadesics 
of the surface, 

2. Minimum surface of revolution. Suppose we form a sarface of revolution 
by taking some curve passing between two fixed end points (x3, y1) and (32, 92) 
defining the xy plane, and revolving it about the y axis (of. Fig 2.3a). The problem 
then is to find that curve for which the surface area is a minimum. The area of a 
strip of the suciace is 2x ds = 2nx/i + 52 dx, and the total area is 


ax fai Tide, 


‘The extremum of this integral is again given by (2.14) whore 


foxy 3 


‘Equation (2.11) becomes in this case 


FIGURE 230 Minka surface of revolution, Note that this figure is draw for yy and. 
‘yy having the same sign relative to the rotation axis. This is not assumed in the genenst 
‘solution. 
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(aes) 
Ed 


Vez 


where a is some constant of integration clearly smaller than the minimum value 
of x. Squaring the above equation and factoring terms, we have 


Peta) =a", 
or solving. 

ty 8 

ae Veaat 


‘The general solution of this differontisl equation, in light of the nature of a is 


ax x 
=a +b mawecosb® 45 
” [wa a 


x= acon =, 
@ 


which isthe eguotion of a catenary. Again the two constants of integration, a and 
‘bare determined in principle by the requirements that the curve pass through the 
‘two given end points, as shown in Fig. 2.36. 

‘Curves satistying the preceding equation ail scale as x/@ and y/a with one 
independent parameter b/a. This suggests thst when the solutions are examnined 
in detail they tom out to bea great deal more complicated than these considera- 


FIGURE 23b General catenary solvbon for minimum sarface of revoluuos. 
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tions suggest, For some paits of end points, unique constants of integration a and 
b can be found. But for other end points, icis possible to draw cwo different cate- 
nary curves through the end points, while for additional cases no possible values 
can be found for a and b. Further, recall that Eq. (2.11) represents a condition 
for finding curves y(x) continuous through the second derivative that sender the 
integral stationary. The catenary solutions therefore do not always represent min- 
imam values, bat may represent “inflection points” where the tength of the cutve 
is stationary but oot minimum. 

For certain combinations of end points (an examnple #8 x1 and x2 both posi- 
tive and both much smaller than y2 ~ yt}, the absolute minimum in the surface 
cf revolution is provided (cf. Exercise 8) by a curve composed of straight line, 
seginents—from the first end point paralle to the x axis until the p axis is reached, 
then along the y axis until the point (0, y2) and then out in « straight line to the 
second end point corresponding to the area w(x} + x3), This curve results when 
a == 0, forcing either x = 0 of y = constant, Since this curve has discontinuous 
first derivatives, we should not expect to hind it as a solution to Eq. (2.11), 

This exampte is valuable in emphasizing the restrictions that surround the 
derivation and the meaning of the stationary condition, Exercises 7 and 8 examn- 
ine the conditions for the pathologica} behavior for a symmetric example, More 
{information can be found in many texts on the calculus of variations. 

3. The brachistochrone problem. (See Fig. 2.42.) This well-known problem is 
tw Gud the curve joining two points, along which a particle falling from rest under 
the influence of gravity travels from the higher to the lower point in the least time, 

If v is the speed slong the curve. then the time required to fall an are lengih ds 
is ds/v, and the problem is to find a minimum of the integral 


FIGURE 24a The brichistochrone problem, 
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fy is measured down from the initial point of release, the conservation theorem 
for the energy of the particle can be written as, 


bad mney 
o 
v= Vigy. 
‘Then the expression for é; becomes 
Es 
42 ae dx, 
and f is identified as 
14% 
ad 


‘The integration of Eq. (2.11) with this form for f is straightforward and is left as 
‘an exercise. 
‘The solution in terms cf its one parameter, a, given by 
Yet ~ ont v aD, 
a @ 
is sketched in Fig. 2.4b for the first cycle (0 <x < 2a) and the beginning of the 
second cycle. Three cases of solutions are indicated. A power-series expansion of 
the solution for the fimit + <a gives 
2 
oe. 
‘The drachistochrone problem is famous in the history of mathematics, for it 


was the analysis of this problem by Jobn Bernoulli that led to the formal founda- 
tion of the calculus of vanations. 


FIGURE 2.46 Catenary solution to the bractistochrone problem showing positions en 
the curve fe he ree cases =p < J.39 = Sz anda > FZ 
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2.3 it DERIVATION OF LAGRANGE’S EQUATIONS 
FROM HAMILTON'S PRINCIPLE 


“The fundamental problem of the calculus of variations is easily generalized to the 
case where f is a fonction of many independent variables ),, and thear derivatives 
Jv. (OF course, all these quantities are considered as functions of the pararsctric 
‘variable x.) Then 2 variation of the integral J, 


a 
828 fF AG Nad 1H 


is obiained, as before, by considering J as a function of parameter a that labels a 
possible set of curves yi (x, 2). Thus, we may introduce a by setting 


vile. a) = 1, 0 Fam(a. 
yal.a) = 26,0) ame), as) 


where y:(x,0), y2(x, 0), etc., are the solutions of the extremum problem (to be 
obtained) and ny, nz, €tc., are independent functions of x that vanish at the end 
points and that are continuous through the second derivative, but otherwise are 


completely arbitrary. 
“The calculation proceeds as before. The variation of J us given xm vermns of 
as fs (af am af ay, ) 
Seem f LE Res ida) dx 2.16) 


Aguin we integrate by parts the integral involved in the second sum of Bq. (2.16): 
7 af By yy Baal fe (Ha 
ns 


J, 85; dads * * 5, da da dx \ayy, 
where the first term vanishes because all curves pass through the fixed end points. 
‘Substituting in (2.16), 5 becomes 


(2.17) 


‘where, in analogy with (2.12), the variation 3y; is 


an 
gy =f 
n= (2), 


‘Since the y variables are independent, che variations 8y; are independent (e.2., 
the functions y,(x) will be independent of each other). Hence, by an obvious 
‘extension of the fundamental lemma (cf. Bq. (2.10)}, the condition that 5 is zero 
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requires that the coefficients of the 8y; separately vanish: 


ast 2.18) 


Equations (2.18) represent the appropriate generalization of (2.11) to several 
variables and are known as the Euler-Lagrange differential equations. Theis so- 
Tutions represent curves for which the variation of an integral of the form given 
in (2.14) vanishes. Further generalizations of the fundamental vatistional problem 
are easily possible. Thus, we can take f as a function of higher derivatives 3, ). 
etc., leading to equations different from (2.18). Or we can extend it to cases where 
there are several parameters x, and the integral is then multiple, with f also in- 
volving as variables derivatives of y, with respect to each of the parameters x 
Finally, 1t is possible to consider variations in which the end points are not held 
fixed. 

For present purposes, what we have detived here suffices, for the integral in 
Hamilton's principte, 

2 
Liq a Dat, (2.19) 


has yust che form stipulated in (2.14) with the transformation 
xt 
wa 
£00 I) LG deeds 
In deriving Eqs. (2.18), we assumed that she y; variables are independent, The 
‘corresponding condition :n connection with Hanulton’s princaple is that the gen- 
eralized coordinates g be independent, which requires that the constraints be 


holonowic. The Euler-Lagrange equations corresponding to the integral £ then 
‘become the Lagrange equations of motion, 


PEL Zt 


and we have accomplished our original axm, to show that Lagrange’s equations 
follow from Harnilton’s principte—for monogenic systems with holonomic con- 
straints, 


EXTENSION OF HAMHTON’S PRINCIPLE 
TO NONHOLONOMIC SYSTEMS. 


It is possible t extend Hamilton's principle, at least in a formal sense, to cover 
cermain types of nonholonomic systems. In deriving Lagrange's equations from 


a6 
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‘either Hamilton's or D’Alember'’s principle, the requirement of holonomic con- 
straints does not appear until the last step, when the variations q, are considered 
as independent of each other. With nonholonomic systems the generalized coor- 
Ginates are not independent of each other, and it is not possible to reduce them 
further by means of equations of constraint of the form f(g1.@2.-.++ge.t) = 0. 
Hence, it is no Tonger ire that the 4,"s are all independent, 

‘Another difference that must be considered in treating the variational principle 
{the manner in which the varied paths are constructed. In the discussion of Sec- 
tion 2.2, we pointed out that 5y (or 5g) represents a virtual dispfacement from a 
point on the actusl path to some point on the neighboring varied path, But, with 
independent coordinates itis the final varied path that is significant, not how itis 
constructed. When the coordinates are not independent, but subject 10 constraint 
relations, it becomes important whether the varied path is or is not constructed by 
displacements consistent with the constraints. Virtual displacements, in particular, 
‘may oF may not satisfy the constraints. 

It appears that a reasonably straightforward treatment of nonholonomic sys- 
‘eros by a variational principle is possible only when the equations of constraint 
‘can be put in the form. 


Fala o5 Qui Qo Gn) 0, (2.20) 


when this can be done the constraints are called semi-holonomic, The index 
indicates that there may be more than one such equation, We will assume there 
ae at equations in all, .¢., == 3, 2,..-.m. Equation (2.20) commonly appears 
in the restricted form 


Sadar + oy de = 0, (2.20/) 
T 


‘We might expect that the varied paths, or equivatently, the displacements con- 
structing the varied path, should satisfy the constraints of Eq. (2.20), However, i 
thas been proven that no such varied path can be constructed unless Eqs. (2.20) 
are integrable, in which case the constraints are actually holonomic. A variational 
principle leading to the correct equations of motion can nonetheless be obtained 
when the varied paths are constructed from the actual motion by virtual displace- 
ments. 

‘The procedure for eliminating these extra virtual displacements is the method 
of Lagrange undetermined muipliers. #€ Eqs, (2.20) bold, then it is also true that 


Site =0, @aty 


= 


where the Ag, a = 1,2. ...,m, are some undetermined quantities, functions in 
general of the coondinates and of the time 1. In addition, Hamilton's principle, 


"2 
af Ld =0, aa 
a 
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is assumed to hold for this semiholonomie system, Following the development of 
Section 2.3, Hamilton's principle then implies that 


Fees 


The variation cannot be taken as before since the gx are not independent; however, 
combining (2.21) with (2.2) gives 


sf (u Ean) dix 223) 


= 


or ) 34 = 0. 22) 


‘The variation can now be performed with the 5g, and m dy for mba independent 
variables. For the simplifying assumption that Ay = Ag(#), the resulting equations 
from 69, become* 


(2.24) 


where 


= fe Sf] _ the Bfe 
& oy p-[e- ()| crs Cs 
while the Shy give the equations of constraint (2.26), Equations (2.24) and (2,20) 
together constitute n + m equations for n + m woknowns. The system can now 
be interpreted as an m +n holonomic system with generalized forces Qx. The 
‘generalization t0 ig = AeelGis -- +4 Gui Gs -+++ Gui f) i8 straightforward, 

‘As an example, let us consider a particle whose Lagrangian is, 


Le |m(@4%4+2)-Venyd 2.26) 


‘subject to the constraint 


fG, 
with & a constaut. The resulting equations of motion are 


DH thy =O 27 


e dat 
mE PAY +AY+ rs (2.28) 
ry av 
apt Relat seo, (2.29) 
v 
meg oh 2.30) 
ae 


“1, Ray, Armor & Pls, 341206), 31996, 
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‘and the equation of constraint, (2.20), becomes 
vit+ky=0. 


Jn this process we have obtained more information than was originally sought. 
Not only do we get the g's we set out to find, but we also get mriy’s, What is 
the physical significance of the 1,’s? Suppose we remove the constraints an the 
system, but instead apply extemal forces Qj in such a manner as to keep the 
‘motion of the system unchanged. The equations of motion likewise remain the 
same. Clearly these extra applied forces must be equal to the forces of constraint, 
for they are the forces applied to the system so as to satisfy the condition of 
constraint. Under the influence of these forces Qj. the equations of motion are 


de o_o 
Soe ge 231) 


But these must be identical with Bgs. (2.24), Hence, we can identify (2.28) with 
Qj, the generalized forces of constraint. In this type of problem we really do not 
climate the forces of constraint from the formulation, They are supplied as part 
of the answer. 

‘Although it is not obvious, the version of Hamilton's principle adopted here 
for semiholonomic systems also requires that the constraints dono work in virtual 
displacements, This can be most easily seen by rewriting Hamilton's principle in 


the form 
” r 
af Ldt= [ora-sf Udi =, (2.32) 
" i fy 


If the variation of the integral over the generalized potential is carried out by the 
procedures of Section 2.3, the principle takes the form 


af rem ORE )} Sead (2.33) 


or, by Eq. (1.583, 


a fram f° Orsi. (2.34) 
Ih h 


4a this dress, Hamilton’s principle says that the difference in the time integral of 
the kinetic energy between two neighboring paths is equal 10 the negative af the 
time integral of the work done in the viral displacements between the paths. 
‘The work invotved is that done only by she forces derivable from the generalized 
potential. The same Hamilton's principle holds for both holonamic and semaiholo- 
nomic systems, it must be required that the additional forces of semitiolonomic 
constraints do no work in the displacements 8g,. This restriction parallels the ear- 
lier condition that the virtual work of the forces of holonomic constraint also be 
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zero (cf. Section 1.4). In practice, the restriction presents fittle handicap 69 the 
applications, as many problems in which the semiholonomic formalism is used 
relate to rolling without slipping, where the constraints are obviously workless, 

Note that Eq. (2.20) is not the most general type of nonholonomic constraint; 
2.8, it does not include equations of constraint in the form of inequalities. On 
the other hand, it does include hotonomic constraints. A holonomic equation of 
constraint, 


FQ Br Bo --1Ges Oy 2.358) 
is equivatent to (2,20) with no dependence on dy. Thus, the Lagrange multiplier 
method can be used also for holonomic constraints when (1) it is inconvenient to 
reduce all the ’s to independent coordinates or (2) we might wish to obtain the 
forces of constraint. 

‘AS another example of the method, let ws consider the following somewhat 
trivial ilustration—s hoop rolling, without slipping, down an inclined plane. In 
this exemple, the constraint of “rolling” is actually holonomic, but chs fact will 
‘be immaterial to our discussion. On the other hand, the holonomic constraint that 
the hoop be of the inclined plane will be contained implicitly in our choice of 
generalized coordinates. 

‘The two generulized coordinates are x, 6, as in Fig. 2.5, and the equation of 
rolling constraint is 


rd8 = dx. 


‘The kinetic energy can be resolved into kinetic energy of motion of the center 
of mass plus the kinetic energy of motion about the center af raass: 


T= pMit + fare? 
‘The potenval energy is 
V = Mgil~ x)sing, 
where { is the length of the inclined plane and the Lagrangian is 


FIGURE25 a hoop malting down an inclined plane. 
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LeT-¥ 


= = 4 mee ~ Mg = sing. 2.36) 


Since there is one equation of constraint, only one Lagrange multiplier A is 
needed. The coefficients appearing in the constraint equation are: 


‘The two Lagrange equations therefore are 
Mi ~ Mgsing += 0, (2.37) 
Mri ~ dr =0, (2.38) 
which along with the equation of constraint, 
rb=%, 2.39) 


‘constitutes three equations for three unknowns, @ 2, A- 
Differentiating (2.39) with respect to time, we have 


Bai, 
‘Hence, from (2.38) 

Miah, 
and (2.37) becomes 
along with 

qe Masing 
2 

and 


‘Thus, the hoop rolls down the inctine wath only one-half the acceleration it would 
have slipping down a frictionless plane, and the friction force of constraint is 
A= Mgsing/2. 
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2.5 M ADVANTAGES OF A VARIATIONAL PRINCIPLE FORMULATION 


‘Although we can extend the original formulation of Hamition’s principle (2,2) to 
include some nonholonomic constraints, in practice this formulation of mechan- 
ics is most useful when a Lagrangian of independent coordinates can be set up 
for the system, The variational principle formulation has been justly described as 
“elegant,” for in the compact Hamilton's principle is contained all of the mechan- 
ies of bolonomic systems with forces derivable from potentials, The principle has 
the further merit that it involves only physical quantities that can be defined with 
‘ont reference to @ particular set of generalized coordinates, namely, the kinetic 
and potential energies. The formulation is therefore automatically invariant with 
"respect to the choice of coordinates forthe systera, 

From the variational Hasnilton’s principle, it is also obvious why the La- 
‘grangian is always uncertain 10 3 total time derivative of any function of the 
‘coordinates and time, as mentioned at the end of Section 1.4. The time integral 
of such a total derivative between points } and 2 depends enty on the values of 
the arbitrary function at the end points. As the variation a the end points is zero, 
the addition of the arbitrary time derivative to the Lagrangian does not affect the 
variational behavior of the integral 

Another advantage is that the Lagrangian focmulation can be easily extended 
to describe systems that are not normally considered in dynamics-such as 
the elastic field, the electromagnetic feld, and field properties of elementary 
particles. Some of these generalizations will be considered Tater, but as three 
simple examples of its application ouside the usual framework of mechanics, let 
tus consider the cases of an RE circuit, an LC circuit, and coupled cireuits, 

‘We consider the physical system of a battery of voltage V in series with an 
inductance L and a resistance of value R and choose the electric charge q a8 
the dynamical variable. The inductor acts as the kinetic energy term since the 
inductive effect depends upon the time rate of change of the charge. The resistor 
provides 2 dissipative term and the potential energy is qV."The dynamic terms in 
Lagrange’s equation with dissipation (1.70) are 


T=hig, F= hag, 
and potential energy = g¥. The equation of motion is 
Velg+ Rg =Li+ Ri. (2.40) 


where f = is the electric current. A solution for a battery connected to the 
circuit at time ¢ = Ois 


Tot ~ BE), 
where fp = V/R is the final steady-state current flow. 

‘The mechanical analog for this is a sphere of radius a and effective mass m' 
falling in 2 viscous Suid of constant density and viscosity 7 under the force of 
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‘xavity. The effective mass is the difference between the actual mass and the mass 
of the displaced fluid, and the direction of motion is along the y axis, For this 
systeas, 


Teh? Fx 3aqa 


and potential energy = m'gy, where the frictional drag force, Fr = 67 nay, called 
Stokes’ law, was given at the end of Section 1.5. 
‘The equation of motion is given by Lagrange’s equations (1.70) as 


m'g = m'5 + Senay. 
Using v = 5, the solution (if the motion starts from rest at 1 = 0), is 
v= (ley 


where r= m’/(6xna) is a measure of the time it takes for the sphere to reach 
Le of its terminal speed of uo = m'g /6mqu. 

Another example from electrical circuits is an inductance, Z., in series with a 
capacitance, C. The capacitor acts as a source of potential energy given by q?/C 
where q is the electric charge. The Lagrangian produces the equation of motion, 
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Lg+% m0, (2.41) 
which has the solution 

g = YoCosent, 


where go is the charge stored in the capacitor at ¢ = 0, and the assumption is that 
‘no charge is flowing at ¢ = 0. The quantity 
et 
ome Te 
is the resonant frequency of the system. 


The mechanical analog of this system is the simple harmonic oscillator de- 
scribed by the Lagrangian £ = 4mi?~ 4x7, which gives an equation of motion, 


mi +hx = 0, 
‘whose solution for the same boundary conditions is 
P= Kqsoyt — with aa = Skim. 


‘These two examples show that an inductance is an inertial term, the electrical 
analog of mass. Resistance is the analog of Stokes’ law type of frictional drag, 
and the capacitance ten 1/C represents a Hooke’s law spring constant, With this 
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FIGURE 2.6 A system of coupled cironits to which the Lagrangian formulanon can be 
applied. 


background, a system of coupled electrical circuits of the type shown in Fig. 2.6 
has a Lagrangian of the form 


1 a3 . it 
Lal Ded + Mada -Y ai + Seg, 
5 z i 7 
ie 


and a dissipation function 


‘where the muta inductance terms, M2gd. are added to take into account the 
coupling between inductors. The Lagrange equations are 


#4 Poe, gt 
GEM AGE tg to HO @Qay 
Fiad 


where the £,(t) temas are the external emf's. 

‘This description of two different physical systems by Lagrangians of the sare. 
forms means that all the results and techniques devised for investigating one of the 
systems can be taken over immediately and applied to the other. fn this particular 
case, the study of the behavior of electrical circuits fas been pursued intensely 
and some special techniques have been developed; these can be directly applied 
to the coresponding mechanical systems. Much work has been done in fornvulat- 
ing equivalent electrical problems for mechanical or acoustical systems, and vice 
versa. Terms hitherto reserved for electrical circuits (reactance, susceprance, etc.) 
are now commonly found in treatises on the theory of vibrations of mechanical 
systems, 
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Additionally, one type of generalizstion of mechanics is due 10 « subtler form 
of equivalence. We have seen that the Lagrangian and Hamilton's principle to- 
‘ether form a compact invariant way of obtaining the mechanical equations of 
motion. This possibility is not reserved for mechanics only; in almost every Held 
of physics variational principles can be used to express the “equations of motion” 
whether they be Newton's equations, Maxwell's equations, or the Schrédinger 
equation. Consequently, when a variational principle is used as the basis of the for- 
mulation, all such fields will exhibit, at least to some degree, a structural analogy. 
‘When the results of experiments show the need for alterating the physical content 
in the theory of one field, this degree of analogy has often indicated how similar 
alterations tay be carried out in other fields. Thus, the experiments performed 
carly in this century showed the need for quantization of both electromagnetic 
radiation and elementary particles. The methods of quantization, hawever, were 
first developed for particle mechanics, starting essentially from the Lagrangian 
formulation of classical mechanics. By describing the electromagnetic ficld by a 
Lagrangian and coresponding Hamilton's variational principle, itis possible to 
carry aver the methods of particle quantization to construct a quantum electtody- 
namics (cf. Sections 13.5 and 13.6). 


2.6 i CONSERVATION THEOREMS AND SYMMETRY PROPERTIES 


‘Thus far, we have been concemed primarily with obtaining the equations of ma~ 
tion, but litte has been said about how fo solve them for a particular problem 
‘once they are obtained. in general, this is a question of mathematics. A system 
of n degrees of freedom will have n differential equations that are secand arder 
in time, The solution of each equation will require two integrations resulting, all 
told, in 22 constants of integration. In a specific problem these constants will be 
determined by the initial conditions, i... the initial values of the ng;'s and the 
1ndy's. Sometimes the equations of motion will be integrable in terms of known 
functions, but not always. in fact, the majotity of problems are not completely 
integrable. However, even when complete solutions cannot be abtained, itis often 
possible to extract a large amount of information about the physical nature of the 
system motion. indeed, such information may be of greater interest to the physi- 
cist dhan the complete solution for the generatized coordinates as a function of 
time. Itis important, therefore, to see how mich can be stated about the motion 
of « given system without requiring a complete integration of the probiem.* 

in many problems a number of first integrals of the equations of motion can be 
obtained immediately; by this we mean relations of the type 


Fug. +++ 8} = constant. (2.43) 


‘tn hs an succeeding cecuons twill be assumed, unless cchorunse specie, the system se such hat 
ts motion = eompleraly described by » Hamilton's principle ofthe form 22). 
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which are first-order differential equations. These first integrals are of interest 
Ddecause they fell us something physically about the system. They melude. in fact, 
the conservation laws obtained in Chapter 1 

Let us consider as an example a system of mass points under the influcnce of 
forces derived from potentials dependent on position only. Then 


ak af av ar _ a (ested 
a5 8s 
= mk, = Pax 


which is the x component of the linear momentum associated with the ith 
particle. This result suggests an obvious extension to the concept af momentum, 
"The generalized momentum sssociated with the coordinate ¢, shall be defined as 


(Ady 


‘The terms canonical momentum and conjugate momentum are often also used for 
py. Notice that if @, is not a Canesian coordinate, p, does not necessarily have 
the dimensions of a linear momentum. Fusther, if there is a velocity-dependent 
potential, then even with a Cartesian coordinate , the associated genenalized 
momentum will not be identical with the usual mechanical momentum. Thus, 
in the case of a group of particles in an electromagnetic ficid, the Lagrangian is 
(cf. 1.63) 


Ug 
Ls ry gm ~ Lawunt Leavy +i 
(qi here denotes charge) and the generalized momentum conjugate tox, is 
aL ; 
Per = FE eis tages (2.45) 


i.¢., mechanical momentum plus an additional term, 

Hf the Lagrangian of a system does not contain a given coordinate q, (although 
it may comin the coresponding velocity g,), thea the coordinate is said to be 
cyclic or ignorable. This definition is not universal, but it is the customary one 
and will be used here. The Lagrange equation of motioa, 


seduces, for a cyctic coordinate, to 
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or 


which mean that 
py = constant. (2.46) 


Hence, we can state as a general conservation theorem that the generalized mo- 
mentum conjugate to a cyclic coordinate is conserved. 

‘Note that the derivation of Eq. (2.46) assumes that qj is a generalized coordi- 
‘ate; one that is linearly independent of all the other coordinates. When equations 
of constraint exist, all the coordinates sre not linearly independent. For exam 
ple, the angular coordinate 6 is not present in the Lagrangian of a hoop rolling 
‘without shipping in a horzzontal plane that was previously discussed, bur the angle 
‘appears in the constrsint equations rd@ = dx. As aresult, the angular momentum, 
pe = mr), 1s not a constant of the motion. 

Equation (2.46) constitutes a first integra of the form (2.43) for the equations 
‘of motion. it can be used formally to eliminate the cyclic coordinate from the 
problem, which can then be solved entirely in terms of the reinaining general- 
ized coordinates. Briefly, the procedure, originated by Routh, consists in modify- 
ing the Lagrangian so that itis no longer @ function of the generalized velocity 
corresponding to the cyclic coordinate, but instead involves only its conjugate 
momentum, The advantage in so doing is that p, can then be considered one of 
the constants of integration, and the remaining integrations involve only the non- 
cyclic coordinates. We shall defer a detaited discussion of Routh’s method untit 
the HamiKooian formulation (to which itis closely related) is treated. 

‘Note thatthe conditions forthe conservation of generalized miomenta are more 
‘general than the two momentum conservation theorems previously derived. For 
example, they furnish a conservation theorem for a case in which the law of ac- 
‘ion and reaction is violated, namely, when electromagnetic forces are present. 
Suppose we have a single particle in a field in which neither ¢ nor A depends on 
x. Then x nowhere appears in L and is therefore cyclic. The corresponding canons 
ical momentum p, must therefore be conserved. From (1.63) this momenturn naw 
‘has the form 


px = mi tg Ax = constant ean 


In this case, itis not the mechanical linear momentum mi that is conserved but 
sather its sum with @A2.* Nevertheless, it should still be true that the conservation 
theorems of Chapter ! are contained within the general mule for cystic coordinates; 
‘with proper restrictions (2.463 should reduce to the theorems of Section 1.2. 


“tr can be shown from shasical elecwodymamecs that ender these eondvons, .¢. gener A nar @ 
epeading on x, that gs isexaetly the x-component of the electromagnetic linear ooyaentum ofthe 
field associated withthe chasse @. 
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We first consider a generalized coordinate g,, for which a change dq, repre 
senis 3 translation of the system as a whole in some given direction. An example 
would be one of the Cartesian coordinates of the center of mass of the system. 
“Then clearly g, cannot appear in T, for velocities are not affected by a shift in the 
origin, and therefore the partial derivative of T with respect to a must be zero. 
Further, we will assume conservative systems for which V is not a function of the 
velocities. so as to eliminate stich complications as electromagnetic forces. ‘The 
Lagrange equation of motion for s coordinate so defined then reduces to 


a ar 

434, 

‘We will now show that (2.48) is the equation of motion far the total linear 
momentum, i.e, that Q, represents the component of the total force along the di- 


rection of translation of g,, and p, is the component of the total linear momentum 
along this direction. In general, the generalized force Q, is given by Eq, (1.49 


(2.48) 


Since dq, comesponds to a translation of the system along some axis, the Yectors 
¥(q,) and &,(q, + dq,) are related as shown in Fig. 2.7, By the definitian of a 
derivative, we have 


an, 8 (a) +49)) ~ Hy) _ das. 
Be tin BAG Md) FAQ) hg ea, 49 
94) “veo da, an 4) 


‘where m is the unit vector along the direction of the translation. Hence, 

Q)= OR nanek, 
which (as was stated) is the component of the total farce in the direction of n, To 
prove the other half ofthe statement, note that with the kinetic energy in the form 


dea 


FIGURE 2.7 Change in.s position vector under translation of the system 
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using Eq. (1.51). Then from Eq. (2.49) 
yan Sow, 


which again, as predicted, is the component of the total system linear momenturt 
along m. 

‘Suppose now that the translation coordinate g, that we have been discussing is 
cyclic. Then g, cannot appear in V and therefore 


0,00. 
7 


‘Bat this is simply the familiar conservation theorem for linear momenturt-~that 
if « given component of the total applied force vanishes, the corresponding com: 
ponent of the linear momentum is conserved. 

Ina similar fashion, it can be shown that if a cyclic coordinate q, is such that 
dq, corresponds to a rotation of the system of particles around same axis, then 
the conservation of its conjugate momentum corresponds to conservation of an 
angular momentum. By the same argument used abave, T cannot contain g,, for 
4 sotation of the coordinate system cannot affect the magnitude of the velocities, 
ence, the partial derivative of T with respect to g, must again be zer0, and since 
V is independent of g;, we once more get Eq, (2.48). But now we wish to show 
that with g, a rotanon coordinate the generalized force is the component of the 
total applied torque about the axis of rotation, and 7, is the component of the tatal 
angular momentum along the same axis. 

‘The generalized force Q, is again given by 


2-30 


ar, 
29," 


only the derivative now has a different meaning. Here the change in q, sust cor 
respond fo an infinitesimal rotetion of the vector r;. keeping the magnitude of 
‘the vector constant, From Fig. 2.8, the magnitude of the derivative can easily be. 
obtained: 


ler = rsine da, 
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FIGURE 2.8 Change of a position vector ander rotation of the system, 


ar, 
49, 


and its direction is perpendicular to both r, and n. Clearly, the derivative can be 
writen in vector form as 


= sind, 


s~ =axn, (2.50) 


reducing to 


which praves the first part. A similar manipulation of p, with the sid of Eq. (2.50) 
provides proof of the second part ofthe statement: 


Doe op x m¥; 


aS ak. 
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‘Summarizing these results, we see that if the rotation coordinate q, is cyclic, 
then @,. which is the component of the applied torque along a, vanishes, and 
‘the component of L along m is constant. Here we have recovered the angular 
momentum conservation theorem out of the general conservation theorem relating 
to cyclic coordinates. 

‘The significance of cyctic translation of rotation coordinates in relation to the 
properties of the system deserves some comment at this point, Lf a generalized co- 
ordinate corresponding to a displacement is cyclic, it means that a translation of 
the system, as if rigid, has no effect on the problem. fn ather words, if the system 
is ewarianr woder trunsiation along a given direction, the correspanding linear 
‘momentum is conserved. Similarly, the fact that a generalized rotation coardinate 
is cyclic (and therefore the conjugate angular momentum conserved) indicates 
that the system is invariant under rotation about the given axis, Thus, the momen 
Tum conservation theorenis are closely connected with the symmetry properties 
of the system. If the system is spherically symmetric, we can say without further 
‘ado that all components of angular momentum are conserved. Or, if the system is 
symmetric only about the z axis, then only Ly will be conserved, and so on for 
the other axes. These symmetry considerations can often be used with relatively 
complicated problems to determine by inspection whether certain constants of the 
motion exist. (cf, Noether's theorem-~Sec. 13.7.) 

Suppose, for example, the system consists of a set of mass points moving in 
a potential field generated by fixed sources uniformly distributed on an infinite 
plane, say, the z = 0 plane. (The sources might be a raass distribution if the forces 
‘were gravitational, or a charge distribution for electrestatic forces.) Then the sym- 
metry of the problem is such that the Lagrangian is invariant under a translation 
OF the system of particies in the x= or y-directions (but notin the z-direction) and 
iso under 2 rotation about the z axis. {t immediately follows that the x= and y- 
components of the total finear momentum, Py and P,, are constants of the motion 
along with Z, the z-component of the total angular momentum. However, if the 
sources were restricted only to the half plane, x > 0, then the symmetry for trans~ 
lation along the x axis and for rotation about the 2 axis would be destrayed. In that 
case, P, and L, could not be conserved, but P, would remain a constant af the 
motion. We will encounter the connections between the constants of motion and 
the symmetry properties of the system several times in the following chapters. 


2.7 Wt ENERGY FUNCTION AND THE CONSERVATION OF ENERGY 


Another conservation theorem we should expect to obtain in the Lagrangian for 
mulation is the conservation of total energy for systems where the forces are 
derivable from potentials dependent only upon position. indeed, itis possible to 
demoustrate a conservation theorem for which conservation of total energy repre- 
sents only a special case. Consider a genera! Lagrangian, which will be a function 
of the coordinates g, and the velocities g, and may also depend explicitly om the 
time. (The explicit time dependence may arise from the time variation of extemal 
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potentials, ar from time-dependent constraints.} Then the total time derivative of 
Lis 


+i asi 
and (2.51) can be rewritten as 
dt @ 8b da, , a 
alae eae tla a te 
or 
Ittherefore follows that 
(2.52) 


‘The quannty in parentheses is oftentimes called the energy function and will be 
denoted by h: 


A . , ob 
RQ ede Ghee dn = Doge be @.33) 
7 84, 


and Eq, (2.52) can be looked on as giving the total time derivative of A: 


dh ab 
aR 
If the Lagrangian is not an explicit function of time, ic., if ¢ does not appear 
in L explicidy but only implicitly through the time variation of q und q, thett 
Eq. (2.54) says that A is conserved. It is one of the first integrals of the motion and 
‘ts sometimes referred to a3 Jacobi’s integral.’ 
‘The cnergy function h is entucl in value woth the Hanstonsan Hf (See Chapter 6) ftw goen 
4 diferent name and symbol here t eniphesize that is consudred a fonction of m yadependent 
enables q, and their ime derivatives 4, (aloag with the ume}, whereas the Hamutoaisn wit be 
‘rested as fonction of Zn mndependent vases ¢y., (ad pesiby he ut) 
This dewutionr iow ote confined wo rst egal m te revncted ee body protien. How 
oer. the intra there is merely a special case ofthe energy fanchn hand ther ie some hitncat 
‘escedeat to apply the mame Jacubiierzal tothe moce general sation 


@.s4y 
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Under cenain circumstances, the function 4 is the total energy of the system. 
‘To determine what these cizcumstances are, we recall thatthe total kinetic energy 
of a system can always be written as 


To%th th, any 


‘where Tp is a function of the generalized coordinates only, T;(q, 4) is linear in the 
generalized velocities, and 7)(g, 9) is a quadratic function of the q's. For a very 
‘wide sange of systems and sets of generalized coordintes, the Lagrangian can be 
similarly decomposed as regards its functional behavior in the q variables: 

LG. G0) = Log. + Lila. G0) + Lal g (258) 
Here £2 is a homogeneous function of the second degree (oot mesely quadratic) 
ing, while £, is homogencous of the first degree in g. There is no reason intrinsic 
to mechanics that requires the Lagrangian to conform to Bg, (2.55), but in fact it 
oes for most problems of interest. The Lagrangian clearly has this form when the 
forces are derivable from a potential not involving the velocities. Even with the 
vvelocity-dependdent potentials, we note that the Lagrangian for a charged particle 
in an electromagnetic field, Eq. (1.63), satisfies Eq. (2.55). Now, recall that Buler’s 
theorem states that if f is a homogeneous function of degree n in the variables x), 
thea 


Td wy, 2.56) 


Applied to the function f, Eq. {2.53}, for the Lagrangians of the form (2.55), this 
thearem implies that 


he Dla +h1—L = La ~ Lo. ast 


Af the transformation equations defining the generalized coordinates, Bags. (1.38), 
do not invoive the time explicitly, then by Eqs. (1.73) T = Ta. If, further, the 
Potential does not depend on the generalized velocities, then Lz = T and Lo « 
~¥, so that 


he=T+V ek, 2.58) 


and the energy function is indeed the total energy. Under these circumstances, 
if ¥ does not involve the time explicitly, neither will L. Thus, by Eq. (2.54), 
‘which is bere the total energy), will be conserved. 

Note that the conditions for conservation of h are in principle quite distinct 
‘trom those that identify A as the total energy. We can have a set of generalized 
coordinates such that in a particular problem f is conserved but is not the total 
energy. On the other hand, & can be the total energy. in the form T + V, bot not 
de conserved. Also note that whereas the Lagrangian is uniquely fixed for each 
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system by the prescription 
L=T-U 


independent of the choice of generslized coondinates, the energy function f de- 
peods in magnitude and functional form on the specific set of generalized co- 
‘ordinates. For one and the same system, various energy functions # of different 
physical content can be generated depending on how the generalized coordinates 
are chosen. 

‘The most common case that occurs in classical mechenies is ane in which the 
Kinetic enexgy terms are all of the form md?/2 or p} /2m and the potential energy 
depends only upon the coordinates. For these conditions, the energy function is 
both conserved and is also the total energy. 

Finally, note that where the system is not conservative, but there are frictional 
forces derivable from a dissipation function F, it can be easily shown that F is re- 
lated to the decay rate of h. When the equations of motion are given by Eq. (1.70), 
including dissipation, thea Eq, (2.52) has the form 


dh ak ee. 
Seber, 


By the definition of F, Bg, (1.67), it is a homogeneous function of the 4's of 
degree 2. Hence, applying Euler's theorem again, we have 


ah aL 
alee ra (2.59) 


Af L is not an explicit function of time, and the system is such that h is the same 
as the energy, then Eq. (2.59) says that 27 is the rate of energy dissipation, 


2 -2F, (2.60) 


1 statement proved above (cf. Sec. 1.5) in fess general circumstances, 
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2. Cotplete the solucion ofthe brachistochrone problem beg in Section 2.2 andl show 
that the desited curve i a cycloid with a cusp atthe ininal point at which the particle 
Js released. Show also that ifthe particle is proyected with an initial Kinetic energy 
‘fonv3 thatthe brachistochrone is stil a cyctoid passing through the two points with a 
Gasp ata height z shove the inital point given by xf = 2pz. 

2. Show that if the potensal is the Lagrangian contains velocity-dependeat terms, the 
canonical momentum corresponding 16 a coordinate of rotation @ ofthe extre system 


Chapter 2. Variational Principles and Lagrange’s Equations, 
‘so longer the mechanical angular momentum Lg but ss given by 
=e Sn, x Vath 


where Vy 1s the gradient operaior in which the derivatives are with respect t the 
‘velocity components andi is a anit vector in the direction of rotation, Ifthe forees are 
clectromagnetic in character. the canonical momentum is therefore 


pon tes Dan x Ba, 
; 


3. Prove thatthe shortest distance between two points m space is a straight Hine, 


A. Show that the geodencs of a spherical surface are great circles, Le, circles whose 
centers ie at the center of the sphere, 


EXERCISES 


5. A parucle 1s subjected to the potenual Vix)  —Fx, whore # is a constant, The 
pasticle travels from x = 0 to x = a in a Gm interval fg, Assume the motion of the 
particle can be expressed in the form x(t) = A+ Br + C12, Find the values of A, B, 
‘nd C such thar the action is sninimamn, 


6, Find the Euler-Lagrange equation describung the brachistochrone curve for a particle 
moving inside a sphencat Barth of oniform mass density. Obtain a fist integral for 
this differential equation by analogy to the Jacobs mtegral A. Wit the help of this 
antegra, show that the desired curve 1s a hypocycloid (the curve described by a point 
fn a circle rolling on the inside of a larger circle). Obtain an expression for the time 
of tavel slong the brachistochrone between two points on Earth’s surface. How long 
‘would x tke to go from New York to Los Angeles (essiined to be 4800 km apart on 
the surface) slong a brachistochone tunel (assuring 10 friction) and how fer below 
the surface would the deeper point of the tunnet be? 


in Exampte 2 of Section 2.1 we considered the problem of the mnimum surface of 
revolution. Examine the symmetric case x; = 2.92 = ~y) > 0, atid express the 
condition for the parameter a as 3 transcendental equation in terms of the dimension 
less quantities k = xp/a, and o = y2/-r2. Show that for @ greater than 2 certain value 
fap two values of & are possible, for a = ap only one value of & is possible, white if 
& < am no real value of k (or a) can be forind, so that no catenary solution exists 10 
this rogion. Find the value of ap, numerically if necessary. 


8 The broken-segment solution described in the text (cf. p. 42}, 9 Which the area of 
revolution is only that ofthe end exces of radius yy and 7, respectively is known as 
the Goldschonids solution. For the symmetric sitwation discussed in Exercise 7, obtain 
an expression for the rato of the ares geserated by tbe catenary sohutions to that vet 
by the Goldschmidt solution. Your result should be a function only of che parameters 
and a. Show that for sufficiently large values of a at foast one of the catenatics 
sives an area below tbat of the Goldschmidt sototion. On the other hand, show that if 
= cg, the Goldschmidt sofution gives a loner area than the eatenacy. 


4. 
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9. A chain or ope of indefinite length passes freely over pulleys at heights yy and yp 
above the plane Sorface of Earth, wath 2 horizontal distance xz ~ 2) between them. if 
the cain or rope has 2 uniform linear mass desty, show thatthe problem of finding 
the curve essumed between the pulleys is identical with that ofthe problem of mini- 
‘uum surface of revolution. (Fhe transition 0 the Goldschmidt solution as the heaghts 
yi and yp are changed makes fora siiking lecture demonsration. See Exercise 8.) 


20, Suppose itis koown expertmentslly that s particle fell a gwven distance yp an a hme 

= V2yp/. ba the times of fll foe distances other than yp 1¢ nor known. Suppose 

further thatthe Lagrangian for the problem is known, but that instead of solving the 
eqnttion of motioe for ys a function of 1, iis guessed thar the functional form is 


y mat $br, 


IF the constants 2 and b are adjosied always so that the time to fall yp is correctly 
sswen by vo, show directly thatthe integral 


fra 


18 au extremum for teal values of the coefficienes only when a «= (and b o» 4/2. 


11, When two baliard balls collide, he instantaneous forces between them are very Janye 
at act enly im infinstesumal time A, in such 2 manner that the quantity 


fee 
fs 


‘eraains fist. Such forces are described as impulrive forces, and the integral over 
‘At ¢s known as the impulse of the force, Show that # impulsive forces are present 
[Lagrunge’s equations may be transformed into 


(3), (&),-* 


Where the subscripts ¢ and f refer fo the state of the systern before and after the 
lunpaise, S; is the impulse of the generalized impulsive force corresponding t0 4, 
and 1 is the Lagrangian incloding al the nosimpalsive forces 

TR. The we generalized mechanics hax come to designate a variety of classic mechan- 
ics fm which the Lagrangian contains time derivatives of g, higher than the fist, Prob- 
Jems for which x = f(x, <.,1) have been referred fo a» “jerky” mechauies. Such 
‘equations of motion have interesting applications in chaos theory (of. Chapter 11), By 
applying the methods of the calculus of variations, show chat f there 1s ¢ Lagrangian 
of the form L(g,. i. 4.0), and Hamitton's principle holds with the zero variation of 
beth g andl atthe end points, then the corresponding Euler-Lagrange equations ate 


ale a) Pats Ho 
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ca 


mi ke 
tafe 5¢ 


Do you secogarze the equations of monon? 
A heavy particle » placed at the top of a vertical boop. Calculate the reactoo of 
the hoop on the particle by meuns of the Lagrange’s wndesermined maltipliers and 
Lagrange’s equations. Find she height at which the panicic falls of 

A.ansform hoop of mass m and radwus r ceils without slipping on a fixed cylinder 
of radius R as shown in the figure. The only extemal force is that of gravity, Hf the 
smaller cytoder stars rolling from rest ontop ofthe bigger cylinder, aye the method 
‘of Lagrange mulipliess to find che point at which be hoop falls off the cyhnder. 


‘A form of ibe Wheatsione impedance bridge his, in addition to the ustial four res- 
tances. an inductance io one arm and a capacitance in the apposite arm. Set wp Land 
F for the unbalanced bndge, with the charges inthe elements as coordinates, Using 
(he Kirchhott juaction conditions as constraints on the currents, obtain the Lagrange 
‘equations of motion, and show that eliminating the 2's reduces these to the ueualnet- 
‘work equations. 

{n certain situnaons, particularly one-dimensional systems, tis possible to incorpo- 
sate frictional effects without mtroducing the dissipation function. As an example, find 
the equations of motion for the Lagrangan 


2 tg? 
twen (8f -H). 


2 


How would you descnbe the system? Are there any constants of miotion? Suppose a 
‘point transformation is made of the form 


saellg. 


What 1s the effective Lagrangian in terms of s? Find the equation of motion for» 
‘What do these resus say about the conserved quantities forthe systern? 


Ik sometimes occurs that the geveraSized coordinates appear separately in the kanetic 
ccuergy and the potential energy in such manner Qiat T and V coay be weitten in the 


form 
Liew 


T=L hey md 
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is, 


ios 


‘Show that Lagrange’s equatons then separate, and thar the problem can always be 
ceduced to quadratares, 


A pois mast is construed to move on 2 massless hoop of radius a fixed sn 2 vertical 
pane thst rotates about is verucal symmetry axis with constant angular speed «. 
Obuin ihe Lagrange equations of motion assuming the only exieral forces ave from 
aravity. What are the constants of motion? Show that if ws 1s greater than a critical 
‘alte wn, there can be 3 solution m which the particle remains stationary on the hoop 
ata point other than at che bottom, but that if « < an, the only stationary point for the 
particle is at the bottom of the boop. What isthe value of? 


A particle moves without friction in a consecvative field af force produced by vartous 

‘mags distnbutions. in each snstance, she force generated by 2 volume element of the 

distribution is derived from a potential that 1s proportional to the mass of the volume 

‘element ands a function only of the scalar distance from the volume element. For the 

following fixed, bomogeneous mass distributions, state the conserved quantities in the 

‘motion of the particle: 

{@) The mass 1s uniformly distribuied wn the pune z = 0. 

{b) The mass is uniformly distributed in the hailsplane z = 0,9 > 0. 

(©) The mass 16 uniformly distnbuted in a circular cylinder of infinte length, with 
axis along the 2 axis, 

(@) The mass 15 uniformly distributed in a circular cylinder of finite length, wrth axis 
along the z axis. 

(0) The mass ts uniformly distributed mn aright cytinder of eftiptical crass sectton and 
aufute fength. wath exis along the z axs. 

(0) The mass 1y unstocraly distabuted in a dumbbelt whose axis is oriented along the 
zaxis. 

(g) Tho mass 1s sn the form of 2 vaiform wire wound in the geometry of an infimte 
hatical solenoid, with axis along the ¢ uxs 


A pactcle of mass m sides without friction on ¢ wedge of angle and mass M that can 
move without friction on a smooth bortzontal surface, ax shown inthe figure. Treating 
the conseraint of the particle on the wedge by the method of Lagrange multipliers, 
find the equations of motion forthe particle and wedge. Also obtaxn an expression for 
the focces of comsiraint. Calculate the work dont in time ¢ by the forces of constant 
acting on the particte and on the wedge. What are the constants of maton for the 
systemn” Contrast the results you have found with the situation when the wedge 1% 
Fixed. [Suggestion For the particle you may either use a Cartesian coordinate system 
swith y vertical, or one with y normal to the wedge of even more instracively, dit in 
both systeris 
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21 A carriage rams along rails on a rigid beam, as shown io the gure below. The carriage 
is attached to one end of a spring of equilibcium length ry and force constant k, whose 
‘ther end is fixed on the beam. On the camage, anoiber ser of ails perpendicular to 
the fist along which a particle of mass m moves, hetd by a spring fixed on the beara, 
of force constant & and 2270 equilibrium length. Beam, rails, springs, and carviage are 
assumed to have zero mass. The whole system is forced to move ina plane abour the 
point of attachment ofthe frst spring, with « constant angular speed co, The length of 
Ae second spring is ar all umes considered small compared tr, 

(@) What isthe energy ofthe system? fs utconserved? 

{b) Using generalized coordinates in the laboratory systemt, what isthe Sueobi intogeal 
{or the system? fs it conserved? 

(€) tn terms of the geveralired coordinates relative to a system rotating with the angu- 
far speed wo. what isthe Lagrangian? Wiis i the Jacobi integral? fst conserved? 
Discuss the relationship between the two Jacobi integrals. 


22. Suppose a paricte moves in space subject to a conservative potontial ¥{r) but 14 
coostrained to always move on 4 surface whose equation is or) = 0. (The explicit 
‘dependence on indicates thatthe surface may be moving.) The instantaneous force of 
constraint is taken as always perpendicular to the surface, Show analytically that the 
energy ofthe particle is not conserved if the surface moves in time. What physically 
‘isthe reason for noacanservation of the energy ander this circumstance? 


23, Consider two particles of masses mj and mp. Let m; be confined to move on a cicle 
of radius @ sn the 1 = 0 plane, centered atx = y = 0, Let ms be confined to move 
(on a circle of radits & in the 2 = c plane, centered at x 0. A light (massless) 
spring of spcing constant k xs attached between the two particles. 
(2) Find che Lagrangian foe the system. 
Ab) Solve the problem wsing Lagrange rouktipliers and give a physical interpretation 

For each mattplien 

24, The one-dimensional harmonic oscliator has the Lagrangian £ = mi2/2— ka? /2, 
Suppose you dhd aot kaw the solution to the motion, but reazed that the motion 
‘must be pecrodie and therefore cond be described by a Fourier scnes of the form 


st) = Yayo pat, 
r=) 
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26, 


(taking ¢ = 0 at 2 zing point) where «is the (wuknown) angular frequency of the 
sation. This representation for x(¢) defines a miany-parameter pata for the system 
point in configuration space. Consider the action integral f fortwo points, fy and 
sepasated by the peniod 7 = 2x /o. Show that with this forma for the sysiot pals, J is 
an exteumafor porvatishing x only if, = 0, for j # land only ifaw km 


A disk of radwss & rolls without slipping inside the stationary parabola y = ax? Rind 
the equations of constrain. What condition allows the disk ro roll so that it touches 
{the parabola at one and only one point independent of ts position? 


A paructe of mass m is suspended by a massless spring of length 1.1 hangs, without 
inital moten, ina graviational field of strength g. Ht is struck by an ampulsve hor- 
zontal blow, which introduces an angular velocity oo. Ifo as sufficrently small itis 
‘bvious thatthe mass moves asa simple pendulum. If is suficlently lange, che mass 
‘will rotate about the suppor. Use 4 Lagrange multipher to deterrame the conditions 
under which the string becomes slack at some point an the motion, 


CHAPTER 


The Central Force Problem 


In this chapter we shall discuss the problem of two bodies moving under the in 
fluence of a mutual central force as an application of the Lagrangian formulation, 
Not all the problems of central force motion are integrable in terms of well-known, 
fanctions. However, we shall attempt to explore the problem as thoroughly as is 
possible with the tools already developed. in the last section of this chapter we 
consider some of the complications that follow by the presence of a third body, 


3.1 & REDUCTION TO THE EQUIVALENT ONE-BODY PROBLEM, 
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Consider a monogenic system of two mass points, m and m (of Fig. 3.1), where 
the only forces are those de to an interaction potential U. We will assume at first 
that U is any function of the vector between the two particles, rp ~ ry, or oftheir 
relative velocity, t2 ~ #1, or of any higher derivatives of r7 — 1). Such a system, 
hnas six degrees of freedom and hence six independent generalized coordinates. 
‘We choose these to be the three components of the radius vector to the center of 
souss, R, plus the three components of the difference vector r= x — my. The 
Lagrangian wilt then have the form. 


LeTRD-~UGE. a1) 


FIGURE31 Coontinaies forthe two-body problem, 


3.1. Reduction to the Equivalent One-Body Problem n 
‘The kinetic energy T can be written as the stm of the kinetic energy of the 
motion of the center of mass, plus the kinetic energy of motion about the center 
of mass, 7’ 
P= bom tm) R47" 
with 
T= fui? + bat? 


‘Here 1, and r, are the radii vectors of the two particles relative to the center of 
mass and are related to r by 


BD 


Expressed in terms of r by means of Bq. (3.2), 7" takes on the form 


ae mam ia 


Dmg +m 
and the total Lagrangian (3.1) is 


be Mtge Lm i, 


z Simp tm Yi oy 


It is seen that the three coordinates R are cyclic, so that the center of mass 
is either at rest or moving uniformly. None of the equations of motion for r will 
contain terms involving R or R. Consequently, the process of integration is par- 
ticularly simple here. We merely drop the fist term from the Lagrangian in all 
subsequent discussion. 

‘The rest of the Lagrangian is exactly what would be expected if we had a fixed 
center of force with a single particle at a distance r from it, having 4 mass 


myn 
my ty” 


‘where 1 is known as the reduced mass. Frequently, Bg. (3.4) is written in the form 


4) 


G3) 


‘Thus, the central force motion of two bodies about their center of mass can always 
‘be reduced to an equivalent one-body problem. 
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3.2 IR THE EQUATIONS OF MOTION AND FIRST INTEGRALS 


We now restrict ourselves 10 conservative central forces, where the potential is 
V(@), a function of r only, so that the fores is always along r. By the results of 
the preceding section, we need anly consider the problem of a single particle of 
reduced mass m moving about a fixed center of force, which will be takent 2s the 
origin of the coordinate system. Since potential energy involves anly the radial 
Aistance, the problem has spherical symmetry; i<., any rotation, about any fixed 
axis, can have no effect on the solution, Hence, an angle coordinate representing 
sotation about a fixed axis must be cyclic. These symmetry properties result in a 
considerable simplification in the problem. 

‘Since the problem is spherically symmetric, the total angular momentutn vec- 
10F, 


Lerxp, 


is conserved. I therefore follows that ris always perpendicular to the fixed diree- 
tion of &. in space. This can be true only if ¢ always lies in a plane whose normal: 
is paraliet to L, White this reasoning breaks down if L is 2er0, the motion in that 
case must he along a straight line going through the center of force, for L, = 0 
requires F wo be parallel ro £, witich ean he satisfied only in straight-line motion.* 
‘Thus, central force motion is always motion in a plane. 

Now, the motion of a single pasticle in space is described by three coondinates: 
in sphecical polar coordinates these are the azimuth angle 8, the zenith angle (or 
colatitide) y, and the radial distance r. By choosing the polar axis to be in the 
irection of L. the motion is always in the plane perpendicular to the polar axis. 
“The coordinate y then has only the constant value 27/2 and can be dropped from 
the subsequent discussion. The conservation of the angular momenturn Vector fur- 
‘nishes three independent constants of motion (corresponding to the three Carte- 
sian componenis). Th effect, two of these, expressing the constant direction of the 
angvlar momentum, have been sed to reduce the problem from three to two de~ 
grees of freedom. The third of these constants, conesponding to the conservation 
of the magnitude of L, remains still at our disposal in completing the golution, 

‘Expressed now in plane polar coordinates, the Lagrangian is 


L=T-v 
= fm? +76) ~ Von. G5) 


‘As was forseen, @ is a cyclic coordinate, whose corresponding canonical momen- 
tum is the angular momentum of the system: 


pee mh 


*Focwally # = Pay + ring, boce rx = O segues d =O, 
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‘One of the two equations of motion is thes simply 


Be $ (mr6) =o. an 


swith the immediate integral 
mr? =i. 3.8) 
where {is the constant magnitude of the angular momentum, From (3.7) is also 
follows that 
a fia 
4 (jre)=0. 65) 


‘The factor } is inserted because $77 is just the areal velocity—the arca swept 
cout by the radius vector per unit time. This interpretation follows from Fig. 3.2, 
the differential area swept out in time de being 


aA = }r(rae), 
and hence 


“The conservation of angular momentum is thus equivalent to saying the aresl 
velocity is constant. Here we have the proof of the well-known Kepler's second 
{aw of planetary motion: The radius vector sweeps out equal arcas in equal times, 
It should be emphasized however that the conservation of the areal velocity is a 
‘general property of central force motion and is not restricted to an inverse-square 
Taw of force, 


FIGURE 3.2 The aroa swept out By the radius vector ma ime dt. 
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‘The remaining Lagrange equation, for the coordinate r. is 
av 
we 


Designating the value of the force along r, —2V/3r, by f(r) the equation can be 
rewritten as 


Lie zp 
Ber Pt 0. £3.16) 


am — mrf? = Fir), Gay 

‘By making use of the first integral, Eq. (3.8), 6 can be eliminated from the equa- 
‘ion of motion, yielding a second-order differential equation involving r only: 

pd 3.13 

mi LO. 8.12) 


There is another first integral of motion available, namely the total energy, 
since the forces are conservative. On the basis of the genera! energy conservation 
theorem, we can immediately stste that @ constant of the motion is 


E = fal? +74 V0), 13) 


‘where E is the energy of the systern. Alternatively, this first megral could be 
derived again directly from the equations of motion (3.7) and (3.12). The latter 


can be wnaten as 
ond ae 
nin-Z (veld). Gay 
It both sides of Eq. (3.14) are mnutiplied by * the left yide becornes 


pt aw (eee? 
mee aN) 


‘The right side similarly can be written as a total time derivative, for if g(7) is any 
fianction of r, then the total time derivative of g has the form 


a agar 
qe ~ ar 


Hence, Eq. (3.14) is equivalent to 
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and therefore 


Ep ae 
gm? + = + V = constant. 13.15) 
2 2mr 
‘Equation (3.15) is the statement of the conservation of tot energy, for by use 
‘ing (3.8) for /, the middie term can be written 


Lash 
and (3.15) reduces to (3.13). 


‘These first two integrals give us in effect two of the quadvatures necessary 10 
complete the problem. As there are two variables, r and 8, a total of four inte 
{rations are needed to solve the equations of motion. The first «wo integrations 
have left the Lagrange equations as two first-order equations (3.8) and (3.15), the 
{Wo remaining integrations can be accomplished (Formally) in a variety of ways. 
Pethaps the simplest procedure start from Eq, (3.15). Solving for F, we have 


(3.16) 


dis & G47) 


Te) 


Attire ¢ = 0, let r have the initial value ro. Then the integral of both sides of the 
‘equation from the initial xtate (o the state at time ¢ takes the form 


creas) a G.18) 
fa (E-v~ sha) 


As it stands, Bq. (3.18) gives / as a function of r and the constartis of integration 
E, 1. and ro, However, i may be inverted, at least formally, to give 7 as 9 function 
of t and the constants. Once the solution for r is found, the solution @ follows 
immediately from Bq. 3.8), which can be written 96 


t 


ait G19) 
mr 


HF the initial value of @ is Bp, then the integra} of (3.39) is simply 


at 
ont f +e, 3.20) 
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‘Equations (3.18) sad (3.20) are the two remaining integrations, and formally 
the problem has been reduced to quadratures, with four constants of integration £, 
1, ro. B, These constants are not the only ones that can be considered, We tight 
equally as well have taken ro, fp, Fo, ds, but of course E and / can always be deter: 
:mined in terzos of this set. For many applications, however, the set containing the 
energy and angular momentum is the natural one. In quantum mechanics, such 
constants as the initial values of r and @, of of # and 6, become meaningless, but 
‘we can stil talk in ferms of the system energy or of the system angular momen- 
tum. Indeed, two salient differences between classical and quantum mechanics 
appear in the properties of E and ! in the two theories. In order to discuss the 
transition to quantum theories, itis therefore important that the classical descrip 
lion of the system be in terms of its energy and angutar momentum. 


3.3: Ml THE EQUIVALENT ONE-DIMENSIONAL PROBLEM, 


AND CLASSIFICATION OF ORBITS 


Although we have solved the one-dimensional problem formally, practically 
speaking the integrals (3.18) and (3.20) are usually quite unmanageable, and in 
any specific case itis often more convenient to perform the integration in some 
‘other fashion. But before obtaining the solution for any specific force laws, let 
us see what can be leamed about the motion in the general case, using only the 
‘equations of motion and the conservation theorems, without requiting explicit 
solutions. 

For example, witha system of known energy and angular momentum, the mag- 
nitude and direction of the velocity of the particle can be immediately determined 
in terms of the distance 7. The magnitude v follows at once from the conservation 
of energy in the form 


E=fmit+Vo) 


(E- VP). (3.21) 


‘The radial velocity—the component of # along the sadius vectot—has been given 
in Eq. (3.16), Combined with the magninide v, this is sufficient information to 
furnish the disection of the velocity.* These results, and much more, can also be 
‘obtained from consideration of an equivalent one-dimensional problem. 

‘The equation of motion in r, with @ expressed in terms of f, Eq. (3.12), involves 
‘only r and its detivatives. If is the same equation as would be obtained for a 


‘AKemetnely, the conservation of angular momentum farmishes 6, he angular velocity, and this 
_gether with goes buch the magnitude tnd direction off. 
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fictitious one-dimensional problem in which » particke of mass m is subject to a 
force 


p 
Faftos 22) 


‘The significance of the additional term is clear if itis written as mr6? x mex? /r, 
which is the familiar centrifugal force. An equivalent statement can be obtained 
from the consexvation theorem for energy. By Bq, (3.15) the motion of the particle 
in r is that of a one-dimensional problem with a fictitious potential energy: 


ad 
Vie Vt sos. 22 
Viges (3.22) 


Asacheck, note that 


which agrees with Eq. (3.22). The energy conservation theorem (3.15) cam thus 
also be written as 


B= V+ bmi? (as) 


As an illustration of this method of examining the motion, consider a plot of 
'V’ against r for the specific case of an attractive iaverse-square law of force: 


Por positive &, the minus sign ensures thatthe force is soward the center of force.) 
‘The potential energy for this force is 


and the corresponding fictitious potential is 
kB 
Bar 
Such a plot is shown in Fig. 3.3; the two dashed lines represent the separate com- 
ponents 


ve 


& Ls 
“pt Sat 


and the solid line is the sum V/ 
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FIGURE 3.3 The equivalent one-dimensional polenta! for attractive mverse-square Ia 
of force. 


Let us consider now the motion ofa particle having the energy Es, as shown in 
Figs. 3.3 and 3.4. Cleary this particle can never come closer than r; (cf. Fig. 3.4), 
‘Otherwise with r < rj, V' exceeds E, and by Bq, (3.15") the kinetic energy would 
have to he negative, corresponding to an imaginary velocity! On the other hand, 
there is no upper limit to the possible value of r, so the orbit is not bounded, A 
particle will come in from infinity, strike the “repulsive centrifugal harrier,” be 
repelted, and trave! back out to infinity (of. Fig. 3.5), The distance berween E and 
V’ is }m#*, ie, proportional to the square of the radial velocity, and becomes 
zero, naturally. ut the raring point ry. At the same time, the distance between E 
and ¥ on the plot is the kinetic energy }mv? at the given value of r. Hence, the 
distance between the V and " curves is $rer262, These curves therefore supply 
the magaitade of the particle velocity and its components for any distance r, at the 
given energy and angular momentum. This information is sufficient to produce an 
approximate picture of the form of the orbit 

For the energy Ep = O (cf. Fig. 3.3), a roughly similer picture of the orbit 
behavior is obtained. But for any Sower energy, such as Es indicated in Fig, 3.6, 
we have a different story. In addition 102 tower bound ry, there is also a raaximum 
value rz that cannot be exceeded by r with positive Kinetic energy. The motion is 
thea “hounded.” and there are two turning poims, r and rz, also known as apsidal 
distances. This does not nevessatily mean that the orbits are clased. All that can 
be said is that they are bounded, contained between two circles of radius my and 
17 with tuming poims always lying on the circles (cf. Fig. 3.7), 
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FIGURE 34 Unbounded motion at positive energies for mverse-sqoare law of force, 


FIGURE 3S The orbit for £5 corresponding to unbounded motion. 
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FIGURE 3.6 The equivaleot one-dimensional potential for inverse-square Jaw of forve, 
\Wastrating bounded motion st neganve enengies. 


If the enesgy is Ex at the minimum of the fictitious potential as shown in 
Fig. 3.8, then the two bounds coincide. in such case, motion is possible at only 
‘one radius; ? = 0, and the orbit is a circle, Remembering that the effective “force” 
is the negative of the slope of the V' curve, the requirement for circular orbits is 
sumply that f” be zero, or 


2 
Sey oy mid, 


‘We have here the familiar elementary condition for a circolar orbit, that the ap- 
plied force be equal and opposite to the “reversed effective force” of centripetal 


FIGURE3.7 The nsture of the ortits for bounded motion. 
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FIGURE 38 The equivalent one-dimensional potential of inverse-squaze law of force, 
iMtuseratmig the conditioa for cireutar orbits, 


acceteration.* The properties of circullar orbits and the conditions for them will 
bbe studied in greater detail in Section 3.6. 

Note that all of this discussion of the orbits for various energies has Deen at 
‘one valve of the angular momentum. Changing ? changes the quantitative details 
of the ¥' curve, but it does not affect the general classification of the types of 
orbits. 

For the attractive inverse-square law of force discussed above, we shall see 
that the orbit for Ey is a hyperbola, for Ey a parabola, and for Ey an ellipse. 
With other forces the orbits may not have such simple forms, However, the same 
‘general qualitative division into open, bounded, and circular orbits will be true 
{or any attractive potential that (1) falts off slower than 1/r? as r ~» 00, and 
(2) becomes infinite slower than I/r7 as r ~» 0, The first condition ensures that 
the potential predominates over the centrifuxgat term for targe 7, while the second 
condition is such that for small r itis the centsifugal term that is important, 

“The qualitative nature of the motion wilt be altoted if the potential does mot gat~ 
isfy these requirements, but we may stil] use the method of the equivalent poten- 
tial to examine features of the orbits. As an example, let us consider the attractive. 
potential 

a ‘ 3a 

Vin=-%, with f=~3. 
“The enesgy diagram is then as shown in Fig. 3.9. For an energy E, there are two 
possible types of motion, depending upon the initial value of r. {fry is tess than 
ry the motion will be bounded, r will always remain less than 71, and the particle 
‘wi pass through the center of force. Ifr is initially greater than ra, then it will 


‘the case 4 < Ex docs not correspond to physically posable secon, for then * would have to be 
negative, oc? inaginary. 


az 


FIGURE 3.9 The equivalent one-dimensional potennal for an attractive inverse-fourth 
Saw of force 


always remain so; the motion 1s unbounded, and the particle can never get inside 
the “potential” hole. The initial condition r, < ry < rz is again not physically 
possible. 

Another interesting example of the method occurs for a linear restoring force 
(isotropic harmonic oscillator): 


fank, Vs hk 
For ero angular momentum, comesponding to motion along a straight fine, V/s 
sand the situation is as shown in Fig. 3.10. For any positive energy the motion is 


bounded and, as we know. simple harmonic. If # 0, we have the state of affairs 
shown in Fig. 3.11. The motion them is always bounded for all physically possible 


| ino 
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FIGURE 340 Efiectre porental for zero angular momentum, 
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FIGURE 3.11 The equivalent one-dimensional povential for aFinear restonng force, 


‘energies and does not pass through the center of force. In this particular case, itis 
easily seen that the orbit is elliptic, for if f > —kr, the x- and y-components of 
the force are 


a 


‘The total motion 1s thus the resultant of two simple harmonic oscillations ut right 
angles, and of the same frequency, which in general leads to an elliptic orbit. 

‘A well-known example is the spherical pendulum for smat! amplitudes. ‘The 
familiar Lissajous figures are obtained as the composition of two sinusoidal as- 
<illaions at right angles where the ratio of the frequencies is x rational number, 
For two oscillations at the same frequency, the figure is a straight fine when the 
oscillations are in phase, a circle when they are 90° out of phase, and an elliptic 
shape otherwise. Thus, central force motion under a linear restoring force there 
fore provides the simplest of the Lissajous figures. 
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Another property of centrat force motion can be derived as a special case of a 
_general theorem valid for a large variety of systems—the virial theorem. Te differs 
‘in character fror the theorems previously discussed in being staxistical in nature; 
i.e, itis concerned with the time averages of various mechanical quantities, 

Consider a general system of mass points with position vectors 1, and applied 
forces P, (including any forces of constraint). The fundamental equations of mo- 
tion are then 


(3) 


‘We are interested in the quantity 
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where the summation is over all particies in the system. The total time derivative 
of this quantity is 


dG “ A 
8 oS Eben 0.23} 
‘The first term can he transformed to 


Liew = Vom t= Somat = 27, 
while the second tenn by (1.3) is. 
Deen = SK: 
‘Equation (3.23) therefore reduces to 


Seen att Rr, (3.24) 


‘The time averuge of Eq. (3.24) over a time interval r 1s obvained by integrating 
both sides with respect to 1 from 0 t0 x, and dividing by ¢: 


Ve'dG dG aE 
if gee GT Ls 


or 


+R 


Lig) GO}. 3.25) 


If the motion is periodic, i¢., all coordinates repeat after a certain time, and if 
is chosen to be the period, then the right-hand side of (3.25) vanishes. A similar 
conclusion can be reached even if the motion is not periodic, provided that the 
coordinates and velocities for all particles remain finite so that there is an upper 
bound to G. By choosing ¢ sufficiently tong, the right-hand side of Eq. 3.25) can 
‘be made as small as desired. In both cases, it then follows that 


1 
r 33 Fyn. (3.26) 


Equation (3.26) is known as the virial theorem, and the right-hand side is called 
she virial of Clausius. In this form the theorem is imporant in the kinetic theory 
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of gases since it can be used to derive ideal gas law for perfect gases by means of 
the following brief argument. 

‘We consider a gas consisting of !V atoms confined within a container of vol- 
ume ¥. The gas is further assumed to be at a Kelvin temperature T (a0 to be 
confused with the syrabol for kinetic energy). Then by the equipartition theorem 
of Kinetic theory, the average kinetic energy of each atom is given by $kyT, ky 
being the Boltzmana constant, a relation that in effect is the definition of temper- 
ature. The left-hand side of Eq. (3.26) is therefore, 


3NkeT. 


On the right-hand side of Bq. (3.26), the forces F, include both the forces of 
interaction between atoms and the forces of constraint on the system, A perfect 
{gas is defined as one for which the forces of interaction contribute negligibly to 
the virial. This occurs, .g., if the gas is so tenuous that collisions between atoms 
‘occur rarely, compared to collisions with the watls of the container. It is these 
‘walls that constitute the constraint on the system, and the forces of constraint, Fc, 
are localized at the wall and come into existence whenever a gas atom collides 
with the wall. The sain on the right-hand side of Bq. (3.26) can therefore be re~ 
placed in the average by an integral over the surface of the container. The force 
‘of constraint represents the reaction of the wall 10 the collision forces exerted by 
the atoms on the wall, Le., to the pressure P. With the usual outward convention 
for the unit vector n in the direction of the normal to the surface, we can therefore 
write 


a8, = —PndA. 


uy # 
ZLB way aerdA. 


‘But, by Gauss’s theorem, 


fr-eaa 


‘The visial theorem, Eg. (3.26), for the system representing a perfect gas can theres 
fore be written 


frvcay as. 


3NkgT = }PVv, 


‘which, cancelling the common factor of } on both sides, is the famifiar ideal 
gas law. Where the imterpanicle forces contribute to the virial, the perfect gas 
law of course no longer holds. The virial theorem is then the principal too!, in 
classical Kinetic theory, for calculating the equation of state comesponding t0 such 
imperfect gases. 
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‘We can further show that if the forces F, are the sum of nonfrfctional forces BY 
and frictional forces f; proportional to the velocity, then he virial depends only 
on the FF: there is no contribation from the £,. OF course, the motion of the system 
rust not be allowed to die down as a result of the frictional forces. Bnergy must 
constantly be pumped into the system to maintain the motion; otherwise alltime 
averages would vanish as x increases indefinitely (ef, Derivation 1.) 

If the forces are derivable from 2 potential, then the thearem becomes 


ie 
T= pag ee 3.27) 
and for a single particle moving under a central force it reduces to 
-_ Vv 
Tape (3.28) 
IV isa power-law function of r, 
Vea, 


‘where the exponent is chosen go that the force law goes as r, then 
v 
rene, 
and 8, (3.28) becomes 
Faottly, 6.29) 
2 
By an application of Euler's theorem for homogeneous functions (cf. p. 62), it is 
clear that Bg. (3.29) also holds whenever V is a homogeneous function in r of 


degree n + t. For the further special case of inverse-square law forces, mis ~2, 
sand the virial theorem takes on a well-known form: 


(3.30) 


‘THE DIFFERENTIAL EQUATION FOR THE ORBIT, 
AND INTEGRABLE POWER-LAW POTENTIALS 


In treating specific details of actual central force problems, a change in the orien 
tation of our discussion is desirabte. Hitherto solving a problem has meant finding 
1 and @ as functions of time with £, f, ec., as constants of integration, But most 
‘often what we really seek is the equation of the orbit, ie., the dependence of r 
upon @, eliminating the parameter 1. For central force problems, the elimination is 
particularly sitnple, since ¢ occurs in the equations of motion only az a variable of 
differentiation. Indeed, one equation of motion, (3.8), simply provides a definite 
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relation between a differential change dt and the corresponding change d@: 


dt =m? 0. @3p 
“The conesponding relation between derivatives with respect to ¢ and ie 

dita 

a mde 030. 


‘These relations may be used to convert the equation of motion (3.12) or (3.16) to 
1 differential equation for the orbit. A substitution into Bq. (3.12) gives a second- 
onder differential equation, while a substitution into Eq. (3.17) gives a simpler 
first-order differential equation. 

‘The substitution into By. (3.12) yields 


idfitaday) & 

44 (%) ~Ses0. 8.33) 
which upon substituting = 1/7 and expressing the results in terms ofthe poten 
tal gives 

Pa md y(t 
Sa tee -BE (2)- 634) 


‘The preceding equation is such that the resulting orbit is symmetric about two 
adjacent turning points. To prove this statement, note that if the orbit is symmet- 
tical it should be possible to reflect it about the direction of the Cuming angle 
‘without producing any change. If the coondinates are chosen so that the tumitg 
point occurs for @ = 0, then the reflection can be effected mathematically by 
substituting —@ for 6. The differential equation for the orbit, (3.34), is obviensly 
invariant under such a substitution. Further the initiat conditions, here. 


a=uo, ( 


) =0, ford =0, 
0 


‘will likewise be unaffected. Hence, the orhit equation must be the same whether 
‘expressed in terms of @ or ~8, which is the desired conclusion. The orbit is there- 
‘fore invariant under reflection about the opsidal vectors, In effect, this means that 
the complete orbit can be traced if the portion of the orbit between any two turning 
points is known. Reflection of the given portion about one of the apsidal vectors 
produces u neighboring stretch of the orbit, and this process can be repeated ine 
definitely oti the rest ofthe orbit is completed, as itfustrated in Fig. 3.12. 

For any particular force lav, the actual equation of the orbit can be obtained by 
climinating ¢ from the sokstion (3.17) by means of (3.31), resutting in 


B= 35) 
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FIGURE 3.12 Extension of the orbit by reflection of a portion about the apsrdal vectors. 


‘With slight rearrangements, the integral of (3.35) is 


. ar 
om f SSE tO. (3.36) 


nae REE 


‘of ifthe variable of integration is changed to u = 1/r, 


0-8 [arama ar aan 


As in the case of the equation of motion, Eq, (3.37), while solving the problem 
formally is not always a practicable solution, becanse the integral often cannot be 
‘expressed in terms of well-known functions. In fact, only certain types of force 
laws have been investigated, The most important are the power-law functions ofr, 


V wart! (3.38) 
‘$0 that the force varies at the mth power of r.* With this potentia}, (3.37) hecomes, 


= du 
onm- f — 39) 
fight 


‘This again is integrable in terms of simple functions only in certain cases. The 
pantcular power-law exponents for which the results can be expressed in terms of 
trigonometric functions are 


ae i-2,-3. 


The case = ~{ st bs excluded fin she discussion, In the port (2.38), oorceaponds 10 8 
‘comant potestial. ve. 90 force a all fcc am equally anomalows cee ifthe expos! #8 wed the 
fotec law diresly ence & force varying s.r! eotretponds 1 2 laganivmic polenta which fs wok & 
‘power few tal. A logaradsre poental i onmsest for otion bout x poing, its more characterise 
of ane souee, Furtber deals of hace cases are given sm the second edition of his ext. 
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‘The results of the integral for 


n= 5,3,0,—4,-5,-7 


can he expressed in terms of elliptic functions. These are all the possibilities for an 
integer exponent where the formal integrations are expressed in terms of nimple 
‘well-known functions. Some fractional exponents can he shown to lead to elliptic 
fonctions, end many other exponents can be expressed in terms of the hyperge- 
ometric function. The trigonometne and elliptical functions are special cases of 
‘generalized hypergeometric function integrals, Equation (3.39) can of course be 
numerically integrated for any nonpathological potential, but this is beyond the 
scope of the text. 


3.6 i CONDITIONS FOR CLOSED ORBITS (BERTRAND’S THEOREM) 


‘We have not yee extracted ail the information that can be obtained from the equiv- 
alent one-dimensional problem or from the orbit equation without explicitly sotv- 
ing for the motion. In particular, itis possible to derive a powerful and thought- 
provoking thearem on the types of attractive central forces that lead to cloxed 
‘orbits, Le., orbits in which the particle eventually retraces its own footsteps. 

Conditions have already been described for one kind of closed orbit, namely a 
circle about the center of force. For any given 2, this wil occur if the equivatent 
potential ¥'(7) has a minimum or maximum at some distance rp and ifthe energy 
E is just equal to V'(7o). The requirement that ¥" have an extremum is equiva- 
lent to the vanushing of f” at rp, leading to the condition derived previously (ct, 
Section 3.3). 


(3.40) 


Which says the force must be attractive for circular orbits to be possible. In addi- 
tion, the energy of the particle must be given by 


Gan) 


which, by Eq. (3.15), comesponds to the requirement that for a circular orbit # is 
zero. Equations (3.40) and (3.41) are both elementary and familia. Between them 
they imply that for any aitractive central force it is possible to have a circular 
orbit at some arbitrary radius ro, provided the angular momentum / is given by 
Eq, (3.40) and the particle energy by Bq. (3.41). 

“The character of the circular orbit depends on whether the extremum of V" is 
a mininwom, as in Fig. 3.8, or a maximum, as if Fig. 3.9. Hf the energy is stightly 
above that required for a circular orbit at the given value off, then for @ minimum 
in ¥’ the motion, though no longer circular, will sill be hounded. However, if 
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¥" exhibits s maximum, then the slightest raising of B above the circular value, 
Eq, (3.34), results ia motion that is unbounded, with the particle moving both, 
through the center of force and out to infinity for the potential shown in Fig. 3.9. 
Borrowing the terminology from the ease of static equilibrium, the circular orbit 
arising in Fig. 3.8 is said to be stable; that in Fig. 3.9 is unstable. The stabitity 
of the circular arhit is thus determined by the sign of the second derivative of V’ 
at the radius of the circle, beg stable for positive second derivative (V’ concave. 
up) and unstable for ¥ concave down. A stable orbit therefore occurs if 


| e pet oo, 342) 
Br? ery lay ‘ 
‘Using Eq, (3.40), this condition can be written 
x) <2 (3.43) 
8F Nrmry 0 
or 
dinf 
=| 3 43" 
Title? 3.43) 


where f(ro)/ 7» is assumed to be negatwe and given by dividing Bq, (3.40) by 7. 
If the force behaves like a power law of r in the vicinity of the circular radius ry, 


funk", 
then the stability condition, Eq, (3.43), becomes 
kar! ket! 


n>o3 


G44) 


where & is assumed (o be positive. A power-law attractive potential varying more 
slowly than 1/r? is thus capable of stable circulas orbits for all values of rp. 

If the circular orbitis stable, then a small increase in the particie energy above 
the value for a circular orbit results in only a stight variation of r about rp. Kean 
be easily shown that for such small deviations from the circularity conditions, the 
particle executes a simple harmonic motion in a(s 1/r) about ug: 


= a + 200868. Gas) 


Here a is an amptinude that depends upon the deviation of the energy from the 
‘value for citculae orbits, and 6 is a quantity arising from a Taylor series expansion 


2.6 Conditions for Closed Orbits (Bertrands Theorems) a 


‘of the force law f(r) ubou the circular orbit radius rp. Direct substitution into the 
force Taw gives 


(3.46) 


‘As the radius vector of the particle sweeps completely around the plane, w goes 
through B cycles of its oscillation (ef. Fig. 3.13). 1 f is a rational numtber, the 
ratio of two integers, p/q, then after q revolutions of the radius vector the orbit 
would begin to retrace itself so that the orbit is closed. 

‘Ar each rp such thar the inequality in Eg, (3.43) is satisfied, itis possible to 
‘establish « stable circular orbit by giving the particle an initial energy and angular 
momentum prescribed by Eqs. (3.40) and (3.41). The question naturally arises as 
to what form the force law must take in order that the slightly perturbed orbit about 
any of these circular orbits should be closed. Itis clear that under these conditions 
B must not only be @ rational number, it must also be the same rational number at 
all distances that a circular orbit is possible, Otherwise, since 6 can take on nly 
diserete values, the number of oscillatory periods would change discontinuously 
‘with ro, and indeed the orbits could not be closed at the discontinuity, With 
everywhere constant, the defining equation for 8, Bq. (3.46), becomes in effect 
differentia} equation for the force law in teas of the independent varuble ry. 

We cun indeed consider Eq. (3.46) to be written in terms of r if we keep in 
‘mind that the equation is valid only over the ranges in r for which stable circutar 
orbits are possible. A slight rearrangement of Ba, (3.46) leads to the equation 


dint _ gos, G47) 


slightly from a clrevlar orbat 
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which can be immediately integrated to give a force law: 


fiy= G48) 


All force laws of this form, with 8 u rational number, lead wo closed stable orbita 
tor initial conditions that differ only slightly from conditions defining a circular 
Oothit Included within the possibilities allowed by Bq. (3.48) are some familiar 
forces such as the inverse-square law (8 = 1), but of course many other behaviors, 
such as f = —kr"2/9(B = $5, are also permitted. 

‘Suppose the initial conditions deviate more than slightly from the requirements. 
for circular orbits; will these same force laws stiff give circular orbits? The ques 
tion can be answered directly by keeping an additional term in the Taylor series 
“expansion of the force law and solving the resultant orbit equation, 

J. Bertrand solved this problem in 1873 and found that for more than first-onter 
<eviations from circularity the orbits are closed only for 6? = | and 6? = 4, The 
first of these values of 8*, by Eq. (3,48), leads to the familiar attractive inverse- 
square law; the second is an atiractive force proportional to the rudiat distance 
Hooke’s Jaw! These force laws, and only these, could possibly produce closed 
orbits for any arbitrary combination of / and E(E < 0), and in fact we know 
from direct solution of the orbit equation that they do. Hence, we have Bertrand’s 
theorem: The only central forces that result in closed orbits forall bound partictes 
«are the inverse-square lav and Hooke’s law, 

‘This isa remarkable result, well worth the tedious algebra required. itis a com- 
‘monplace astronomical observation that bound celestial objects move in orbits 
that are in first approximation closed. For the most part, the smal deviations from 
a closed orbit are traceable to perturbations such as the presence of other bodies. 
‘The prevalence of closed orbits holds true whether we consider only the Solar sys 
tem, or look to the many examples of true binery stars that have heen observed. 
Now, Hooke's law is a most unrealistic force law to hold at all distances, for it 
implies a force increasing indefinitely to infinity. Thus, the existence of closed 
orbits for a wide range of initial conditions hy itself leads to the conclusion that 
the gravitational force varies as the inverse-square of the distance. 

‘We can phrase this conchusion in a slightly different manner, one that is of 
somtewhat more significance in modem physica. The orbital motion in # plane 
can be looked on as compounded of (wo osciftatory motions, one in r and one. 
im @ with the same period. The character of orbits in a gravitational field fixes 
the form of the force law. Later on we shal} encounter other formulations of the 
‘elation between degeneracy and the nature of the potential. 


3.7 tf THE KEPLER PROBLEM: INVERSE-SQUARE LAW OF FORCE 


‘The inverse-square taw is the most jmportan! of all the central force laws, and i 
deserves detailed weatment. For this case, the force and potential can be written 
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as 


k k 

= zen i 

feo Vane G49) 

‘There are several ways to integrate the equation for the orbit the simplest being to 

substitute (3.49) in the differentiat equation for the orbit (3.33), Another approach 
is to start with Eq, (3.39) with x set equal to ~2 for the gravitational force 


du 


where the integral is now taken as indefinite. The quantity 0 appearing in (3.50) 
4s e constant of imtegration determined by the initial conditions and wilh not nec~ 
cssarily be the same as the initial angle 6p at time r = 0. The indefinite integral is 
of the standard form, 


£3.50) 


Br2yx 


lit 1) 
Jes pet yr 
where 
q=f?~4ay. 
‘To apply this (0 (3.50), we must set 
2mE 2mk 
an pe pent (352) 
and the discriminant ¢ is therefore 
‘2rmk\? 2er 
as () ( + 3.53) 
‘With these substitutes, Eq. (3.50) becomes 
Oa F — aces (3.54) 
Finally, by solving fot x, = 1/7, the equation of the orbit is found to be 
mk 2B n 
#(- 1 Brat). 3.55) 


‘The constant of integration 6” can tow be identified from Bq, (3.55) a8 one of the 
turning angles of the orbir. Note that only three of the four constants of integration, 
appear in the orbit equation: this is always a characteristic property of the orbit, Is 


cr 


Chapter 3 The Central Force Problem 


effect, the fourth constant locates the initial position of the particle om the orbit. f 
‘we are interested solely in the orbit equation, this information is clearly isrelevant 
and hence does not appear in the answer. OF course, the missing constant has to 
be supplied if we wish to complete the solution by finding r and @ as functions 
of time. Thus, if we choose to integrate the conservation theorem for angular 
momentum, 


mms? d= dt, 


by means of (3.55), we must additionally specify the initial angle 4. 
Now, the general equation of a conic with one foous at the origin is 


J acl +ecoso ~0), 3.56) 


where ¢ isthe eccentricity of the conic section. By comparison with Eq, (3.58) it 
follows that the orbit is always a conic section, with the eccentricity 
2ER 
aE 


‘The nature of the orbit depends upon the magnitude of ¢ according to the follow- 
ing scherne: 


esyi+ 3.57) 


ork EDO: hyperbola, 
exh Ext: parabola, 
e<l | E<Q ellipse, 

2 
e=0, Ea “s circle, 


‘This classification agrees with the qualitative discussion of the orbits on the 
energy diagram of the equivalent one-dimensionat potential V’. The condition for 
Circular motion appears here in a somewhat different formn, but it can easily be 
derived as a consequence of the previous conditions for circularity. For a circular 
orbit, T and V are constant in time, and from the virial theorem: 

v 


v 
gE s-s4Vex. 
atHVa-54V=5 


7 3.58) 


k 
2a 
‘But from Bq. (3.41), the statement of equilibrium between the central force and 
the “effective force,” we can write, 


Pie 
gm 
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oF 


2 
nak. B59) 


‘With this format for the orbital radius, Eq. (3.58} becomes 


mk? 


ier 


the above condition for circular motion, 

In the case of elliptic orbits, it cant be shown the major axis depends solely 
‘upon the energy, « theorem of considerable importance in the Bohr theory of the 
town, The semimajor axis is one-half the sum of the two apsidat distances r) and 
7 (ef. Fig. 3.6), By definition, the radial velocity is zero at these points, and the 
conservation of energy implies that the apsidal distances are therefore the roots of 
the equation (cf. Eq. (3.15) 


or 


{3.60} 


‘Now, the coefficient of the linear term in a quudratic equation is the negative of 
the sum of the roots. Hence, the semimiajor axis is given by 


oaMta, *. 361) 


Note that in the cizcalar timit, Eq. (3.61) agrees with Fi. (3.58). In terms of the 
semnimajor axis, the eccentricity of the ellipse can be written 


B ‘i 
enyl-oe. 3.62) 


(a relation we will have use for in a later chapter). Further, from Eq. (3.62) we 
have the expression 


~— sali), 3.63) 


in terms of which the elliptical orbit equation (3.55) can be written 
2 


pe nt 
~ Fe ecos(@ ~ 0)" 


3.64) 


96 


‘Chapter 3. The Central Force Problem 


FIGURE 3.15 Ellipses with she same major axes and eccentncities from 0.010 0.9. 


From Eq. (3.64), it follows thatthe two apsidal distances (which occur when 0~6” 
43s 0 and x, respectively) are equal so a(1 ~ 2) and a(t +e}, as is to be expected 
from the properties of an ellipse. 

Figure 3.14 shows skerches of four elliptical orbits with the same major axis, 
«a, and hence the same energy, but with ecoentrichies ¢ = 0.0, 0.5, 0.75, and 09. 
Figure 3.15 shows how r; and rp depend on the eccentricity 

“The velocity vector vy of the particle along the elliptical path can be resolved 
into radial component up = 7 = p,/at plus an angular component ug = 18 = 
Ure 


vy = UE + 198. 


‘The radial component with the magnitude uy = cupsing/(I ~ ¢*) vanishes 
at the to apsidal distances, while vp attains its maximam value at perihelion 
and its miniewum af aphelion Table 3.1 fists angular velocity values at the ap- 
sidal distances for several ecveatricities. Figure 3.16 preseuts plots of the ra- 
Gial velocity component vy versus the radius vector r for the half cycle when 


ve points outward, Le., it is positive, During the remaining half cycle uy is negar 


“Fetion disance 


petinelion distance 


a : i 


FIGURE RIS Dependence of normatized apudal distances rj (lower line) and rp Capper 
line) on the eccenincity €. 
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TABLE1. Normalised sagelar speeds 4 and up = ri a perihelion (7) and aphelion 
(72), respectyely, mn Keplerian orhits of vanous eccenincities («}. The sormatized rachal 
Asuunces a perbelion and apheion ase sted «calms 2 and 3, respectvely. The 
onzaalization swith respect ro mation ina circle with the radius a andthe anglar 
momentum / = mayy =; 4 


Eccentricity Penteloo Aphelica Angularspeed __Lineus angular spoea 


nla rfa Biffy ay varimy Poni 
1 1 1 A 


; ite Gre Wea Tye 
° 1 cq i i ) 1 

0a 09 lu 12340826 Lt 0.908 
03 o7 13 Poi 0592149 0.769 
os os 1S 4000 0a = 20000667 
07 03 17 HD 0346333388 
09 oa 19 100000 0277 190000826 


tive, and the plot of Fig. 3.16 repeats itself for the negative range below vy = 0 
(aot shown). Figure 3.17 shows anslogous plots of the angular velocity com- 
ponent vs versus the angle &. In these plots and in the table the velocives are 
normalized relative to the quantities vy and 4 obtained from the expressions 
{= mr?6 = mrvg = maby = mag tor the conservation of angular momentum 
in the elliptic ovbits of semnimajor axis a, and in the circle of radius a, 


FIGURE 3.16 Normalized radial velocity, v, versiss r for three values of the eccentric 
tye. 
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FIGURE 3.17 Nocmstized osbul velocity, vp, versus & for three values of the eccen 
twiewy &. 


3.8 Ml THE MOTION IN TIME IN THE KEPLER PROBLEM 


‘The orbital equation for motion in a central inverse-square force law can thus be 
solved in a fairly straightforward manner with results that can be stated in simple 
closed expressions. Describing the motion of the particle in time as it traverses the 
orbit is however a much more involved matter, In principle, the relation between 
the tadial distance of the particle r and the time (relative to some starting point) 
is given by Eq, (3.18), which here takes on the form 


ie & f t he kde (368) 
Plu in gete 
Simsilerly, the potur angle @ and the time are connected through the conserva: 
tion of angular momentum, 


= ae, 
a= a8, 


which combined with the orbit equation (3.51) leads 10 
e 

ioe 066 
solos 

abt f, TF econ OFF » 

Bither of these integrals can be carried out in terms of elementary functions. How- 

ever, the relations are vesy complex, and their inversions to give 7 oF @ as fune- 

tions of ¢ pose formidable problems, especially when one wants the high precision 

needed for astronomical observations. 

‘To illustrate some of these involvements, let us consider the situation for 

patabolic motion {e = 1}, where the imegrations can be most simply carried 

out it is customary to measure the plane polar angle from the radius vector at 
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the point of closest approach—a point most usually designated as the perihe- 
Tion.* This convention comresponds to setting 6” in the orbit equation (3.51) equal 
to zero, Corespondingly, time is measured from the moment, T, of perihelion 
passage. Using the trigonometric identity 

E+ e086 = 2eos* 5 


Eg, (3.66) then reduces for parabolic motion to the form 


A pe 
3 ae. 
L=% 


Galt 


“The integration is easily performed by a change of variable to x = tan(0/2), 
leading to the integral 


p fer 4 
te +2) dx, 
aaa, Py de. 
or 
id @.1 @ 
= sry (un$ + ztan'2). 61, 


In this equation, ~ < 8 < 7, where for 1 + ~o0 the particle starts ap- 
proaching from infinitely far away located at @ = =m. The time ¢ == 0 come 
sponds to @ = 0, where the particle is at perihelion. Finally / -» +00 corresponds 
to@ > was the particle moves infinitely far away. This isa straightforward ret 
tion for ¢ as a fonction of 6; inversion to obtain @ at a given time requires solving 
1 cubic equation for tan(@/2), thea finding the corresponding arctan. The radial 
distance at a given time is given through the orbital equation, 

For elliptical motion, Eq. (3.65) is most conveniently integrated through an 
aoxiliary varinble ¥, denoted as the eccentric anomaly,* and defined by the reta- 
tion 


1 a(t ~ecos ¥). 3.68) 


‘By comparison with the orbit equation, (3.64), itis clear that y also covers the 
interval 0 to 21 as @ goes through a complete revolution, and that the perthelion 
‘occats at y = O (where @ = Q by convention) and the aphelion at Yr sm = 8, 


‘Lreraly, th term shawl he eatncted to orbus around the Sup, whe the mofe geital teem shows 
be periapsie. However, thas became customary to use penhelion 20 matte where the center of force 
vs Evee for space craft arbiting the Moos, offcud desceptions af the othat parameters refer 19 
pesitelion where perieyoldion would be the pease tem 

‘Medieval strynomers expected the angular motion to be constant. The angle cacolsted by sis 
plying @us avecage angular velocity (2pasiod) by the time since the Ist perhefion parsage was 
‘alled the mean sttmely Frum the mean sorely the eccentric anomaly could be calcutaled and thes 
Used (9 calculate the ree anomaly, The angle 6 called the true anomaly pst a6 ir wus ia medieval 
asbonomy. 
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Expressing E and £ in terms of a, e, and &, Bq. (3.65) can be rewsitten for 
elliptic motion ss 


f= -(E ue pl 3.69) 
"fr — go ae 


where, by the convention on the starting time, rg is the perihelion distance. Subst 
tation of rin terms of y from Bq. (3.68) reduces this integral, after some algebra, 


to the sirople form 
ima’ f¥ 
t= ret [0 ccosmpa. 6.10) 


First, we may note that Eq. (3.70) provides an expression for the period, ©, of 
lliptical motion, if the integra is carried over the full range in y of 2: 


r= reat [2 : (3.71) 


“This important sesuit can. also be obtained directly from the properties of an ef- 
Inpse, From the conservation of angular momentum, the areal velocity is constant 
and is given by 


aa ty 
> iat ide B.72) 


‘The area of the ofbit, A, is to be found by integruting (3.72) over a complete 
period 


Now, the area of an ellipse is 
4 


where, by the definition of eccentricity, the semiminor axis 6 is related to a ac- 
cording to the formula 


beayi-2. 


By (3.62), the semiminor axis can also be writen as 


fe 
nk 
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‘and the period is therefore 


2, [® _ aa 13 
“7 


Vk 


18 was found previously. Equstion (3.71) states that, other things being equal, 
the square of the period is proportional to the cube of the major axis, and this 
contlusion is often referred (0 ax the third of Kepler’s laws. Actually, Keplet 
‘was concerned with the specific problem of planetury motion in the gravitational 
field of the Sun. A more precise statement of this third law would therefore be: 
The square of the periods of the various planets are proportional 19 the cube of 
their major axes. To this form, the law is only approximately true, Recall that the 
‘motion of a planet about the San is a two-body problem and m in (3.71) rust be 


replaced by the reduced mass: (cf, Ba. (34)) 
mma 
mya” 


where m) may be taken ay refecring to the planet and m> to the Sun. Further, the 
gravitational law of attraction is 


so that the constant k is 
k= Gaim. G73) 
Under these conditions, (3.71) becomes 
dna? ae, 


"TE (my + m2) On 


if we neglect the mass of the planet compared to the Sun, It is the approximate 
‘version of Bg. (3.74) that is Kepler’s third law, for it states that t is proportional 
10 0/7, with the same constant of proportionality for sif planets. However, the 
planetary mass mr; is not always completely negligible compured to the Sun's: for 
example, Jupiter has a mass of about 0.1% of the mass of the Sun. On the other 
hand, Kepler's third taw is rigorously true for the electron otbits in the Bobr atom, 
since and & are then the same for all obits in a given stom, 

‘Toretum to the general problem of the position in time for an elliptic orbit, we 
thay rewrite Bg. (3.70) slightly by introducing the frequency of revolution « as 


‘Repler’s tree ts of planetary mouce, published arcund 1640, were the result of us proncering, 
analysis of planetary observations and lad the groundwork fr Newton’ great advaaces The second 
Jase, the comervatlo of ereal Velocity. a guna theorem for contal fagce motion, as bas been 
‘ated previously. However, the Grsimshat the planets move m elipucal orbits about the Sea at ene 
rois—and the thin ae restricted specifically to ahs inwerse quar law of fore, 
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(375) 


aa fk 
t 
‘The integration in Eq. (3.70) is of course easily performed, resulting in the relation 
ory —esiny, 6.76) 


known as Kepler's equation. The quantity wf goes through the tunge 0 to 21, 
along with y and @, in the course of a complete orbital revolution and is therefore 
also denoted as an anomaly, specifically the mean anomaly. 

‘To find the position in orbit at a given time 1, Kepler's equation, (3.76), would 
first be inverted to obtain the comresponiding eccentric anomaly yr. Equation (3.68) 
then yields the radial distance, white the polar ungle @ can be expressed in terms 
of ¥ by comparing the defining equation (3.68) with the orbit equation (3.64): 


ine 


Le 6088 se ane, 
T= ecosy 


‘With a litle algebraic manipulation, this can be simplified, to 


cos W ~e 


088 = NE 
OS To ecew 


am 
By successively adding and subtracting both sides of fq, (3.77) from unity and 
taking the ratio of the resulting two equations, we are led to the alternative form 


o_ fitz y 
wn = pm 


Bither Eq. (3.77) ox (3.78) thus provides #. ance ¥ is known, The solution of 
the transcendental Kepler's equation (3.76) to give the value of y corresponding 
to a given time is « problem that has attracted the sttention of many famous math: 
‘ematicians ever since Kepler posed the question early in the seventeenth century, 
Newton, for example, contributed whet today would be called an analog solution, 
Indeed, it can be claimed that the practical need to solve Kepler's equation to ac 
curacies of a second of arc over the whole range of eccentricity fathered many 
of the developments in nusnerical mathematics in the eighteenth and nineteenth 
‘centuries. A few of the more than 100 methods of solution developed in the pre- 
computer era are considered in the exercises to this chapter. 
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‘The Kepler problem is also distinguished by the existence of an additional con- 
secved Vector besides the angular momentum. For a general central force, New- 
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ton’s second law of motion can de written vectorially as 
r 
b= fO-. B.79) 


‘The cross product of p with the constant angular momentum vector L, therefore 
can be expanded as 


xt = Orr eed) 


=m to) MO Tree - 78] 3.80) 


ails apy Stl hc scaaed ve Sock that 
ewld . 
sibe 5 Foon) =r 


(ox, io less formal terms, the component of the velocity in the radial direction is). 
‘As L is constant, Eq. (3.80) can then be rewritten, after a little manipulation, as 


a aft_t 
Jip by = -mf(nr ¢ 5): 


o 
depxtr= mpi 2 (2). Gah 


‘Without specifying the form of (7), we can go no further. But Bq. (3.81) can be 
immediately integrated if f(r) is inversely proportional to r?-—the Kepler prob> 
em, Writing (7) in the form prescribed by Eq. (3.49), Eg. (3.81) then becomes 


foxve 4(*) F 


which says that for the Kepler problem there exists « conserved vector A defined 
by 


As pxb—mke 3.82) 


‘The relationships between the three vectors i Eq. (3.82) and the conservation of 
Aare illustrated in Fig. 3.18, which shows the three vectors at different positions 
in the orbit. fn recent times, the vector A has become knows amongst physicists 
as the Runge-Leaz vector, but priority befongs to Laplace, 

From the definition of A. we can easily see that 


AL=6, 3.83) 


since L is perpendicalar to p x L and ¥ is perpendicular to L = r x p. It follows 
from this orthogonality of A to L that A mast be some fixed vector in the plane of 
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PIGURE 3.18 The vectors pL, and A at three positions ia x Keplenan orbit, At penihe- 
ion (exttente eft) ip Lj = mk(1 +e} and a aphelion (extreme right) |p L| = mk(S~e), 
“The vector A always points tn the same direction with a magnitude mie. 


the oftit. FB 1s used to denote the angle between r and the Hixed direction of A, 
then the dot product of r and A is given by 


Avr = Arcos@ = r+ (px L) ~ mir. er) 
Now, by permutation of the terms in the tripte dot product, we have 
re(pxL)=L-(exp) =P, 
s0 that Eq. 3.84) becomes 
Arcos = 1? ~ mkr, 


or 


Das) 


‘The Laplace-Runge-Lenz. vector thus provides still another way of deriving the 
orbit equation for the Kepler problem! Comparing fq. (3.85) with the orbit equa. 
tion in the form of Eq. (3.55) shows that A is in the direction of the radius vector 
to the perihelion point on the orbit, and has a magnitude 


A= mike. G86) 


For the Kepler problem we have thus identified two vector constants of the 
‘motion L and A, and a scalar £. Since a vector must have all three independent 
components, this corresponds to seven conserved quantities in all, Now, a system 
such as this with three degrees of freedom has six independent constants of the 
‘motion, corresponding, say to the three components of both the initial position 
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and the initial velocity of the particle. Fosther, the constants of the motion we 
have found are alt algebraic functions of t and p that describe the ovbit as a whole 
(orientation in space, eccentricity, etc); none of these seven comerved quantities 
late to where the partcie is located in the orbit at the initia Lime. Since one 
constant of the motion arust relate to this information, say in the form of 7. the 
time of the perihelion passaze, there can be only five independent constants of the 
motion describing the size, shape, and orientation of the orbit. We can therefore. 
conclnde that not all of the quantities making up L, A. and £ can be independent; 
there must in fact be two relations connecting these quantities. One such relation 
has already been obtained as the orthogonality of A and L, Eq. (3.83). The other 
follows from Eq, (3.86) when the eccentricity is expressed in terms of E and ( 
from Eq, (3.57), leading to 


Am + 2mEP, G87) 


thas confirming that there are only five independent constants out of the seven, 

‘The angular momentum vector and the enesgy alone contain only four inde- 
pendent constants of the motion: The Laplace-Runge-Lemz vector thus adds one 
‘more, Itis natural to ask why there should not exist for any general central force 
Jaw some conserved quantity that together with L and E serves to define the orbit 
ina manner similar to the Laplace-Rungo-Lenz vector for the special case of the 
Kepler problem. The answer seems to be thst such conserved quantities can in 
fact be constructed, but that they are in general rather peculiar functions of the 
‘motion. The constants of the motion relating to the orbit between them define the 
cofbit. ‘., lead to the orbit equation giving r as a function af @. We have seen 
that in general orbits for central force motion are not closed; the arguments of 
Section 3.6 show that closed orbuts imply rather stringent conditions on the form 
Of the force law. tis @ property of nonclosed orbits that the curve will eventually 
pass through any arbitrary (r, @) point that lies berween the bounds of the turning 
points of r, Intuitively this can be seen from the nonclosed nature of che orbit; as 
@ goes around a full cycle, the particle must never retrace its footsteps on any pre- 
‘vious orbit. Thus, the orbit equation is such that r is a multivalued function of @ 
A(smoduito 27: in fac, itis am infinite-valued function of 9. The corresponding con 
served quantity additional to L and & defining the orbit must sienifarty involve an 
tnfinite-valned function of the particle motion. Suppose the r variable is periodic 
‘with angular frequency , and the angular coordinate @ is periodic with angular 
frequency ay. If these two frequencies have a ratio (ay /oy) that is an integer or 
integer fraction, periods are said to be commensurate, Commensurate orbits are 
closed with the orbiting mass continually retracing its path. When ap > «, the 
‘orbit will spiral about the origin as the distance varies between the apsidal (max- 
imum and minimum) values, tlosing only if the frequencies are commensurate 
i, as in the Kepler problem, a = i, the periods are said to be degenerate. 1F 
the orbits are degenerate there exists an additional conserved quantity that is an 
algebraic function of r and p, such as the Runge-Lenz veetor 

From these arguments we would expect s simple analog of such a vector to 
‘exist for the case of a Hooke’s law force, where, as we have seen. the orbits are 
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also degenerate, This is indeed the case, except that the natural way to formulate 
the constant of the motion leads not to 2 vector but to a tensor of the second 
rank (¢f. Section 7.5). Thus, the existence of am additional constant or integra of 
the motion, beyond E and L, that is a simple algebraic function of the motion 
is sufficient to indicate that the motion is degenerate and the bounded orbits are 
closed. 


SCATTERING IN A CENTRAL FORCE FIELD 


Histaricalty, the interest in central forces arose out of the astronomical problems 
of planetary motion. There is no reason, bowever, why central force motion must 
bbe thought of only in teons of such problems; mention has already been nade 
Of the orbits in the Boh atom. Another field that can be investigated in terms of 
classical mechanics is the scattering of particles by central force fields, Of course, 
if the parnctes ace on the atomic scale, it rmust be expccted that the specific results 
of a classical treatment will often be incorrect physically, for quantum effects 
tre usually large in such regions. Nevertheless, many classical predictions remain 
valid to 8 good approximation. More important, the procedures for describing 
scattering phenomena are the same whether the mechanics is classical or quan 
‘um, we can Jearn to speak the language equally as well on the basis of claswical 
physics. 

In its one-body formolation, the scattering problem is concerned with the scat~ 
tering of particles by a center of force. We consider a uniform beam of particles=~ 
whether electrons, or a-particles. or planets is irrelevant-all of the same mass 
and energy incident upon a center of force. t will be assumed that the force fats 
cif to zero for very large distances. The incident beam is characterized by speci- 
fying its iniensity 4 (alse walled flux density), which gives the number of particles 
crossing wnit area sornial to the beam in unit time, As 4 particle approaches the 
center of force, it will be either attracted or repelled, and its orbit will deviate 
from the incident straight-line trajectory. After passing the center of force, the 
force acting on the particle will eventually diminish so thet the orbit once again 
approaches a straight line, In general, the final direction of motion is not the sane 
a5 the incident direction, and the particle is said to be scattered. The crnss section 
for scuttering in a given direction, 7 (Q), is defined by 


‘umber of particles scattered into solid angle d& per nuit dime 


ai doe incident infensity 


3.88) 
where d is an element of solid angle Inthe ditectiem $2. Often o (0) is alsa des 
ignated as the differential scattering cross section. With central forces thece must 
be complete symmetry around the axis of the incident beam; hence the element 
of sotid angle can be written 


42 =2n sin@d@, G89) 
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FIGURE 3.19 Scatering of an incident beam of particles by & center of force. 


where © is the angle between the scettered and incident directions, known as the 
scattering angle (cf. Fig. 3.19, where repulsive scattering is itlusirated), Note that 
the name “cross section” is deserved in that o (12) has the dimensions of an aren, 
For any given particle the constants of the orbit, and hence the amount of scal- 
tering, are determined by sts energy and angular momentum. It is convenient to 
express the angular momentum in terms of the energy and a quantity known as 
the impact parameter, $, defined as the perpendicular distance between the center 
of force and the incsdent velocity. If tp isthe incident speed of the pustcle, then 


Lm mugs © sVImE. G.90} 


‘Once E and s are fixed, the angle of scattering © is then determined uniquely.* 
For the moment, it will be assumed that different values of s cannot fead (0 the 
same seattering angle. Therefore, the number of particles scattered into a solid 
angle dSt lying between @ and © + d@ must be equal to the number of the 
incident particles with impact parameter lying between the comesponding ¢ anc 
stds: 


2s ts|ds| « 2x0 (@M sin@ dO, B91) 


Absolute value signs are introduced in Eq. (3.91) because mumbers of particles 
must of course always be positive, while s and © often vary in opposite directions. 
If s is considered as a function of the energy and the corresponding scattering 
angle, 


5 =9(@. £}, 92) 
Br 1621 Gyo point in he formalin tbe Cassis! and quanti mechanics port company. fadoed, 


it is fundamently charscreisic of quantum miechawcs that we cenant unayuivocaly predict tbe 
anajectary af any particular panicle. We can only sve probabilities for searing in variots directions, 
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FIGURE 320  Relsnos of orbit parameters and scattering angle nan example of repul- 
sive scantening. 


then the dependence of the differential cross section on © is given by 


4s 
a6 


5 


eO)= Hs 


93) 


A formal expression for the scattering angle © as a function of » can be di- 
rectly obtained from the orbit equation, Eq. (3.36). Again, for simplicity, we will 
ccomsider the case of purely repulsive scattering (cf. Fig, 320). Aw the orbit must 
be symmetric about the direction of the periapsis, the scattering angle is given by 


Oan-W, GB.94) 


where Y is the angle between the direction of the wncoming asymptote and the 
periapsis (closest approach) direction, In tam, can be obtained from Eq. @.36) 
by setting ry = oo when 9p = % (the incoming directions, whence 8 = 2 — W 
when 7 = fm, the distauce uf closest approach. A uiviad rearmungernent then beads 
to 


3.98) 


a Lf dr 
he pi ge Oe 
‘Expressing in terms of the impact parameter 5 (Eq, (3.90)), the resultant expres- 
sion for Os) is 


Re Sade, 


rete 
ox, changing r to t/u 


89) =4- 9 econ si em 


Vie fea 


6.29) 


O@=n- 2p” poet 
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‘Equations (3.96) and (3.97) are rarely used except for direct numerical compu- 
tation of the scattering angle, However, when an analytic expression is available 
far the orbits, the relation between @ and s can often be obtained almost by in- 
spection, An historically important illustration of such a procedure is the repulsive 
scattering of charged particles by a Coulomb field. The scattering force field is that 
produced by a fixed charge ~Ze acting on the incident particles having a charge 
Ze so that the force canbe written as 


Ze 


7 


ie., a repulsive inverse-square law. The results of Section 3.7 can be taken over 
bere with no more change that writing the force constant as 


ka 220. 3.98) 


‘The energy E is greater than zeto, and the orbit isa hyperbota with the eccentricity 


‘given by” 
2ER (5) aw 
+ az * (zz) : 


where use bas been made of Eq. (3.90). If 6" in Eq. (3.85) is chosen to be 1. 
periapsis corresponds to @ = O and the orbit equation becomes 


= = = (€ 0058 ~ 1). (3.1003 


This hyperbolic orbil equation las the sume form us the elliptic orbit equa 
tion (3.56) except for a change in sign. The direction of the incoming asymptote, 
°W, is then determined by the condition r —> 90: 


of, by Eg. 3.94). 


Hence, 


and using Eq. (3.99 
‘Ta awd confusion wth the elecron charge. the esasincay il tempura be denoted by. 
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cot 2 = 2B 
2“ 2Ze 


‘The desired functional relationship between the impact parameter and the seater 

ing angle is therefove 

zz @ 
2Bo ee 

so that on carrying through the manipulation required by Eq, (3.93), we find that 

o(O) is given by 


@.10) 


2 
_if2zey’ .e 
oe = (222) ot F @.102) 


Equation (3.102) gives the famous Rutherford scattoring cross section, oFig- 
inally dorwved by Rutherford for the scanering of « particles by atomic nucet. 
Quantum mechanics in the nonrelativistic limit yields a cross section idemtical 
‘with this classical result 

Tn atomic physics, the concept of 4 total scattering cross section o, defined 
ss 


" 
[ eunan=2e [*o@sine ae. 
hb 


is of considerable importance. However, if we aiternpt to celculate the total cross 
section for Coulomb scattering by substituting Eg. (3.102) in this definition, we 
obtain an infinite resuk! The physical reason behind this bebavior is not diff 
cult to discem. From its definition the total cross section is the number of parti- 
cles scattered in alt directions per unit time for unit incident intensity, Now, the 
Conlomb field is an example of a “long-range” force; its effects extend to infinity, 
‘The very small deflections occur only for particles with very large impact parant- 
eters, Hence, all particles in an incident beam of infinite lateral extent will be 
scattered to some extent and must be included in the total scattering cross section, 
It is therefore clear that the infinite value for o7 is not peculiar to the Coulomb 
field; it occurs in classical mechanics whenever the scattering field is different 
‘from 2¢ro at all distances, no matter how large.* Only if the force field “cuts off,” 
Le., is zero beyond a certain distance, will the scattering cross section be finite. 
Physically, such a cut-off occurs for the Coulomb field of a nucieus as a result of 
the presence of the atomic electrons. which “screen” the nucleus and effectively. 
cance! its charge outside the atom. 


wor who mbinte for de Cosiomh meld ue gunitut mechani, sie A bes teen sate tat 
£5 (310) remains va ee. However, otal log-range” forces vs mst to wattle 
ection in quantem mectana. Hts Outs a pote a lho fer largr dtncee 
than 1/2 pogo ite gana mecha cal setting cts Section 
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in Rutherford scattering, the scatiering angle © is a smeoth monotonic func- 
tion of the impact parameter s. From Bq. (3.101) we see that as s decreases from 
infinity, ® increases monotonically from zero, reaching the value 7 a8 1 goes {0 
zer0, However, other types of behavior are possible in classical systems, requiring 
‘some modification in the prescription, Eq. (3.93), for the classical cross section. 
For example, with a repulsive potential and particle enemgy qualitatively of the 
nate shown in Fig, 3.21(a) itis easy to see physically that the curve of @ ver 
sas s may behave as indicated in Fig. 3.2100), Thus, with very large values of 
the impact parameter, as noted above, the particle always remains at large radial 
distances from the center of force and suffers only minor deflection, Al the ather 
extreme, for § = 0, the particle travels in a straight line into the center of force, 
and if the energy is greater than the maximum of the potential, it will continue 
‘on throagh the center without being scattered at all. Hence, for both limits in s, 
the scattering angle goes to zero, For some intermediate value of s, the scatter. 
ing angle must pass through a maximum @q. When © < @q, there will be rive 
values of ¢ that can give rise f0 the same scattering angle Each will contribute 
to the scattering cross section at that angle, and Eq. (3.93) should accordingly be 
‘modified to the form 


ds 


a, 3.103) 


A 
oQ)= x aa 

where for © 7 Gp, the index i takes op the values 1 and 2. Here the subscript 

distinguishes the various values of s giving nse to the same value of ©, 

Of particular interest is the cross section at the maxinusm angle of scaitering 
mAs the derivative of © with respect to.s vanishes at this angle, it follows from 
Eq, (3.93) oF (3.103) that the cross section must become infinite at © + Gq. But 
for all targer angles the cross section is zero, since the scattering angle cannot 
exceed Gm. The phenomenon of the infinite rise ofthe cross section follawed by 
abrupt disappearance is very similar to what cocurs in the geometrical optics of the 
scattering of suolight by raindrops. On the basis of this similarity, the phenomenon 
is called rainbow scattering. 


a 


® o 


FIGURE 3.21 Repulse noasingolar seatenng potential and double-valued curve of 
scattenng angle © versus impact parameter sq for sufficiently high energy. 
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So far, the examples have been for purely repulsive scattering, If the scattering 
involves attractive forces, further complications may arise. The effect of amraction. 
will be to pull the perticle in toward the center insicad of the repulsive deflection 
outward shown in Fig. 320. In consequence, the angle V between the incoming 
direction and the periapsis direction may be greater than x/2, and the scattering. 
angte as given by Eq. (3.94) is then negative. This in itself is no great difficulty 
as clearly it is the magnitude of @ that is involved in finding the cross section. 
‘But, under circumstances @ as calculated by Bg. (3.96) may be greater than 2. 
‘That is, the particle undergoing scattering may circle the center af force for one 
‘of More revolutions before going off finally in the scattered direction, 

To see how this may occur physically, consider a scattering potential shown as 
thes = curve in Fig. 3.22. Lis typical ofthe intermolecular potentials assumed 
in many kinetic theory problems—an attractive potential at large distances falling 
off more rapidly than 1/r?, with a rapidly rising repulsive potential at amall dis 
tances. The other curves in Fig. 3.22 show the effective one-dimensional potential 
¥/(r), Bq, (3.22') for various values ofthe impact parameter s (equivalently” var- 
ious values of 1). Since the repulsive centrifogel barrier dominates at large r for 
ail values of s > 0, the equivalent potential for sinall s will exhibit a hump. 

Now let us consider an incoming particle with impact perameter s} and a the 
energy E; corresponding to the maximum of the bump. As noted in Section 3.3, 
the difference between £y and ¥'(r) is propartional to the square of the radial 
velocity at that distance When tho incoming particle reaches ry, the location of 
the maximutn in V", the radial velocity is zero, Indeed, recall from the discussion 


FIGURE 3.22 A combized aitractive and repulsive scattering potental, and the come: 
sponding equivalent one-dimessions! potential ot several values of the impact parameter 5, 
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in Section 3.6 that we have here the conditions for an unstable circular orbit at the 
distance rj. In the absence of any perturbation, the incoming particle with param- 
eters Ey and 51. once having reached r, would circle around the center of force 
indefinitely at that distance without ever emerging! For the same impact paratn- 
ster bot at an energy E slightly higher than £), no true civeulur orbit would be 
established. However, when the particle és in the immediate vicinity of ry the ra- 
dial speed would be very small, and the particle would spend a disproportionately 
large time in the neighbourhood of the homp The angular velocity, @, meanwhile 
would not be affected by the existence of a maximum, being given at r, by (3.90) 


‘Thus, inthe time it takes the particle to get through the region of the hump, the 
angular velocity may have cartied the particle through angles larger than 27 or 
even multiples thereof, In such instances, the classical scattering 16 sand to exhibit 
orbiting of spiraling. 

As the impact parameter is increased, the well snd hump in the equivalent 
potential V” tend to flatten out, untif at some parameter sz there is onty a point 
Of inflection in V" at an energy E> (cf. Fig. 3.22). For particle energies above 
Ep, there will no longer be orbiting. But the combined effects of the attractive 
and repolsive components of the effective porential can lead even in such cases t0 
zero defection for some fit value of the impact parameter. Atlarge energies and 
small impact parameters, the major scattering effects sre caused by the strongly 
repulsive potentials at small distances, and the scattering qualitatively resembles 
{he behavior of Rutherford scattering. 

‘We have seen thatthe scattered particle may be deftected by more than x when 
ofbiting lakes place, On the other hand, the observed scattering angle in the lab- 
oratory lies between 0 and x. ICs therefore helpful in such ambiguous cases to 
distinguish between a deflection angle , as calculated by the right-hand sides of 
‘Eqs. (3.96) or (3.97). aud the observed scattering angle @. For given , the angle 
@ is to be determined from the relation 


@=LO~ 2m, ma positive integer 


‘The sign and the value of m are to be chosen so that @ lies berween 0 and x. The 
sum in Bg. (3.103) then covers all values of & leading to the same ©. Figure 3.24 
shows curves of © versus s for the potential of Fig, 3.22 at two different energies 
‘The orbiting that takes place for E = Ey shows up as a singularity in the curve at 
$= 51. When E > £2, orbiting no longer takes place, but theres a rainbow effect 
at @ = ~4" {although there is a nonvanishing ceoss section at higher scattering 
angles). Note that @ vanishes at = 53, which means from Bg, (3.93) that the 
cross section becomes infinite in the forward direction through the vanishing of 
sin@, The cross section can similarly become infinite in the backward direction 
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PIGURES.23 Curves of deflection angle © versus 5, for the potent) of Fig. 3.22.a1.070 
different energies. 


providing 

es 
aa 

romans finite ot @ = x, These infimties in the furwasd ur backward scutering 

angles are referted to as glory scattering. again in analogy to the corresponding 

phenomenoa im meteorological optics.* 

A more general treatment would involve quantum corrections, but in some in 
‘tances quantum effects are small, as in the scattering of low-energy ions in crystal 
lattices, and the classical calculations are directly useful. Even when quanta 
mechanical corrections ae importa, it often suffices to vse an approximation 
method (the “semiclassical” approximation} for which a knowledge of the clat- 
sical trajectory is required. For almost all potentiats of practical interest, it is im- 
possible to find an anaiptic form for the orbit, and Bq. 3.96) (or variant forms) is 
either approximated for particular regions of s or integrated numerically. 


3.11 ME -TRANSFORMATION OF THE SCATTERING PROBLEM 


TO LABORATORY COORDINATES, 


Jn the previous section we were concersed with the one-body problem of the. 
scattering of a particle by a fixed center of force, In practice, the Scattering always, 
involved (wo bodies; e.g, ia Rutherford scattering we have the a particle and the 
aromic nucteus. The second particle, mp, is aut fixed bur recoils from ity inidal 
position as a result of the scattering, Since it has heen shown that any two-body 


“The brckowsed glory 1 Damar to aplone tavcles a6 he ng of light observed so encivle the 
Studow ofthe plane projectedoa clouds underneath 
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FIGURE 3.24 Scattering of owo particles as viewed in the laboratory system, 


central force problem can be reduced to a one-body problem, it might be thought 
that the only change is to replace m by the reduced mass 12. However. the matter 
is not quite that sisnple. The scattering angle actually measured in the laboratory, 
which we shall denote by 2, is the angle between the final and incident directions 
of the scastered particle in laboratory coordinates.’ On the other hand, the angle 
© calculated fivia the eyuivalent one-body problein iy Ure angle between the (inal 
‘and initial directions of the relative vector between the two particles in the cen- 
ter of mass coordinates. These two angles, 9 and @, would be the same only if 
the second particle remains stationary through the scattering process. In general, 
hhoweves, the second particle, though initially at rest, is itself set in motion by the 
‘mutual force between the two particles, and, as is indicated in Fig. 3.24, the two 
angles then have different vatues, The equivalent one-body problem thus dues 
‘ot directly furnish the scattering angle as measured in the labocatory coordinate 
system. 

‘The relationship between the scattering angles @ and ® can be deterrnined 
by examining how the scattering takes place in a coondinate systera moving with 
the ceater of mass of both particles. in such a system the total finear momentum 
4s zero, of course, and the two particles always move with equal and opposite 
‘momenta. Figure 3.25 iftustrates the appearance of the scattering process to an 
‘observer in the center of mass system. Before the scattering, the particles are 
moving directly toward each other: after, they are moving directly away from each 
other. The angle between the initis! and final directions of the relative vector, ©, 
rust therefore be the same as the scattering angie of either parncie in the center- 
‘of-mass system. The connection between the two scattenng angles @ and t+ can 
‘thus be obtained by considering the transformation between the center-of-mass 
system and the laboratory system. 


"The satterng angle & most net be conTesed wath the angle cocedinate@ of he relative vector, f, 
between the wo particles 
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FIGURE 3.25  Scatering of two particles as viewed in the center of miss systetn, 


is conyenient here to use the terminology of Section 3.1, with slight modifi- 
cations: 


Fi and vj are the position and velocity, after scaitering, of the incidemt particle, 
mt, it the laboratory system, 
and yj, are the position and velocity, after scattering, of particle my m the 
center of mass system, and 
Rand V are the position and (constant) velocity in the center of mass in the 
laboratory system. 
At any instant, by definition 
n=Rtr, 
and consequently 
waveyy, G.104) 


Figure 3.26 graphically portrays this veotor relation evaluated after the scatering 
ras taken place; at which time vy and ¥, make the angles and ©, respectively, 


FIGURE 3.26 The relations between the velocities inthe center of mags and laboratory 
coordinates. 


3.17 Transformation of the Scattenng Problem Ww 


with the vector V lying slong the initiat direction, Since the target is initially sta- 
tionary in the laboratory system, the incident velocity of particle 1 in that system, 
¥o, isthe same 2s the initiat relative velocity of the particles. By conservation of 
total linear momentum, the constant velocity of the center of mass is therefore 
Riven by 


{mr + m)V = my¥o, 
or 


va=tw, 3.105) 
™ 


were j: = nzyma/(my + m2). From Fig. 3.26, itis readily seen that 


uy sind = vjsin@ 


and 
11 cos = vi cos + ¥. 3.106) 

‘The ratio of these two equations gives 4 relation between and ©: 

oc) 
oe 107 
deer G.107 
where ¢ is defined ay 
uy 

ore (3.108) 


‘Aa alternanve relation can be obtained by expressing in terms of the other 
speeds through the cosine law as applied to the triangle of Fig. 3.26: 


opm vP+ V2 +24 V CoO, 3.109) 
‘When this is used to eliminate v; trom Eq. (3.106) and ¥ is expressed in terms of 
4g by Bg. (3.105), we find 
CORO + p 
Vit %pose +0? 


Both these relations stil involve a ratio of speeds through o. By the definition 
of center of mass, the speed of particle {in the center-of-mass systern, vf, is com. 
nected with the relative speed v alter the collision, by the equation (cf. Eq. (3.23), 
where v = [ifs 


(3.110) 


# 
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Hence, p can also be written as 
patty G18) 


where v, it should be emphasized. is the relative speed after the collision, When 
the collishn is elastic, she total kinetic energy of the two particles remains onal 
tered and y must equa up so that p is simply 

ny 


(elastic cottisiony any 
m2 


independent of energies or speeds. Ifthe collision is inelastic, the totat kinetic 
‘energy of the two particles is altered (@.g., some of the kinetic energy gues mt 
the form of internal excitation energy of the target). Since the total energy is con- 
served and momentum is conserved, the energy change resulting from'the.coll- 
slon can be expressed as 


we 8s 9, 3.112) 


‘The so-called Q value of the inelastic colliston is clearly negative in magnitude, 
‘but the sign conventoa is chosen to conform to that used in general for atomic 
and nuctear reactions, From Eq. (3.112) the ratio of relative speeds before and 


after collision can be writen 
v my + ma Q 
=e ft (3.113) 
ot oie) 


where E = dmv} is the energy of the incoming particle (mn the laboratory sys- 
tem). Thus, for inelastic scattering p becomes 


m 
mpi + Bom go 


Not only are the scattering angles # and © in general different in magnitude, 
bout the values of the differential scattering cross section depend upon which of 
the two angles is used as the argument of o. The connection between the (wo 
fictional forms is obtained from the obscrvation that in w particular experiment 
‘the number of particles scattered into a given element of sofid angle must be the 
same whether We measure the event in terms of # or ®, As an equation, this 
staterment can be waitten 


inelastic scattering) @.114) 


2x 1oi@) sin Old} = Ix Io) sin dladl, 
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or 


149) = oy ih? (201 
210) = oO) 


d{cos @)| 


2) Fcos dy 


B.S) 


where o(0) is the differential scattering cross section expressed in terms of the 
scattering angle in the laboratory system. The derivative can tasily be evaluated 
from Ba, (3.110), leading to the result 


+ 2pc0s 9 + p42 


o'e)= ae) 1+ pce 


Bue 

Note chat @(@) is not the cross section an observer would measure in the 
center-of-mass system, Both 0(@) and a(8) are cross sectious measured in the 
laboratory system; they are merely expressed in terms of different coordinates, An 
observer fixed in the center-of-mass system would see a different fax density of 
incident particles from that measured in the laboratory system. and this trensfor- 
‘motion of flux density would have to be included if (for some reason) we wanted 
to relate the cross sections as measured in the two different systems, 

‘The two scattering angles have a pasticularly simple relation for elastic scat- 
tering when the two masses of particles are equal. t then follows that p= 2, and 
from Bq, (3.110) we have 


1 + cos @ 
Va z 


e 
tel, Gad. 
2 (=). 
‘Thus, with equal masses, scattering angles greater than 90° cannot occur in the 
laboratory systems; all the scattering is in the forward hemisphere. Cortespond- 
ingly, the scattering cross section is given in werms of © from Bq. (3.116) as 


oO) = seas), PSF, 
Even whea the scattering is isotropic in terms of @, i.¢., (8) is constant, in- 
dependent of ©, then the cross section in terms of 9 varies as the cosine of the 
angle! When, however, the scattering mass m2 is very large compared t0 the inci- 
deat pasticle anass m; and the scamering is elastic, then from Bq. (3.111) 0 © 0, 
30.6°(P) ® 6(@) from Bq. (3.116). 

We have seen that even in elastic collisions, where the toral kinetic energy 
remains constant, a colisios with an iniGally stationary target results in a wansfer 
of Kinetic energy to the target with a comesponding decease in the kinetic energy 
of the iocident particie, In otber words, the collision slows down the incident 
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patticle. The degree of slowing down can be obtained from Eq, (3.108) if vj and 
are expressed in terms of vg by Egs. (3.108) and (3.105). respectively: 


ane) : 
=(4Y ar2pene au7 
#7 Une. + 2pcos@ + p*) GANT) 


For elasuc collisions p = my /ma, and Eq, (3.117) can be simplified to 


Ey _ b+ 2pcos8 +p? 
Ep +a 


where Ep ix the initial kinetic energy of the incident particle in the laboratory 
system and Ey the comesponding energy after scattering. When the particles are 
of equal mass, this relaion becomes 


Ei lt tc0s@ 
E 2 


‘Thos, at the maximom scattering angle (© = 2, 9 = 2/2), the incident particle 
1oses all its energy and is completely stopped in the Jaboratory system, 

‘This transfer of Kinetic energy by scattering is, of course, the principle behind 
the “moderator” in a thermal neutron resctor. Fast neutrons produced by fission 
‘make successive clastic scatterings until tieir kinetic energy is reduced to thermal 
energies, where they are more liable to cause fission chan (0 be captured. Clearly 
the best moderators will be the light elements, ideally hydrogen (p = 1). For a 
nuclear reactor, hydrogen is practical only when contained as part of a musture 
‘or compound, such as water. Other light elements useful for their moderating 
properties include deuterium, of mass 2, and carbon, of mass 12. Hydrogen, a8 
reseat m paraffin, water, or plastics, is frequently used in the laboratory to slow 
down neutrons. 

Despite their current useful applications, these caicutations of the wansforma- 
tion from laboratory 10 center of mass coordinates, and of the transfer of kinetic 
energy, are not particularly “modem” or “quantum in nature, Nor is the clussi~ 
‘cal mechanics involved particularly advanced of difficult. Ail that tas been used, 
essentially, isthe conservation of momentmm and energy. Indeed, similar cslcula- 
tions may be found in frcshmaa textbooks, usually is torms of clastic collisions 
between, say, billiard balls. But it is their clementary nature that results in the 
‘widespread validity of these calculations. So tong as momertum is conversed (and 
fis will be true in quantum mechanics) and the Q value is known, the details of 
the scattering process aie irretevaat, In effect, the vicinity of the scattering par 
ticle is a “black box,” and we are concemed only with what goes in and what 
‘comes out. it matters not at all whether the phenomens occurring inside the box 
are “classical” or “quantim.” Consequently, the formolae of this section may be 
used in the experiments analysis of phenomena essentially quantum in nature, 
as for example, neutro-proton scattering. so long as the energies are low enough 
that relativistic effects may be neglecied. (See Section 7.7 for a discussion of the 
relativistic treatment of the kinematics of collisions.) 


. (elastic cottision) BuIT) 


= cos 8, 
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3.42 The Three Body Problem 121 
‘THE THREE-BODY PROBLEM 


‘Thus far, we have treated integrable problems in which the equations of motion 
‘can be integrated to give a closed-form solution. For the two-body case of the 
inverse-square law, We fousd solutions involving motion in elliptic, parabolic, 
and byperbolic orbits, the former of which constitute closed orbits. Solutions can 
also be found for some additionat power laws of the fonn V(r) = ar. Neverthe- 
Tess, for almost sil other possible central force potentials, the equations of motion 
cannot be integrated. When one more mass is added, the situation becomes much 
‘mote complex, Even for ioverse-square law forces, this three-body Kepler-type 
problem has a0 known general solution. In the present section we shail examine 
some simple examples of what happens when this third mass is added, 

‘The Newtonian three-body problem involves three masses my. mz, and ny at 
the respective positions ry. ry, and rs, interacting with each other via gravitational 
forces. We assume that the position vectors x1, F2, and #3 are expressed in the 
center of mass system. It is easy to write the equation of motion of the first moss 
since by Newton's second law mi equals the gravitational forces that the other 
‘wo masses exert on my: 


Bm Gs TLE 
fw 6m - Om ae .A18) 


and analogously for the other two masses. If we make use of the relative-position 
vectors defined by 


satan G.119) 
in Fig. 3.27, then clearly 


ts +53 20. 3.120) 


™ 3 


FIGURE 327 Position vectors 5, =r, — ty for the thres-body problem. Adapted from 
Hiestenes, New Foundations for Classica! Mechanics, 1999, Fig, 5.1. 
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After a title algebra, me equations of motion assume the symmetrical form 


amG mG BRH 


where i = 1, 2,3, the quantity m is the sum of the three masses 


mm, + ma em (3.122) 
and the vector G is given by 
ono(% 3 3123) 
ae OM, 


‘The three coupled equations inthe symmetrical form, (3.121), cannot be solved in 
general, but they do provide solutions to the three-body problem for some simple 
caer. 

“There is # solution dae to Kuler in which mass ma always lies on the straight 
line between the other two masses 50 that T), F2, F3. 81, $2, 83, and G are all 
collinear. Figure 3.28 shows Euler's negative-energy (i.¢,, bound-state) solution 
for the mass ratio m; < tz < ms in which the masses move along confocal 
cltipses with the same period r. During each period, the masses pass through 
buds petibelion coufiguratiog, iu which they lie close (uyetlet alouy the wala of 
the ellipses, and an aphelion configuration, in which they fe along this same axis 
but fur apart. The aphelion positions in the orbits are indicated in Figure 3.28, 

the vector G = 0. the equations of motion decouple, ind Eq, (3.121) reduces 
{0 the two-body form of the Kepler problem, 


geome, G.t24) 

5 
with each mass moving along an elliptical orbit lying in the same plane with the 
same focal point and the satbe period. This decoupling occurs when the three 


FIGURE 3.28 Euler's collinear solution to the three-body problem for the mass ra 
tio my < mz < mz. Three of the dots show aphelion positions. Adapted from Hes. 
ents, New Fosodattons for Classical Mechorucs, 1999, Fig. 5.2 
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om) my 


FIGURE 3.29 Lagrange's equilateral triangle solution to the three-body problem for 
the mass ratio my < m2 < ms. Adapted from Hestenes, New Foundarions for Clasti= 
cal Mechanics, 1999. Pig, 53, 


masses are at the vertices of an equilateral triangle. As the motion proceeds, the 
equations remain uncoupled so the equilateral triangle condition continues to be 
satisfied, but the triangle changes in size and orientation. Figure 3.29 presents Lar 
_gcange’s elliptic solution case with the same mass ratio as before, my < mz < My. 
‘The figure shows the configuration whcn the masscs ure clove together, euch at its 
respective perihelion point, and also indicates the analogous aphelion arrange~ 
ment. 

‘Various asymptotic solutions have been worked out for the three-body prob- 
fern, For example, if the total energy is positive, then all three masses can move 
‘away from each other, of one can escape, carrying away most of the energy, ancl 
feave dhe othur tau behind ia elliptic orbits, If the energy 1s negative, one can 
escape and leave the other two i a bound state, or all three can move in bound 
orbits, 

‘The restricted three-body problem is one in which two of the masses are large 
and bound, and the third is small and merely perturb the motion of the other two. 
Examples are a spacecraft in orbit between Barth and the Mooa, or the pertur 
bation of the Sua on the Moon's orbit. In the spacecraft case, the Grst approach 
is to assume that the Earth and Moon move in their unperturbed orbits, and the 
satellite interacts with them through their respective inverse-square gravitational 
forces. We should also note thst satellites orbiting Earth at altiuides of 99 mites 
‘or 150 kilometers have their orbits perturbed by Barth's nonspherical mass disti- 
bution. 
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A complicating facwor in the restricted three-body problem is the disuibution 
of gravitational potentiat energy in the vicinity of the Earth-Moon system, Close, 
to Earth, we experience a gravitational force directed toward Barth, and close to 
the Moon, the Force is directed toward the Moon, This means that the equipoten- 
Gals, or curves of constant gravitational energy, are closed curves that encircle 
the Earth, () and Moon, (m2), respectively, as shown in Fig. 3.30. tn contrast 
to ths, for from the Earth and Moon, the equipotentials encircle the Barth-Moon 
air, as shown in the figure. At some point, called Lagrange point Z2, along the 
horizontal fine in the figure between the Earth and Moon, the attraction to the two 
bodies is equal in magnitude and opposite in direction so the force experienced by 
‘a small mass placed there is 2er0. Io other words, Z2 is a local potentiat minimum 
sfong this fine. More precisely, this potnt is a saddle poin: because the potential 
‘energy is a minimums only along the Barth~Moon axis, and decreases in directions 
perpendicular to this axis. Two other Lagrange points, L and La, along this same 
axis between the Earth and Moon are located at the transition points between or: 
buts that encircle the Easth and the Moon individually, and orbits that encircle the 


FIGURE 3.0 Contoat map of equipotential curves of two masses my > mz planed 19 
a eeference system mtatag withthe Iwo masses aroun each other. From Hestenes, New 
Foundations for Clasnca! Mechanics, \S86, Fig. 55. 
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wo together as a pai. These are also saddle points. The fourth and fifth Lagrange 
points, Le and Zs, which are not collinear with the other three, correspond to lo- 
cal mimma in the gravitational potential energy. Masses in the vicinity of these 
‘wo points experience a force of attraction toward them, and van find themselves 
in stable elliptical-shaped orbits around them. 

We can vendy the preceding ststements by considering the solutions found 
{n Sections 3.7 and 3.8 for two massive bodies in the center-of-mass frame and 
asking if there ace locations where a small test body will cemain at rest relative 10 
the two bodies. By s test body we meen one whose mass is sufficiently small that 
‘we can neglect its effect on the motions of the other two bodies, For simplicity, 
‘we will limit our aitention to the restricted case where the bodies undergo circular 
‘motion ubout the center of mass. The Lagrangian for the motion of the test mass, 
‘m, can be written, in general, as 


L= bmg? +765 ~ V0.8,9, (3.125) 


where V(r, 6, 0 isthe time-dependent potential due to the two massive bodies, 

As a consequence of the circular motion. the radius vector, F, between the (wo 
bodies is of constant length and rotates with a constant frequency, «o, inthe inextial 
frame. if we go to 8 coordinate system rotating at the frequency, the two massive 
bodies eppear to be at restand we can write the Lagrangian in terms of the rotating 
system hy using @” a 4 ane the feancformation fo the rotating frame. Thus, the. 
Lagrangian in the rotating coordinates can be written in terms of the cylindrical 
coordinates, 0,6 = 8 ~ wt, and z, with p being the distance from the center 
OF muss and @ the counterclockwise angle from the line joining the two masses 
shown in Fig. 3.30. So 


£ = ym (6? + p76" ~ 0)? +27) ~ V'@,8,0, (3.126) 


Lm dep + p67 42 


mang*é! ~ ymp*w? + V'C9,0,2)). B27) 


‘The fifth and sixth remmts are the potentials for the Coriotis effect (cf, Section 4.10) 
and the centrifugal effect, respectively. 

‘The procedure then is co find the Lagrange equations and look for solutions 
‘with the conditions that 6 = 0, The sohitions are the five Lagrange. 
points shown in Fig. 3.30. Stability can be determined by investigating the ef- 
fects of small disptacements from these positions msing fhe methods discussed ft 
Chapters 6 und 12, Only Ls and Ls are stable. 

ven though che £2 point is nor stable against displacements along the Hine 
between the masses, it has been useful for studies of the Sun, The Lz between the 
Easth und Sun is the approximate location in the 1990s for the solar and helio 
spheric observatory, SOHO, which orbits the Lo point sn a plane perpendicular 10 
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‘the Earth-Sun line. The setellite cannot be exactly at the Lz point, or we coukd 
ot receive its transmissions against the bright Sun. Small steering rackets comect 
‘for the slow drift toward, or away from, £2. 


DERIVATIONS: 


4. Consider system in which the total forces acting on the paracles cansist of conserva. 
we forces Fy and fictionat forces f proportional to the velocity. Show that for such, 
‘system the viial theorem holds the form, 


72S, 


7 


proveding the motion reaches a steady stute and is not allowed to die down as a rut 
Of the fictional forces. 


2 By expanding ¢ sun ¥ in a Fourier series io wr, show that Kepler's equation has the 
formal sofutvon 


veut 32 y(n, 


where Jp is the Bessel funcuon of order n. Hor small argument, the Besse! tunchon 
aa be approximated in a power series ofthe argument. Accordingly, from this result 
derive the first few terms in the expansion of y in powers of ¢. 


3. Hehe difference y ~ wx is represented by p, Kepler's equation can be written 
pw esintur + 9}. 


‘Successive appraximations top ct be obtained by expanding sin p ina Taytor series 
1p. and thea replacing p by its expression given by Kepler's equation, Show tha the 
fist approximarion by a is ps, gven by 
a extn ot 
erent 
and thatthe aext approximation ts found from 


sanipz ~ 9) =~" 


inlot + ps} + eccs.eot), 
‘an expression that is accurate through ters of order ef 


4 Show that for sepuisive searing, Ea. (3.96) for te angle of scattering ay a funcuon 
‘of the impact parameter, s, can be rewntten as, 
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Be tom Vi +28 


by changing the variable of inmegration to some function pir). Show that for a re~ 
pulsive potential the integrand is never singular in the Limit r -> rm. Because of 
the definite bunits of integration, these formulations have advantages for nummencal 
ccafeulations of G(s) and allow naturally for the use of Gauss-Legenddre quaduarure 
schemes, 


'. Apply the formudation ofthe preceding exercise 10 compise umencally © (5) and the 
differential cross section of o(@) forthe repulsive potential 
M% 


va 


sad for a total energy E = 1.2¥p, I is suggested that 16-point Gauss-Legends 
quadratore will give adequate accuracy. Does the scattering exhibit a rainbow? 


6. Ifa repulsive potential drops at monotonically with, then for energies high com 


‘paved :0 V(r) the angle of scattering witl be smal. Under these conditions show that 
Bg, (397) can be manipulated so thatthe deflection angle 1s given approximately by 


om} f Samar, Wim) — Veuidy 
aa 


where y, obviously, 26 1 /s, 
Show further, that uf VG) is ofthe fon Cu, where ka poutve integer, hen in 
the high-energy limit the crows section is proportional 20 @~214+1/m), 


7. (@) Show that the angle of recoil of the target partici relative to the incrdentditection 
cof the scabiered particle is simply © = } (x ~ 8). 

() ft1s observed that in elastic seating the scatering cross section is isotropic in 
terms of ©. What are the corresponding probability distributions forthe sealtered 
energy ofthe incident particle, 2;, and forthe recoil energy ofthe target particle, 
En 

& Show thatthe angle of scatering in the laboratory system, 9, is rented (0 the energy 
before scartering, Hy, and the energy after scatering Ey, according to the equation 
ma 


matm [E) _ma—m [Eo 
cont oq SETEE PEL. SRE | 
Gm Y Fo Imp YB,” deny BOR 


9. Show that the centrat force problem is soluble in terns of elliptic functions when the 
force ts power-law fustction ofthe distance with the following fractional exponents 
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EXERCISES 


10, A planet of mass Mf isin an orint of excemticty ¢ = I~ a wheie ce < 1, about the 
‘Sun. Assume the motion of the Sun can be neglected and that only gravitational forces, 
act. When the planers at its greatest distance from the Suan, is strick by a conist of 
mass m. where m << M traveling in a tangential direction. Assuming the collision is 
completely inelastic, find the minimum ianetic energy the comet must have to chenge 
the new orbit to @ parabola, 


111, Two particles move chout each otber ip arcular orbtts under the influence of gravntae 
Uuonal forces, vath w seed ¢. Thear motion is suddenly stopped at a given mstant of 
‘ime, and they are then released and allowed to fall into each other. Prove that they 
collide after a time 1/4V2. 


12, Suppose thar there ase long-range wmteractions beteveen ater in gas atthe form of 
central forces derivable from a potential 


k 
U0) - 


where 1 the distance between any pair of atorns an mt isa postive integer. Assume 
farther that relative o any given atom the other ators are distributed in space such 
that thew volume density s grven by the Boltzmann factor 
pope Metin, 
v 
‘where Vs the total auraber of atoms 1m volume V. Find the addition to the vial of 
CClauswus resulung from these forces between pairs ot atoms, and compute the resulting 
‘umtection to Boyle's law, Take N so large that sum may be replaced by integrals 
‘While closed resaits can be found for any positive an, of desived, the mathematics can 
‘be simplified by thing mr = 4-1 
13. (a) Show that wa pastcie describes 4 circular orbit under the influence of an attractive 
central force directed toward a point 00 the circle, then the force vathes as the 
inverse-fifth power of the distance. 
() Show that forthe orbit described tbe total energy of the particle is zero, 
(©) Find the period of the motion. 
@ Find i, 5, and vas a faction of angle around the cxcle and show that all dee 
quantities ate mtnite as the particle goes threngh the center of force. 


14, (8) For circular and parabolic orbits in an attractive 1/r potential having the same 
angular momentum, show thatthe perihelion distance ofthe parabola s one-half 
the radius ofthe circle, 

(0) Prove that m the sume cootal force as rn part (a) the speed of pastile at aay 
point in a parabolic orbu is 2 trnes the speed in a circular orbit passing Wirough 
the same potat 

35. A meteor is observed to strike Earth wth 2 spoed v. making an angle @ with the 

Zenith. Suppose that for from Ean the meteot’s speed was x" and it was proceeding 

ina direction making a zenith angle $' the etfect of Earth's gravity bsing to pull timo 


Exercises 129 


hyperbolic orbit intersecting Esrh’s surface. Show how v/ and g can be derertnined. 
from v und ¢ in terms of known constants 


16, Prove that in & Kepler elliptic orbit with small eccentricity ¢ the angular motion of 
2 particle as viewed from the empry foons of the lips is uniform {the empty focas 
is the focus that is nor the center of ettracnon) to first order in e. It is ths theorem 
that enables the Ptolemaic picmre of planetary motion to be a reasonably accurute 
approxsmation. On this picture the Sun is assumed to move uniformly on a circte 
whose center ss shifted from Earth by a distance called the quant. Jf the equant is 
taken as the distance between the ow foc of the comect ellipucal orbit, then the 
‘angular motion is thus described by the Protemaic picture accurately to fist order n 


17, One classic theme m science fiction is a twin planet (“Planet X") to Barth that is 
fdentical in mass, energy, and momentum tat js located on the orbit 0° out of phase 
‘with Earth so that x i hudden from the Sun, However, because of the eltipticat nate 
of the orbit, it aot aways completely tidden. Assume this twin planet 1s ¥9 the 
same Keplenan orbtt « Earth in such a manner than itis in apbelion when Earth 
15 ia pechelion. Colculate to fsst order in the eccentricity ¢ the maximum angular 
separation of the twin and the Sun as viewed fraen fhe Earth. Could such a rwin be 
visible from Barth? Suppose the win plane 1s m an elliptic] orbit having the saane 
size and shape as that of Earth, but rotated 180° from Earth's orbit, so that Earth and 
‘the rwin are m perihelion atthe same time, Repeat your ealcalation and compare the 
visibility in the two sitertons. 

18, At pengee of an ellipcic gravitational orbit 2 particle expenences an smpulse S (ef, 
Exercise 21, Chapter 2)in the radial rection, sending the particle ita another elle 
cotbit. Determine the new semisuayor axis, eccentricity, and orfentation in terms of the 
old 


19. A particle moves in a force field described by 
k t 
Foy =~5e0(-5), 


where & and a are positive, 

() Wote the equation of motion snd reduce them tothe equivalent one-dimensiont 
problem. Use the effective potential to discuss the qualitative nature ofthe orbits 
for different vatues of the energy and the angular momentum, 

(©) Show that ifthe orbit is nearly citcular, the apsides will advance approximately 
by p/a per revohsion, where a is the radius of the circular orbit. 


20. A uniform distribution of dust the solar system adds tothe grtvitacional attraction 
‘of the Su on « planet an ational force 


~mCr, 


where m is the sms of the planet, C is x constant proportional to the gravitational 
constant aad the deasily of the dost. and 1 is the radhas vector fran the Sua to the 
planet (both considered as points). This additional force is very small compared tothe 
direct Sun-planet gravitational force. 
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{@) Calcolate the period for cizeular orbit of tadins rq ofthe planet in this combined 
etd. 

{@)) Calculate the period of radial oscillations for slight disturbances from ths cirestar 
onbit. 

(©) Show thet nearly circular oréits can be aperoximated by a precessing ellipse and 
find the precession frequency. Is the precession in the same or opposite direction 
ta the orbital angutar velocity? 

21, Stow that the motion of a particle in the potential field 


withe same as that of the motion under the Kepler potential alone when expressed in 
‘teams of a coordinate system rotating or processing around the center of force, 

For negative total energy, show that if the additonal potential term 48 very smalt 
‘compared to the Kepler potential, then the angular speed of procession of the eltipticat 
one 

2amh 
ia 


‘The pershelion of Mercury is observed to precess (ufter correction for known planetary 
‘pereurbations) at the me of about 40” of arc per century. Show that this precession, 
‘could be accounted for classically if che dmensvontess quantity 
«8 
"ia 
(ich is a measure of the perturbing inverse-square potential relative tothe gravitas 
tioual potential) were as saall as 7 x 16-%, (The eccentricity of Mercury's orbit 1s 
0206, and its pert is 028 year) 
‘The additional teren 9 the potential behaving as r~? in Exercise 21 took very rach 
ike the centrifugal barrier term in the equivalent one-dimensional potential, Why is it 
then that the additional force term eases x procession of she orbit, while an additon 
tothe barrier, through change inf, does aot? 
23, Evaloate approximately the ratio of mass of the Sun to that of Easth, using only the 
Jengtts of the year and of the tuner month (27.3 days), and the mean radi} of Earth's 
‘orbit (49 x 108 kim) and of the Moon's esi (3.8 x 10° km 


24, Show that for elliptical motion sn a gravitational field the radial speed can be written 


{rtrotuce the eccentc anomaly vatiable ¥ in place of r and show that the resutong, 
Asfferentiat equation in y can be integrated immediatcly to give Kepler's equation, 

‘ifthe eccenariaty¢ is small, Kepler's equation for the excentnc anomaly ¥ as 4 func 
thon of a, Eq. (3.76), is easily solved ot a computes by an iterative technique chat 
reats the esin y term as of lower order than ¥. Denoting vy by the nih Reraive 
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soliauon, the obvious weration relation is 
Ya Rot esi Yet 


Using this iteration procedure, find the azeilytc forma for an expansion of y in powers 
of at Feast throngh terms in 23. 

26, Earth's period between successive peritelion transits (the “anomialistic your”) 16 
[368.2596 mean solar days, and the eocessicity ofits orbit is 00167504, Assuming 
sexion in a Keplerian ellptical orbit. how far does the Earth move in angle in the 
orbit, starting from perihelion, ina time equal © oae-quarter of the anotnelistc yout? 
Give your result in degrees to an accuracy of ane second of are or beter, Any method! 
may be used, including numencal compusation with a calculator or compute. 


27. In hyperbolic moton in a 1/r potential, che analogue of the eccentric anomaly w= F 
defined by 


v= a(e cosh F - 2), 


‘where ate — 1) is the distance of closest appuosch. Find the analogue to Kepler's 
cquation giving ¢ from the time of closest approach as a function of F, 


28. A magnetic monopole is defined (if one exists) by 4 magnetic felt sungularty of the 
form B = br/r°, where b is a constant (a reasure of the magnetic charge, as it were), 
Suppose particle of mass m moves inthe fick! of a muxgnetic monopole and a central 
force etd derived from the potential V(r) = =k/r, 

() Pind the form of Newton's equation of motion, using the Lorents foree given hy 
Bq. (1.60) By locking a the product x show that whale the mechanical angular 
‘momentum is not conserved (the Hebd of force is nonceniral) chere is conserved 
vector 


pat-2 
© 


{b) By paralleling the steps leading from Ea, (3.79) to fag, (3.82), show that (Or some 
Fr) there 1s 2 conserved vector analogous (othe Laplace-Ruuge-Lenz veotor ia 
‘which D plays the same role as Lin the pure Kepler force problem 


29 full the momentum vectors of a particle along tts trajectory arc translated 50 «6 (0 
start from the center of force, then the beads of the vectors trace out the particle's 
Ihodograph, » locus curve of considerable antiquity inthe history of mecharucs. with 
semething of aroviva in conncetion with apace vahicte dynamics, By taking the owas 
product of L with the Laplace-Runge-Leaz vector A, show that the hodograph for 
cliptical Kepler motion is a circle of radnas m/T with origin on the y axis displaced 
‘adistaace A/1 from te cearer of force. 

30. What changes, if any. wonld there be in Rutherford scanering if the Coulomb force 
‘were atractive, instead of repulsive? 

31, Examme the scatterirg produced by a repulsive central force f = kr, Show that 
the differentia cross section Is given by 

knee 

3B x8 ~ xP sinx” 

‘where x isthe ratio of ©/o and E ss the energy. 


{@)d0 = 
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32 A central force potential frequently encountered in nuclear physics x Me rectangular 
welt defined by the potent 


ve roa 


Me rsa 


‘Show thet the scattering produced by such a potential in clasucal mechanics is dene 
‘ical wnth the refraction of tight rays by @ sphere of radius a and relative index of 


sefraction 
aw (EE 
= 
(This equivalence demonstrates why it was possible to explain refraction phenomena 


both by Huygen’s waves and by Newton's mechamcal corpuscles.) Show also that the 
differential cross section 1% 
sie (en) (onan 


WOE (8 -tad) 
What is the total cross section? 


33, A panicle of mass m is constrained to move under gravity without friction on the 
tnside of a paraboloxt of revolution whore axis vertiest Find the anedimensinna 
problem equivalent toits motion. Whats the condition on the paticle’s inital velocity 
to produce carte motion? Find the period of senall osalatons about this circu 
motion. 


34. Consider a truncated repubive Coulomb potentiatdetioed as 


oO) = 


vat pe 


For apamtcle of toal energy E > k/a, obtain expressioms forthe scattering angle © 
‘2 fumction of ¢/4q, where 0 i the mipact pararmeter for which the perlepsss occurs 
atthe point = 2. (The formalss can be given in closed fort but they are not simp) 
Make 2 nurencal plotof @ veesus s/a9 for the special case = 2k/a. Whar can you 
deciuce about the angular scatterng cross section from the dependence of 6 on 4/59 
foc this parucular case 

38. Asother vession of the traucated Conlorsh poteatia) has the form 


‘Obtain closed-form expressions for the scatering angle and the differential scattering 
teas section. These are most conveniently expressed in terme of a parameter measur 
ing the distance of closest approach in units of a. What isthe total omss section? 
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36. The resincted three-body problem consis of two masses in carenlar orbits about esch, 
other and a third body of snuch smaller mass whose effect on che 10 farger bodies 
cam be neglected. 

{a} Define an effective prucotinl V(x. y) for thie problem whese the x axis isthe Ine 
‘of the two larger masses Sketeh the function V (x, 0) and show that there ae Fo 
“valleys” (points of stable equilibrium) corresponding t the two masses, Also 
show tha thece are thee “hills” (dhree points of unstable equilibrium). 

(b) Using a computer program, calculate some orbits for the restncted three-body 
problems. Many orbits wif} end with ejection of the smaller mass, Stat by assum- 
ing 2 position ang « vector velocity forthe smal! mass, 


CHAPTER 


The Kinematics of 
Rigid Body Motion 


A sigid body was defined previously as & system of mass pomts sulyect to the 
hholonomic constraints that the distances between all pairs of points remain con- 
stant throughout the motion. Although something of an idealization, the concept 
is quite useful, and the meckuanies of rigid body motion deserves a full exposition, 
Jn this chapter we shall discuss principally the kinematics of rigid bodies, 1, 
the ature and characteristics of their motions, We devote some time to develop. 
sng the mathematical techniques involved, which are of considerable interest in 
themselves, and have many smportant applications to other fields of physics. 

Of esseatial importance is the rotational motion of a rigid body, These consid- 
‘rations lead directly to the relation between the time rate of change of a vector 
‘nan mertial frame and the time rate of change of the same vector in a rotating 
frame. Since itis appropriate at that poim, we leave kinematics and develop the 
description of the dynamics of motion in a cotting frame. inthe next chapter we 
discuss, using the Lagrangian formulation, how the motion of extended objects is 
generated by applied forces and torques. 


4.1 M1 THE INDEPENDENT COORDINATES OF A RIGID BODY 
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Before discussing the motion of a rigid body, we must first establish how many 
independent coordinates are necessary t0 specify ite configuration. From experi- 
lence, we expect that there should be six independent coordinates. Three extemal 
coordinates are needed to specify the position of some reference point in the body 
and three more to specify how the body is oriented with respect to the external 
‘coordinates. In this section we show that these intuitive expectations are correct. 

A tigid body with IV particles can at most have 34 degrees of freedom, but 
these are greatly reduced by the constraimss, which can be expressed as equations 
of the form 


fy =a. aD 


Here fy is the distance between the ith and jth particles and the c's are constants 
‘The actual number of degrees of freedom cannot be obtained simply by subtract- 
ing the number of constraint equations from 3N, for there are }N(N ~ 1) possible 
‘equations of the form of Eq, (4.1), which is far greater than 3N for large Nin 
truth, the Eas. (4.13 are not all independent. 
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FIGURE 41 ‘The location of a point in a ngid body by its distances from three reference 
points, 


To fix.a point in the rigid body, it is not necessary to specify its distances to 
«ail other points in the body; we need only state the distances to any three other 
‘oncollinear points (ef. Fig. 4.1). Thus, once the positions of three of the particles 
‘of the rigid body are determined, the constrains fix the positions of all remaining 
particles. The number of degrees of fteedom therefore cannot be more than nine 
But the three reference paunts are themselves not independent; there are in fact 
three equations of rigid constraint imposed on them, 


n2so2 mee, n3a=e13, 


that reduce the number of degrees of freedom to six. That only six coordinates 
are needed can also be seen from the following considerations. To establish the 
position of one of the reference points, three coondinates must be supplied. But 
‘once point 1 is fixed, point 2 can be specified by only two coordinates, since it is 
constrained to move Gn the surface of a sphere centered at point J. With these two 
points deiermined, point 3 has only one degree of freedom, for it can only rotate 
about the axis joining the other two points. Hence, a total of six coordinates is 
sufficient. 

A tigid body in space thus needs six independent generalized coordinates to 
specify its configuration, no matter how mary particles it may contain—even in 
the limit of « continuous body. Of course, there may be additional constraints on 
ie body besides the constraint of rigidity. For example, the body may be cou- 
strained t9 move on # surface, or with one point fixed. In such case, the additional 
constraints will further reduce the number of degrees of freedom, and hence the 
number of independent coordinates. 

How shall these coordinates be assigned” Note that the set of configuration 
of a rigid body is completely specified by locating a Cartesian set of coordinates 
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FIGURE 42. Unprarned axes ceprecent an exieral reference set of axes: the primed axes 
ate fined inthe rigid body. 


fixed in the rigid body (the primed axes shown in Fig, 4.2) relative to the coor- 
stinate axes of the external space. Clearly three of the coordinates are needed 10 
specify the coordinates of the origin of this “body” set of axes. ‘The remaining 
three coordinates must then specify the orientation of the primed axes relative to 
4 coordinate system parallel to the external axes, but with the same origin a5 the 
primed axes. 

‘There are many ways of specifying the orientation of a Cartesian set of axes 
relative to another set with common origin. One fruitful procedure is to state the 
direction cosines of the primed axes relative to the unprimed, Thus, the x axis 
‘could be specified by its three direction cosines ay, of, os, with respect to the x, 
1, £ 8x88. Tf, a8 customary, fj, K are three unit vectors along x, y, 2, and fj.’ 
perform the same function in the primed system (cf. Fig. 4.3). then these direction 
‘cosines are defined as 


FIGURE 43 Direction cosines of the body set of axes relative to an exiernal set of axes. 
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cos ty = cosG +i 
cas Ora = cost’ -j) =~ 
cos Pn = cos DFE 
es On = cos’ P= i -j=)-F a) 

and similarly for cos 6,3, cos ss, etc. Note that the angle @,, is defined so that 

the first index refers to the primed system and the second index to the unprimed 


system, These direction cosines can also be used to express the unit vector in the 
primed system in terms of the unt vectors of the unprimed system giving, 


¥ = cos#isk + cos Haj + cos isk 
J = cos O31) + cos Ba) + cosdask 
Ki = cos dash + 005 833) + cos Ayah, 43) 


‘These sets of nine directions cosines ther completely specify the orientation of 
the x',y’, 2’ axes relative tothe x, y, 2 set, We con equally well invert the process, 
and use the direction cosines to express the tJ. K unit vectess in terms of their 
components along the primed axes. Thus, we can write 


rm aht jt cher 4 yi tek! 44) 


by 


X= (PH) = cosByix +0080 i2y + COsA3E 
¥ = (© -f) = comix +008 Op2y + costs? 
f= (+ K) = cosOyx +c08 Dey + 008032 (45) 


with analogous equations fori, j and k. 

‘The direction cosines also furnish direcly the relations between the coordi- 
nates of & given point in one system and the coordinates in the other system. 
‘Thus, the coordinates of a point in a given reference frame are the components of 
the position vector, ¢, along the primed and anprimed axes of the systems, respec 
Aively. The primed coordinates are then given in terms of x, y,and r, as shown in 
Eq. (45). What has been done here for the components of the r Vector can obvi~ 
ously be done for any arbitrary vector. f G is some vector, then the component of 
G slong the x’ axis will be related to its x-, y-, z-components by 


Gy = Goi = 008 844Gy + casti2Gy + ca86uG,, 6) 


sand so on. The set of nine direction cosines thus completely spells out the trans- 
Formaticn between the two coordinate systems. 

1 the primed axes are taken as fixed in the body, then the nine direction cosines 
will be tunctions of time as the body changes its orientation in the course of the 
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motion. in this sense, the direction cosines ean be considered as coordinates de- 
scribing the instantaneous orientation of the body, relative to a coordinate system 
fixed in space but with origin in common with the body system. But, cleatly, hey 
ase not independent coordinates, for there are nine of them and it has been shown 
that only three coordinates are needed to specify an orientation. 

‘The connections between the direction cosines arise fiom the fact that the basis 
‘vectors in both coordinate systems are orthogonal to each other and bave unit 
mmagaitude; in symbols, 
= iejodek=k-i=0, i 

biejeje 


with similas relations fori’, and W’. We can obtain the conditions satistied by the 
nine coefficients by forming all possible dot products among the three equations 
fori. j, and kin terms off’, f, and k’ (as in Bq. (4.4)), making use ofthe Eqs. (6.7); 


3 
L089 605 8m = On xm! 
i 
5 38) 
Do e08 te = I 
ti 
‘These two sets of three equations each are exactly sufficient to reduce the number 
of independent quantities from nine to three. Formally, the six equations can bre 
combined into one by Using the Kronecker 8-symbol Sin, defined by 


Sim = i=m 
=0 ifm, 
Equations (4.8) can then be writen as 


3 
208 in £08 8. = 


49 


{tis therefore not possible (0 set up a Lagrangian and subsequent equations 
of motion with the nine direction cosines as generalized coordinates. For this 
(purpose, we must use some set of three independent functions of the direction 
‘casines. A number of such sets of independent variables will be described later, 
the most important being the Euler angles. The use of disection cosines to de- 
scribe the connections between two Cartesian coordinate systems nevertheless has 
a number of important advantages. With their sid, many of the theorems about the 
‘motion of rigid bodies can be expressed with great clegunce and generality, and in 
« form naturally leading to the procedures used in special relativity and quantam 
mechanics, Such 2 mode of description therefore merits an extended discussion 
here 
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‘ORTHOGONAL TRANSFORMATIONS, 


‘To study the properties of the nine direction cosines with greater ease, it is con 
‘venient to change the notation and denote al} coordinates by x, distinguishing the 
axes by subscripts: 

rH 

yom (4.10) 


23 
as shown in Fig, 4.3, We also change the notation for the direction cosines to 
a, = C086, any 


Equations (4.5) and (4,6) constitute a group of transformation equations from 
8 set of coordinates xj,.x3, Xj 10 a new set x}, x), x4. In particular, they form an 
example of a linear or vector transformation, defined by transformation equations 
of the form 


x =a tam taisay 
Hea tam tases 4.1%) 
4 03 4%4 + 23227 + 43323, 


where the a4, a¢2,.. afe any set of constant Gndependent of x, x') coefti- 
cients. To simplify the appearance of many of the expressions, we will also make 
use ofthe summation convention first introduced by Einstein: Whenever an index 
‘occurs two or more times in a terra, itis implied, without any forther syrtbols, that 
‘the terms are to be summed over aif possible values of the index. Thus, Es, (4.12) 
ccan be written most compactly in accordance with this convention as 


Gaz) 


FA, 


‘The repeated appearance of the index j indicates that the left-hand side of 
Eq, (4.12) is a sum over the dumuny index / for all possible values (hete, j = 1, 
2, 3). Some ambiguity is possibje where powers of an indexed quantity occur, and 
for that reason, an expression such as 


‘appears under the summation convention ax 
oo 


“gestions (4.12) of course are nacthe most goers st of wansformation equations, cf for example, 
Gone from he Psa the g's (1-38). 
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For the rest of the book the summation convention should be automatically 
assumed in reading the equations unless otherwise explicitly indicated. Where 
convenient, ot to remove ambiguity, the summation sign may be occasionally 
displayed explicitly, eg., when certain values of the index are to be excluded 
from the summation. 

‘The transformation represented by Eqs. (4.11}is only a special case of the gen 
‘eal Tinear transformation, Bqs. (4.12), since the direction cosines are not all inde~ 
pendent. The connections between the coefficients, Eqs. (4.8) ae rederived here 
in terms of the newer notation. Sisce both coordinate systems are Cartesian, the 
‘magnitude of @ vector is given in terms of the sum of squares of the components. 
Farther, since the actual vector remaias unchanged no master which coordinate 
system is used, the magaitade of the vector must be the same in both systems In 
Symbols, we cun state the invariance of the magnitude as 


Ay, Rk (4.13) 
‘The fefL-and side of Eq. (4.23) is therefore 
OA Lh 
‘and it will reduce to the right-hand side of Eq. (4.13), if, ond only if 
aya, =1 jek 
=0 Hk (4.14) 
05, in a more compact form, if 
aya = 8p. jk 12,3. (4.15) 


When the a,, coethctents are expressed in terms of the direction cosines, the six 
equations contained in Eq. (4.15) become identical with the Eqs. (4.9). 

‘Any linear transformation, Eq. (4.12), that hes the properties required by 
Bq, (415) is called an orthogonal transformation, and Eq. (4.15) itself is known 
a8 the orthogonality condition. Thus, the transition from coordinates fined in 
space to coordinates fixed in the rigid body (with common otigin) is accom- 
plished by means of an orthogonal transformation. The ary of transformation 
‘quantities (the direction cosines). written as 


ayy az as 
24 an an |, 416) 
a a a4 
is called the mavix of tawisformation, and will be denoted by a capital feter A, 
‘The quantities a,, are comespondingly known as the matrix elements of the trans- 
formation. 

‘To make these formal considerations more meaningful, consider the simple ex- 
‘ample of motion in a plane, so that we are sestricted to two-dimensional rotations, 
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‘and the transformation matrix reduces to the form 


ay an 0 
ay an 0]. 
ao oF 


‘The four matrix elements. q,,, are connected by three orthogonality conditions: 


ayaa = Sp, jk 1,2, 

and therefore only one independent parameter is needed to specify the transtor- 
‘mation. But this conclusion is not surprising. A two-dimensional transformation 
from one Cartesian coordinate system to another corresponds to a rotation of the 
axes in the plate (cf. Fig. 4.4), and such a rotation can be specified completely by 
only one quantity, the rotation angle ¢. Expressed in terms of this single parame~ 
ter, the cransformation equations become: 


x} ay cos +2 s8ing 
xh = =a sing + x2 cosg 


hen. 


‘The matrix elements are therefore 


ay C08 an =sing a3 #0 
ane ~sing an =cosd ay = 0 an 
ay =0 az =0 on = 1, 


0 that the matrix A can be written 


FIGURE 44 Rotation of the coordinate axes, as equivalent to two-dimensional orthag- 
onal transformation. 
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cos sing 0 
A=| sing cos¢ 6 17} 
0 oot 


‘The tree nontrivial orthogonality conditions expand mnte the equations 


Byars tanars = 1 
40,2 tana = 1 


54017 + anaz2 = 0. 


‘These conditions are obviously satisfied by the matrix (4-17'), for in terms of the 
matrix elements (4,17) they reduce to the identities 


cos? g + sin? = 1 
sin? 6+ con? @ = 1 
cos p sing — singoosg = 0. 


The transformation mattix A can be thought of as an operator that, acting 
‘on the unprimed system, transforms it into the prirsed system, Symbolically, the 
process might be written 


(ry = Ar, (4.18) 


which is to be read: The matrix A operating on the components of a vector in the 
‘wiprimed system yields the components of the vector in the primed system, Note 
that in the development of the subject so far, A acts on the coordinate system only, 
the vector is unchanged, and we ask merely for its components in two different 
coordinate frames. Parentheses have therefore been placed around r on the ttt in 
Eg. (4.18) to make clear that the same vector is involved on both sides on the equa- 
ton. Only the components have changed. In three dimensions, the transformation 
of coordinates, a8 shown earlier, is simply 2 rotation, and A is then identical with 
the rotation operator in a plane. 

‘Despite this, note that without changing the formal mathematics, A can also be 
thought of as an operator acting on the vector r, changing it to a different vector r’: 


rar, (4.19) 


with both vectors expressed in the same coordinate system. Thus, in two dimen- 
sions, instead of rotating the coordinate system counterclockwise, We can rotate 
the vector ¥ clockwise by an angle $ to anew vector, as chown in Fig. 4.5,'The 
components of the new vector will then be related to the components of the old 
by the same Eqs. (4.12) that describe the transformation of coordinates. From a 
Formal standpoint, itis therefore not necessary to use parentheses in Eq. (4.18); 
rather, it can be written as in Bg, 4.19} aud interpreted equally as an operation on 
the coordinate system of on the vector. The algebra remains the same no matter 
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FIGURE 4.5  Incespretution of an orthogonal tansfortoation as a rotation of the vector, 
leaving the coordinate system wachanged. 


which of these two points of view is followed. The interpretation as an operator 
acting on the coordinates is the more pertinent one when using the orthogonal 
‘cansformation to specify the orientation of a rigid body. On the other hand, the 
notion of an operator changing one vector into another has the more. widespread 
application. in the mathematical discussion either interpretation will be feely 
Used, 15 suits the convenience of the situation. Of course, note that the nature 
of the operation represented by A will change according to which interpretation 
is selected. Thus, if A corresponds to x counierclockwise rotation by an angle d 
‘when applied to the coortnate system, it will comespond to a clockwise rotation 
‘when applied to the vector. 

‘The vame duality of rotes often occurs with other types of coordinate transtor- 
mations that are more general than orthogonal transformations. They may at tirses 
be looked on as affecting only the coordinate system, expressing some given quan 
tify or function in terms of a new coordinate system. At other times, they may be 
‘considered as operating on the quantity or functions themselves, changing thers 10 
‘new quantities in the same coordinate system. When the transformation is taken 
as acting only on the coordinate system, we spoak of the passive role of the trans- 
formation. In the active sense, the transformation is looked on as changing the 
vector ot other physical quantity. These aliernstive interpretations of a tansfot- 
mation will be encountesed in various formulations of classical mechanics to be 
considered below (cf. Chapter 9) and indeed occur in many fields of physics. 

‘To develop further the kinematics of rigid body motion about a fixed origin, we 
shall make mach use of the elgebra governing the manipulation of the transforma~ 
tioa matrix. The following section is therefore a brief suramary of the elementary 
aspects of mainx algebra with specific apptication to orthogonal matrices. For 
those unacquainted with this branch of mathematics, the section should provide 
am introduction adequate for the immediate purpose. The material also details the 
particular terminology ard notation we will employ. Those already thoroughly fa- 
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smilies with matris algebra may however omil the section and proceed dlinectty to 
Section 4.4, 
FORMAL PROPERTIES OF THE TRANSFORMATION MATRIX 
Let us consider what happens when two successive transformations are mado 
corresponding 10 two successive displacements of the rigid body. Let the first 
teansformation from r to’ be denoted by B: 

3h = byx,, (620) 


and the succeeding transformation from F' to a third coordinate set x” by A: 


a. (420 


‘The relation between x and x, can then be obtained by combining the two Eqs. 
(4.20) and (4.21): 


A abit. 
‘This may also be written as 
Af 04k), (4.22) 
where 
cy = aabry. (423) 
‘The successive application of (wo orthogonal transformations A, B 1s tus 
‘equivalent to a thied firear transformation C. Tt can be shown that C is also an 
orthogonal transformation in consequence of the orthogonality of A and RB, The 
detailed proof will be left for the exercises. Symbolicaly, the resultant operator C 
can be considered as the product of the two operators A and 8: 
CHAR, 
and the matrix elements ¢,, are by definition the elements of the square matrix 
‘obtained by multiplying the two square matrices A and B. 
‘Note that this “metric” or operator multiplication is not commutative, 
BAZAR, 
for. by definition, che elements of the transformation D = SA are 


dy, = bat, (4.24) 
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‘which generally do not agree with the matrix elements of C, Eg. (4.23). Thus, the 
final coordinate system depends upon the order of application of the operators A 
and B, iz., whether first A then B, or first B and then A. However, mattix mul: 
tiplication is associative; ia a product of three or more matrices the order of the. 
multiplications is unirmportant: 


{ABYC = ABO). (4,25) 


In Eq. (4.19) the juxtaposition of A and r, to indicate the operation of A on 
the coordinate system (or on the vector). was said to be merely symbolic. But, by 
‘extending our concept of matrices, if diy ulso be taken as indicating an actual 
mnatrix multiplication. Thus far, the matrices used have been square, ie., with 
‘equal number of rows and columns. However, we may alse have one-colamn 
matrices, such as x and x’ defined by 


1 4 
al. veld (4.26) 
m x 


‘The product AX, by definition, shall be taken as a one-columm matrix, with the 
elements 


(AN), = ax, = x1, 
Hence, Eq. (4.19) can also be written as the matrix equation 
X= AK 

‘The addition of two matrices, while not as imaportant a concept as multiplice- 
ton, is a frequently used operation. The sum A+ B is a mainx C whose elecents 
are the sum of the cormesponding elements of A and B: 

Gy Haj by. 
Of greater importance is the transformation inverse to A. the operation that 


changes r’ back to 7. Ths transformation will be called A“! and its roatrix ole- 
ments designated by a. We then have the set of equations 


x =alz, 4.21) 
which must be consistent with 
eaun. (6.28) 


‘Substituting x, from (4.27), Eq, (4.28) becomes 


f= Ona) 4.29) 
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‘Since the components of r are independent, Eq. (4.29) is correct only if the sum- 
spation reduces identically to xj. The coefficient of x} must therefore be I for 
J = hand O for j # kin symbols, 

Bint, = Bs, (4.30) 


‘The left-hand side of Bq, (4.30) is easily recognized as the matrix clement for the 
product AA‘, while the right-hand side is the element of the matrix known as 


the unit matrix 1: 
100 

i=]o 1 of. 43n 
001 


Equauon (4.30) can therefore be written as 


ay 
which indicates the reason for the designation of the inverse matrix by A“', The. 
transformation corresponding to 1 is known as the identity transformation, peo» 
ducing no change in the coordinate system: 
Ketx, 
‘Similarly multiplying any matrix A by 1, in any order, Jeaves, A unaffected: 
TASAL=A 

By slightly changing the order ofthe proof of Eq. (4.28), itcan be shown that A 

and A~' commute, instead of substituting x, in Bq. (4.29) in terms of x’, we could 


equally es well demand consistency by eliminating x’ from the two equations, 
teading in anslogous finhion 10 


4s seatix notation, this reads 


AIA 


433) 


which proves the statement. 
Now let us consider the double sum 


aut, 
which can be written either as 


cua, with oy = adn 
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oras 
dy; with de; 


Applying the orthogonality conditions, Eg, (4.15), the sus im the first form re- 
duces 19 


A. 


inal, = aly. 


(On the other hand, the same sum from the second point of view, and with the help 
of bg. (4.30), can be wntten 


MeiSky yt 
‘Thus, the elements of the direct matrix A and the reciprocal A“? are related by 
di, ma. (4.34) 
In general, the matrix obtained from A by interchanging rows and columns is 
known as the transposed matrix, indicated by the tilde thus A. Equation (4.34) 


therefore states that for orthogonal matrices the reciprocal matrix is 10 be identi- 
fied as the transposed matrix; symbolically. 


AeA (4.35) 
Te this result is substituted in Eq. (4.33), we obtain 
AA=t, 4.36) 


which 1s identicat with the set of orthogonality conditions, Bq. (4.15), written in 
abbreviated form, as can be verified by direct expansion, Similarly, an alternative 
form of the orthogonality conditions can be obtained from Bq, (4.30) by substi- 
tuting (634) 


ety 2 by. 437) 
In symbolic form, (4.37) can be wntten 
AA=t 


and may be derived directly from (4.36) by multiplying it from the left by A and 
from the right by AW! 

A rectangular matrix ss said to be of dimension a x 1 if t has m rows and 2 
columrs; Le., if the matrix element is aj), shen é runs from 1 (0 m, and j from 1 
ton, Clearly the transpose of such a matrix has the dimension n x m. Ifa vector 
column matrix is considered as a rectangular matrix of dimension m x 1, the 
teanspese of a vector is of dimension | x m, Le., a ane-row matrix. The product 
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AB of two reclangular matrices exists only if the number of columns of A is the 
same &s the umber of rows of B, This is an obvious consequence of the definition 
of the moltiplication operation leading to a matria element 


6 = aby. 


From this viewpoint, the product of a vector column matrix with a square matrix 
does not exist. The only product between these quantities that can be formed is 
that of a square matrix with a single colimm matrix, But note that a single row 
tmatrix, he., & vector transpose, can indeed pre-multiply square matrix, For a 
vector, however, the distinction between the column matnx and its transpose is 
often of no consequence. The symbol x may therefore be used to denote either 
a column or 2 row matrix, as the situation warrants. Thus in the expression AX, 
where A is a square matrix, the symbol x stands for a colums matrix, whereas in 
the expression XA it represents the same elements urranged in & single row, Note, 
that tie ith component of AX can be written 3s 


Ant, = Ady 
Hence, we have a useful commutation property of the product of a vector and 
square matrix that 
AK aA 
A square matrix that is the same as its transpose, 
Ay Ap. (438) 


is said (for obvious reavons) fo be symmetric, When the transpose is the negative 
of the originat matrix, 


Ay =-Ay, (439) 


the matrix is ancisymmetric or skew symmetric. Clearly in an antisymmetsic mae 
Arix, the diagonal elements are always zero. 

‘The two interpretations of an operator as transforming the vector, oF aiterna- 
tively the coordinate system, are both involved if we fin the transformation of an 
opertior onder a change of coordinates. Let A be considered an operator acting 
‘pon 2 vector F (or a single-colurmn matrix F) to produce a vector G: 


G= Ar 


Te the coudinute system is transformed by a matrix B, the components of the 
‘vector G in the new sysiem will be given by 
BG = BAF, 


"The tanspose sgn on vector matrices will cocesoclly be retuned where 1s useful fo emphanze 
the dosiocooa between cola and row matrices 
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which can also be written 

‘8G = BAB“ SF. (4.40) 
‘Equation (4.40) can be stated as the operator BAB! acting spon the vector F, 
expressed in the new system, produces the vector G, fikewise expressed in the 
new coordinates. We miay therefore consider BAB™! to be the form taken by the 
‘operator A when transformed to a new set of axes: 


Al = BAB 


aly 


‘Any transformation of s matrix baving the form of Bg, (4.41) is known as a sims 
larity rensformation. 

It is appropriate at thiy point to consider the properties of the determinant 
Jormed from the elements of @ square mairix. As is customary, we shall denote 
such a determinant by vertica bars, thus: {A|. Note that the definition of matrix 
‘muluplication is identical with that for the multiptication of determinants 


(AB = (AS - Bi 4a) 


Since the determinant of the unit matrix ty 1, the determinantal form of the or 
thogonality conditions, Eq. (4.36), can be written 


TAL TAL = 1, 


Farther, ex the value of a determinant is unaffected by interchanging rows and 
columns, we can wate 


IAP = 1 aay 


‘which implies that the determinant of an orthogonal matrix can only be +1 or —1. 
(The geometrical significance of these two values wil! be considered in the next 
section) 

‘When the matrix is not orthogonal, the determinant does sot have these simple 
values, of course. It can be shown however thut the valve of the determinant is 
invariant under « similarity wansformation, Multiplying Eq. (441) for the trans: 
formed matrix from the right by B. we obtain the relation 


AB = BA, 
or in detesminantat form 
1A Bi = BBY IA 
Since the deverminant of B is merely a eumbes, and not zer0,* we can divide by 


"IE were aro, there could be wo mere operator RT? (by Cramer's ale, oes eased for 
Eq. ¢ 41promate seme. 
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1B] on both sides to obtain the desired result: 
IAS = TAL, 


Jn discussing tigid body motion fater. all these properties of matrix transfor- 
mations, especially of orthogonal matrices, will be eroployed. in addition, other 
properties are needed, and they will be derived as the occasion requires, 


‘THE EULER ANGLES: 


We have noted (cf. p. 137) thar the nine elements a, are not suitable as generslized 
coordinates beceuse they are not independent quantities. The six selations that 
‘express the orthogonality conditions, Eas. (4.9) or Eqs. (4 18), of course reduce 
‘the nomber of independent elements to three. But in order to characterize the 
motion of a rigid body, there is an additional requirement the matrix elements 
ust satisfy, beyond those implied by onbogonality. In the previous section we 
pointed out that the determinant of a real orthogonal matrix could have the value. 
+1 or 1. The following argument shows however that an orthogonal matrix 
whose determinant is ~{ cannot representa physical displacement of a rigid body. 
‘Consider the simplest 3 x 3 matrix with the determinant =}: 


“The transformation $ has the effect of changing the sign of each of the components 
‘or coordinate axes (cf. Fig. 4.6). Such an operation transfonns a right-handed 
‘coordinate sysiem into a left-handed one and is known a3 an itoversion of the 
coordinate axes. 

One method of performing an inversion isto rotate ahout a coordinate axis by 
180° and then reBect in that coordinate axis direction. For the z-direction, this 
ives 
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‘in matric notation, this has the form. 


-1 eo offi oe o -1 6 6 
O -10j/0 £ Of} ao -2 0 
@ OFfleo ~1 Oo 0 74 


‘where the 180° rotation is obtained by setting @ = 180° in Eq. (4.17), 

Fromm the nanure of this operation, itis clear that an inversion of a right-handed 
systecn into a left-handed one cannot be accoraplished by any rigid change in the 
prientation of the coordinate axes An inversion therefore never corresponds to & 
physical displacement of « rigid body. Whar is true for the inversion § is equally 
valid for any mattix whose determinant is ~2, for any such matrix can be writ- 
ten as the product of S with & matrix whose determinant is +1, and thus inclades 
‘the inversion operation, Consequently, it cannot describe a rigid change in ort 
‘entation Therefore, the transformations representing rigid body motion must be 
restricted to matrices having the determinant +1. Another method of reaching this 
‘conclusion starts from the fact that the matrix of transformation must evolve com: 
‘inwously from the unit matrix, which of course has the determinant +1. It would 
bbe incompatible with the continuity of the motion to have the matrix determinant 
suddenly change from is initial value +1 to 1 at some givea time. Orthogonal 
transformations with determinant +1 are said to be proper, and those with the 
detertninant ~1 are called improper. 

In order to describe the motion of rigid bodies in the Lagrangian formulation 
‘of mechanics, it will therefore be necessary 0 seek three independent parameters 
that specify the orientation of a rigid body in such a manner that the cocrespond- 
{ing orthogonal matrix of transformation has the determinant +1. Only when sich 
generalized coordinates have been found can we write Lagrangian for ths sys- 
tem and obtain the Lagrangian cquations of motion, A number of such sets of 
parameters have been described in the literature, bul the most common and useful 
are the Euler of Eulerian angles. We shall therefore define these angles at this 
point, and show how the elements of the orthogonal transformation matrix can be 
‘expressed in terms of them. 

‘We can carry out the transformation from a given Cartesian coordinate sys 
tem to agother by mea of disee successive routioms performed in a specific 
sequence. The Buler angles are then defined as the three successive angles of rota- 
tion. Within limits, the choice of rotation angles is arbitrary. The main convention 
that will be followed here is used widely in celestial mechanics, applied mechan. 
ics, and frequently in molecular and solid-state physics. Other conventions will 
be descnbed below and in Appendix A. 

‘The sequence employed here is started by rotating the initial system of axes, 
xyz, by am angle ¢ counterclockwise about the z axis, and the resultant coordinate. 
system is labeled the £7 axes. In the second stage, the intermediate axes, En¢, 
ase roteled about the & axis counterclockwise by an angle @ to produce another in- 
termediate set, the §'7/° axes. The &! axis is af the intersection of the ay and &'7' 
planes and is known as the lize of nodes. Finally, the &’7/t axes are rotated cout- 
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og 


FIGURE 47 The rotauons defining the Eulerian angles, 


terclockwise by an angle y sbout the ¢’ axis 10 produce the desired x'y'2’ system 
of axes. Figure 4.7 illustrates the various stages of the sequence. The Euler angles 
6, @, and ¥ thus completely specify the otientation of the x'p’2! system relative 
to the xyz and can therefore act asthe three needed generalized coordinates, * 

‘The elements of the complete transformation A can be obtained by weting the 
imatcix as the tiple product of the separate etations, cach of which haw a relatively 
simple matrix form. Thus, the initial rotauon about z can be described by a vaatrix 
D: 


g=Dx 
where £ and x stand for cohimm matrices. Similarly, the transformation fram 2¢ 
108'9't! can be described by a matrix C, 


“A wwnmber of runor varatoes wall be found in he biratur cxen sthin his convention The dil. 
lenses ae not very giext, But cy 2 often sfticion ee frustrate easy comprcison of dhe ci formulae, 
sect asthe mat efemeacs. Greaest confusion, perhaps arses fromthe acasional use of Ift-handed 
onde systems 
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es 
and the last rotation to x'y'z’ by a matrix B, 
x=BE. 
Hence, the matrix of the complete transformation, 
x’ = Ax, 
is the product of the successive matrices, 
A=BCD. 
Now the D transformation is @ rotation aboot z, and hence has a matrix of the 
form (cf. Eq. (4.37)) 
cos sing 0 
D=|-sing cose 0}. 43 
0 0 L 
“The € transformation corresponds to a rotation about £, with the matrix 
1 0 06 
C=] 0 cose sind |, (44a 
0 =sind cose 
‘and finally 8 is a rotation about { and therefore has the same forms as D: 
[ cosw sine 0 
Ba|—siny cosy 0]. (4.45) 
o 6 1 


‘The product matrix A = BCD then follows as 
A [Sapo £08 ¥ sind +008 8 cond sin WF met 


unpengs— cond ungcosy sin yang + coadcorgens cory and 
andsing sind con cord 


4.40) 
“The inverse transformation from body coordinates to space axes 
xsAaly’ 
is then given immediately by the transposed matrix A: 
at 


CY Sing HoasPcospsiny —sinvand +eosdcoegeuy —amdooss |, 
sadsind sindeay one 


[SsSeemastes mam Feosg = end singcos ye “ae 
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Verification of the mukiplication, and demonstration that A represents 8 proper, 
‘orthogonal matrix will be deft to the exercises. 

‘Note that the sequence of rotations used to define the final orientation of the 
coordinate system is to some extent arbitrary. The initial rotation could be taken. 
about any of the three Cartesian axes, In the subsequent two rotations, the only 
Timitation is that no two successive rotations can be about the same axis. A total 
of }2 conventions is therefore possible in defining the Buler angles {in a rights 
handed coordinate system). The two most frequently used conventions differ only 
in the choice of axis for the second rotation. In the Buler’s angle definitions de- 
seribed above. and used throughout the book, the second rotation is about the 
intermediate x axis. We will refer to this choice as the x-comvention. In quan- 
tum mechanics, nuclear physics, and particle physics, we often take the second 
defining rotation sbout the intermediate y axis; this form will be denoted ss the 
y-convention. 

A third convention is commonly used in engineering applications relating to 
the orientation of moving vehicles eich at aircraft and satellites: Roth the 2- and 
srconventions fave the drawback that when the primed coordinate systemn is only 
slighty different from the unprimed system, the angles ¢ and y become indistin- 
guishable, as their respective axes of rotation, 2 and 2’ are then nearly coincident, 
‘Fo get around this problem, all three rotations are taken around different axes. 
“The fitst rotation is about the vertical axis and gives the heading or yaw angle, 
‘The second is around a perpendicular axis fixed in the vehicle and normal tothe 
figure axis; itis measured by the pitch or attinude angle. Finally, the third angle 
is one of rotation about the figure axis of the vehicle and is the rol! or bank an- 
gle. Because all three axes are involved in the rotations, i will be designated as 
the xv2-comention (although the order of axes chosen may actually be different), 
‘This last convention is sometimes referred to as the Tait-Bryan angles. 

While only the x-convention wilt be used in the text, for reference purposes 
Appendix A fists formulae involving Buier’s angles, such as rotation matrices, it 
both the y- and xyz-conventions. 


‘THE CAYLEY-KLEIN PARAMETERS AND RELATED QUANTITIES 


‘We have seen that only three independent quantities are needed lo specify the or- 
entation of a rigid body. Nonetheless, there are occasions when it is desirable to 
se sets of variables containing more thao the minimum number of quactities to 
describe a rotation, eves though they are not suitable as generalized coordinates, 
"Thus, Felix Klein introduced the set of four parameters bearing his name tc fa~ 
cilitate the integration of complicated gyroscopic problems The Buler angles are 
difficalt to use in numerical computation because of the targe number of trigeno- 
‘metric functions involved, and the four-parameter representations ate mulch betiet 
adapted for use on computers. Further, the fourparameter sets are of great the- 
retical interest in branches of physics beyond the scope of this book, wherever 
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rotations or rotational symumetry are involved. it therefore sees worthwhile to 
‘briefly describe these parameters, leaving the details to Appendix A. 

‘The four Cayley-Klein parameters are complex numbers denoted by a, 8, ¥, 
and 3 with the constraints that @ = y* and 5 = a. Tn terns of these munbers, 
(he transformation matrix of a rotated body is given by 


ft-+e—p) Lote +P) yhnas 
pitty? pray i? +P ath) ~iopt yd) 
BS -ay itey + 88) 08+ By 


“The matrix A is real in spite of its appearance, as we can see by writing 
am ey ties 
barrie, 


‘where the four real quantities ¢9, ¢),€2, and es are often referred to as the Cayley 
Klein parameters but should be called the Euler parameters to be correct. They 
satisfy the relation 


Gtded+dat. 


A bit of algebraic manipulation then shows that the matsix A can be written in 
terms of the four eal parameters in the form, 


Gtq-G-4 Aeerreney) — ever ~ enea) 
Aeer~eved ref tey~F Aezestepei) |. (4.47) 
Ueres+ ever) — Here ener) G~ ep ~ ef be} 


‘The reality of the matrix elements is now manifest. It can also be easily demon- 
strated that the matrix A in terms of these parameters cannot be put inthe form of 
the inversion transformation §. An examination of the off-diagonal elements and 
eis tranaposes shows that they all vanish only if at feast three of the pararneters 
are zero, We cannot then choose the remaining nonzero pararneter stich that sll 
three of the diagonal elemen's (or only one of them) are ~1. 


EULER'S THEOREM ON THE MOTION OF A RIGID BODY 


“The discussions of the previous sections provide a complete mathematical tech- 
‘sigue for describing the motions of a rigid body. At any instant, the osientation of 
the body can be specified by an orthogonal transformation, the elements af which 
may be expressed in terms of some suitable set of parameters, Astime progresses, 
the orientation will change, and hence the matrix of transformation willbe a func 


156 


Chapter 4 The Kinematics of Rigid Body Motion 


tion of time and may be written A(2). Ifthe body axes are chosen coincident with 
the space axes at the tme ¢ = 0, then the transformation is initially simply the 
identity transformation: 


AQ) = 1, 


Axany later time, A(t) will in general differ from the identity transformation, but 
since the physical motion must be continuous, A(t} must be a continuous function 
of time. The transformation may thus be said to evolve continuously from the 
identity ransformation. 

‘With this method of describing the motion, and using only the mathemation! 
‘apparatus already introduced, we are now in a position to obtain the important 
charzcteristics of rigid body motion. Of basic importance 


Euler's Theorem The general displacement of a rigid body with one 
‘Point fred is @ rotatian about some axis. 


‘The theorem means that for every such rotation it is always possible to find an 
axis though the fixed point oriented at particular polar angles @ and g such that 
4 rotation by the particular angle y about this axis duplicates the general rota~ 
tion, Thus, three parameters (angles) characterize the general rotation. It {¢ also 
possible to find three Euler angles to produce the same rotation, 

If the fixed posnt (not necessarily at the center of mass ot the obyect) 18 taken 
the origin of the body set of axes, then the displacement of the rigid body 
involves no translation of the body axes; the only change is in orientation, The 
theorein then states thst the body set of axes at any time ¢ can always be obtained 
‘oy a single rotstion of the initial set of axes (taken a8 coincident with the space 
set) Ip other words, the operation implied inthe matrix A describing the physical 
‘mouon of the nigid body is a ratation. Now itis characteristic of a rotation that one 
direction, namely, the exis of rotation, is left unaffected by the operation, Thus, 
any vector lying along the axis of rotation must have the same components én both 
the initial and final axes. 

‘The other necessary condition for a rotation, that the magnitude of the vectors 
be unaffected, is automatically provided by the orthogonality conditions. Hence. 
Euler's theorem will be proven if it can be shown that there exists a vector R hav. 
ing the same components in both systems. Using matrix notation for the vector, 


R=AR=R. 4.48) 
Equation (4.48) constimtes a special case of the more general equation: 
RAR AR, 4.49) 


where 2 is some constant, which may be complex, The values of A for which 
Eq. (4.49) is soluble are known 2s the characteristic values, or eigenvalues." of 


‘Tos ees dense tom the Gemma Ligemwere emily “proper values” 
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the matrix, Since equations of the form of (4.49) are of general interest and will be 
used in Chapter 6, we shall exemine Bg. (4.49) and then specialize the discussion 
10 Bq, (4.48). 

The problem of finding vectors that satisfy Bg. (4.49) is therefore called the 
eigenvalue problem Sor the given matrix, and Eq, (4.49) itself is referred to as the 
eigenvalue equation. Comespondingly, the vector solutions are the eigenvectors 
of A. Euler's theorem can now be restated in the following tanguage: 


The real orthogonal matrix specifying the physical motion of a rigid 
body with one point fixed abways has the eigenvalue +1 


‘The eigenvalue equatiors (4.9) may be written 


(A~20R = 6, 4.50) 
or, in expnded form, 

(an ~ HX tan¥ -ayZ =O 

ayX + (an ~ AY ~ a2 =O 43) 


aX +an¥ + (33 ~ NZ =O, 


Equations (4.51) comprise a set of three homogeneous simpltaneous equations for 
the components X, ¥, Z of the eigenvector R. As such, they can never furnish def- 
inite values for the three components, but only ratios of components. Physically, 
this corresponds to the circumstance that onl the direction of the eigenvector can 
bbe fixed; the magnitude reraains undetermined. The product of a constant with an 
eigenvector is also an eigenvector. In any case, being homogeneous, Bags. (4.51) 
can have a nontrivial olution only when the determinant of the coefficients va 
ishes. 


ayy a a3 
Anatl=| an en-a op 
ay ay 


4.52) 


Equation (4.52) is known as the characteristic ot secular equation of the matrix, 
and the values of 2 for which the equation is satisfied are the desired eigenvalues. 
Enler’s theorem reduces to the statement that, for the real orthogonal matrices 
under consideration, the secular equation must have the root 2 = +1. 

Jn general, the secular equation will have three roots with three comesponding 
‘sigonvectors. For convenience, the notation X}, X2, X3 will often be wed instead 
of X, ¥. Z, In such # notation, the components of the eigenvectors might be 
Jabeled as it, the first subscript indicating the particular comportent, the second 
denoting which of the three eigenvectors in involved. A typical member of the 
‘group of Eqs. (4.51) woukt then be written (with explicit summation) as, 


Woy Xp = aXe 
7 
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or, skernatively. as 


Laka = Fx seas (4.53) 
7 7 


‘Both sides of Eq. (4.53) then have the form of a matrix product element; the feft 
side a8 the product of A with a matrix X having the elements X 4, the right side 
as the product of X with a matrix whose jth element is 6,.Ax. The last matrix is 
iagonal, and its diagonal elements are the eigenvalues of A. We shall therefore 


designate the matrix by A: 
an 08 0 
Az[O a Of. (454) 


0 0 & 
Equation (4.53) thas implies the matrix equation 
AX = XA, 
‘of, multiplying froma the left by X~!, 
XTAX @ AL (4.35) 


‘Now, the tet side is in the form of a similarity transformation operating on A. (We 
hhave only to denote X"! by the symbol ¥ to reduce it to the form Eq, (4.41),) Thus, 
Eq, (4.55) provides the following alternative approach to the eigenvalue problema: 
“We seek to diagonalize A by a similarity transformation, Each column of the ma- 
trix used to carry out the similarity transformation consists of the components of 
an vigenvoctut. The elewents uf the diugonulied form of A ute die conesponding 
eigenvalues. 

__ Euler's theorent can be proven directly by using the orthogonality property of 
A. Consider the expression 


A-pAst-A. 


‘Tf we take the determinant of the matrices forming both sides (cf. Eq. (4.41')}, we 
‘can write the equality 
IA TAL = ft ~ Aj, 44,56) 
‘Te describe the motion of a rigid body, the matrix A(?) must correspond to a 
proper rotation; therefore the determinant of A, and of its trauspose, must be +4. 
Farther, since in general the determinant of the transpose of a matrix is the samme 
as that of the matrix, the transpose signs in Bq. (4.56) can be removed: 


IA~ T= 1t~ AL @sn 
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Equation (4.57) says that the determinant of s particular matrix is the samme as the 
determinant of the negative of the matrix. Suppose B is some n x n mattix. Then 
iL is a well-known propery of determinants that 


| (81. 


Since we are working in 3 three-dimensional space (x = 3), it is clear that 
Eq. (4.57) can hold for any arbitrary peoper mation only if 


1A~4]=0. (458) 


Comparing Ba. (4.58) with the secular equation (4.52), we ean see that one of the 
eigenvalues satisfying Eq. (4.52) must always be A = +1, which is the desired 
result of Euter's theorem. 

‘Note bow the proof of Euler’s theorem emphasizes the importance of the mum= 
ber of dimensions in the space considered. In spaces with an even number of 
dimensions, Eq, (4.57) is an identity for all matrices and Buler’s theorem doesn’t 
hold. Thus, fortwo dimensions there is no vector in the space that i lft unaltered 
by a rotation—the axis of rotation is perpendicular to the plane and therefore out 
of the space. 

11 is now a simple matter to determine the properties of the other elgenvalucs 
in three dimensions. Designate the +1 eigenvalue as 45. The determinant of any 
matrix is unaffected by a similarity transformation (ef. Section 4.3). Hence, by 
Eqs. (4.54) and (4.55) and the properties of A as a proper rotaticn, 


IAl = Agads @ Aya = 


(4.59) 


Further, since A is a seal matrix, then if 4 a sohution of the secular equa- 
tion (4,52), the complex conjugate A* must also be a solution, 

If a given eigenvalue A, is complex, then the corresponding eigenvector, Rj, 
that satisfies Bg. (4.59) will in general also be complex. We have not previously 
deals with the properties of complex vectors under (real) orthogona} transforma- 
tons, and thete ate yore modifications to previous definitions. The square of the 
Tength or magnitude of a complex vector R is RR’, or in matrix notation RR*, 
‘where the transpose sign on the left-hand vector indicates it is represented by a 
row matrix Under a teal orthogonal transformation, the square of the magnitude 
is invariant 


RR = (ARAR® = RAAR® = RR’. 


Suppose now that R is a complex eigenvector corresponding to a complex eigen 
value A. Hence, by Eq. (4.49), we have 


RR = ARR, 
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which leads to the conclusion that aif eigenvalues have unit magninude: 
wel (6.60) 


From these propertics it may be conchided that there axe throe possible dtr. 
butions of exgenvalus. if al of the eigenvalues are seal. then only two situations 
ace possible: 


1. All eigenvahues are +1. The transformation matrix is then just 1, 4 case we 
‘may justly call trivial. 

2. One exgenvatue 1s +1 and the other two are both ~1. Such a transformation 
may be characterized as an inversion in two coordinate axes with the (bird 
unchanged, Equally itis a rotation through the angle 2 about the direction 
of the unchanged axis. 


Jfnotall of the eigenvalues are real, there is only one additional possibility: 


3. One eigenvalue :s +41, and the other two are complex conjugates of each 
‘other of the form e'® and e~*®. 


‘A more complete statement of Buley’s theorem thus is that any nontrivial reat 
orthogonal matrix las one, and onty one, eigenvalue +1. 

‘The direction cosines of the axis of roration can then be obtained by vetting 
A. = fam the eigenvalue equations (4.51) and solving for X, Y, and Z.* The 
angle of rotation can likewise be obtained without difficulty. By means of some 
simmiaity transformation, itis always possible to transtarm the matrix A to a 
system of coordinates where the z axis ties along the axis of rotation, Jn such & 
system of coordinates, A’ represents a retation about the z axis through an angle 
, and therefore has the form 


cos sin 0 
N=|-sind cose 0]. 
0 94 
"The trace of A’ is simply 
142c08o, 
Since the trace is always invariant under a similarity transformation, the trace of 
‘A with respect to any initial coordinate system must have the same form, 
TA = ay = 1 +2c0s 6, 461) 
68 tre are ripe rots to the veces equation. Gen the coresponding cipeovecors cannot be 
foundas simply ct Sections 54 aod 62) lndeed, ts not always possible to completely dagooahze 
«2 gecerl mazin if the eqgenalses ave not ai dstner These exceptions ae of oo mmportance for He 


‘prsena considerations. 95 Exler's theorem shows hat tor ol nontrivial erthogoual matrices 41 Js & 
Single root 
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which gives the value of © in terms of the matrix elements. The rotation angle ® 
is to be slentified also with the phase angle of the conaplex eigenvalues A, a8 the 
sam of the eigenvaiues is just the trace of A in its diagonal form, Bq. (4.54). By 
Eoler's theorem and the properties of the eigenvalues, this sum ix 


TA=S A Hit eP pe? xt 2eosd, 


‘We see that the situations in which the eigenvatoes are all real are actually spectal 
cases of A having complex eigenvalues. Allthe A, = +1 conesponds to a rotation 
angle & = 0 (the identity tansformation), while the case with a double eigenvalue. 
1 corresponds to = sr, as previously noted. 

‘The prescriptions for the direction of the rotation axis and for the rotation angle 
are not unambiguous, Cleacly if R is an eigenvector, so is —-R; hence the sense of 
the direction of the rotation axis is not specified. Further, —@ satisfies Eg, (4.61) 
‘if © does. Indeed, itis clear thet the eigeavalue solution does not uniquely fix 
the orthogonal iranstormation mstnx A. From the determunantat secular equa 
tion (4.52), it follows that the inverse matrix A~! = A has the same eigenvalues 
and eigenvectors as A. However, the ambiguities can at least be ameliorated by 
assigning © to A and ~® to A~!, and fixing the sense of the axes of mtation by 
the right-hand screw rule. 

Finally, note should be made of an immediate corollary of Euler’s theorem, 
sometimes called 


Chasles’ Theorem: The most general displacement of a rigid body is 
4 transtation plus @ rotation. 


Detailed proof is hardly necessary. Simply stated, removing the constraint of mo- 
tion with one point fixed introduces three translatory degrees of freedom for the 
origin of the body system of axes.* 


4.7 M1 FINITE ROTATIONS 


‘The relative orientation of two Cartesian coordinate systems with common ori- 
ain has been described by various representations, including the three successive 
Euler angles of rotation that transform: one coordinate system to the other, Ln the 
previous section it was shown that the coordinate transformation can be carried 
through by « single rotation about a suitable direction. It is therefore natural to 
seck a representation of the coordinate transformation in terms of the parame 
*M Chases (6293-1881) sho proved 2 soonger form of dhe shearer, nasnely that af posible 2 
choose the origin ofthe body st of conctintes 40 thai tansation sath me direction asthe 
\wis of ration. Such a combination of ramation end cotaton called» screw motion 

"Thi ormatism has seme we mcrystablograie stasis of crystals Wath aScrew AUIS oF SYEIOENY, 


‘ucts syumctry produces strange optical properties. Aside from thet applicston, there seems 10 Se 
lide peeseut ase far ahs version of Chasie’ theorem, noe forthe elaborate mathematics f screw 


motions developed in the aineenth cenary. 
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{1s of the rotation—the angle of cotation and the direction cosines of the axis of 
sotation, 

With the help of some simple vector algebra, we can derive such 2 represen- 
tation For this purpose, it is convenient to treat the transformation in its active 
sense, Le., as one that rotates the vector in @ fixed coordinate system (of. Sec- 
tion 42 }. Recall that « counterclockwise rotation of the coordinate system then 
appears as 2 clockwise rotation of the vector. In Fig. 4.8(a) the initial position of 
the vector r is denoted by OP and the final position x’ by OO, while the unit 
vector along the axis of rotation is denoted by n. The distance between Q and N 
has the magnitude m- r, 30 that the vector OW can be wotten 93 a(n - x), Fig- 
ture 4.8(b) sketches the vectors in the plane normal to the axis of rotation. The 
vector N’P can be described also as r— n(n. -£), but its magnitude is the same as 
that of the vectors NG and r xn. To obtamn the desired relation between F’ and £, 
‘we construct r as the sum of three vectors: 


ve ON 4 NVA VD 


or 
V=ainer) + (r= min njcos? + (tx a) sind, 
A slight rearrangement of terms leads to the final result: 
¥ = rcos + nin F(1 cos &) + (rx m)sin ® (4.62) 
Equation (4.62) will be referred to as the rotation formula, Note that Eq. (4.62) 
holds for any rotation, so matter what its magnitude, and thus is a finite-rotation 


version (in a clockwise sense) of the description given in Section 2.6, for the 
change of a vector under infinitesimal rotation (cf aise Section 4 8) 


(3 The plano normal to 
(Overal nex the anis of rotation 


FIGURE 48 Yector diagrams for Secwatson of the rotation formals. 
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‘his straightforward to express the rotation angle, ©, in terms of the Baler ane 
sles. Equation (4.61) gives the trace of the rotation matrix in the plane perpendic- 
ular to the axis of rotation. Since the trace of a matrix is invariant, this expression 
must equal the trace of A ss given in Eq (4.46) If we use this equality, add one (1) 
to both sides, and use trigonometric identities, we get an equation whose squire 
root is 


4.8 M INFINITESIMAL ROTATIONS: 


In the previous sections various matrices have been associated with the descrip- 
tion of the rigid body orientation, However, the number of matrix elements has 
always been larger than the nuraber of independent variables, and various sub: 
sidiary conditions have had to be tagged on. Now that we have esteblished that 
any given orientation can be obtained by a single rotation about some axis, itis 
tempting to try to associate a vector, characterized by three independent quanti- 
‘ies, with the finite displacement ot @ rigid body about a fixed point. Certainly a 
direction suggests itself cbviously-—that of the axis of rotation—~and any function 
of the rotation angie would seem suitable as the magnitude. But it soon becomet 
evident that such a correspondence cannot be made successfully. Suppose A and 
Bare two such “vectors” associated with transformations A and B. Then to qualify 
as vectors they must be commutative in addition: 


A+B=BrAa. 


‘Bat the addition of two rotations, ic, one rotation performed after another, it hay 
been seen, comresponds to the product AB of the two niatrices. However, matrix 
rouitiplication is not commutative, AB # BA, and hence A, B are not commtuta- 
tive in addition and camnot be accepted ax vectors. This concluston, that the sunt 
Of finite rotations depends upon the order of the rotations, is strikingly demon- 
strated by a simple experiment. This, Fig. 49 ilusirates the sequence of events 
in rotating a block first through 90° about the 2’ axis fixed in the block, and then 
90° about the ¥' axis, white Fig. 4.10 presents the same sotations in reverse order. 
‘The final position is markedly different in the two sequences, 

‘While a finite rotation thus cannot be represented by a suigle vector, the sabe 
objections do not hold if only infinitesimal rotations are considered. An infinites- 
imal rotation is an orthogonal transformation of coordinate axes in which the 
components of a vector are almost the same in both sets of anesthe change 
is infinitesimal. Thus, the x; component of some vector r (on the passive interpre. 
tation of the transformation} would be practically the same as x1, the difference. 


164 Chapier 4 The Kinematics of Rigid Body Mation 


ca # 


(2) Vectcl position @) Rotated 90" about of (o) Rotated 90" sot 
termediate 9 


FIGURE 49 The effect of two sotatons performed ina gwen ards. 


(2) Veal poston () Rotated 90° aboot y 2} Rotated 90 about 
mtermediate 2” 


FIGURE4.10 The mo rotations shown w Fig. 4.9, but performed in reverse onder. 


being extremely smal: 
xj =m tenn tea +eisay (464) 
‘The matrix elements €1}, €12, 8c, are to be considered as infinitesimals, so that in 
subsequent calculations only the first nonvanishing order in ¢, need be recained, 
For any general component x/, the equations of infinitesimal transformation can 
be written as 
ahem tey%, 
oF 
X= By He y)ty. 4.65) 


‘The quantity 5,, will be recognized as the clement of the unit matrix, and 
‘Eq. (4.65) appears in matsix notation as 


Kater. (4.66) 
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Equation (4.66) states that the typical form for the matrix of an infinitesimal tans 
formation is 1 + e: ic. iti almost the idemtty transformation, differing at most 
by an infinitesimal operator. 

It can now be seer that the sequence of operations is unimportant for infinites- 
imal traasformations; in other words, they commute. I T+, and 1 +2 are Ko 
infinitesimal transformations, then one af the possible products is 


tatit+e=Praltiaran 
=ltete, (4.67) 
neglecting higher-order infinitesimals. The product in severse order merely inter- 
changes e; and 2; this has no effect on the result, as matrix addition is always 
commutative, The commutative property of infinitesimal tansformstions aver- 


comes the objection to their representation by vectors. For example, the rotation 
‘matrix (4.46) for infinitessmal Euler rotation angles is given by 


1 (ag+dy) 0 
A=| -(¢+dy) i de 
o dé 4 


AQ = id? +k(dd + dv), 
‘where 4 and k are the unit vectors in the x- and z-directions, respectively, 
‘The mverse matrix for an infinitesimal trunstormation is readily obtained. tf 
A= 1+ e isthe matrix of the transformation, then the inverse is 
Ateine (4.68) 
As proof, note that the product AA! reduces to the unit matrix, 
A= At O0~O=1 
in agreement with the definition for the inverse matrix, Bq (432) Further, the 


‘orthogonality of A implies that A = (1 + @) must be equal to A~! as given by 
Eq, (4.68). Hence, the infinitesimal matrix is antisymmetric® (ef. Bg. (4.39)): 


~« 


Since the diagonal elements of an antisymmetric matrix are necessarily zero, 
there can be only three distinct elements in any 3 x3 antisymmetric matrix. Hence, 


En the secon we have aseumed implicitly dot an afietcenmal erhogonal transformation com! 
sponds to tomton_ isa sense ths assump 1 obvious: Ws “infernal everson” 12 conta 
‘ion w cers. Farmally. tbe vatement follows fom the antisymmelty of € AH the dhagooalcloments 
(OF + te then uoiy, and to ft cede i small quantities, tbe determinant ofthe tanstoomation is 
sisays + which she mark of a prope ctation, 
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there is no loss of generality in writing e ia the form 


OQ  dQs —d& 
dQ, & AM 69) 


dQ -~d% 8 


‘The three quantities dQ, 4%, dQ are clearly to be identified with the three 
independent parameters specifying the rotation. We will now show that these three 
(quantities elso form the composents of a particular kind of vector. By Bq. (4.66) 
the change in the components of & vector under the infinitesimal trancformation 
of the coordinate system can be expressed by the matrix equation 


v-rmdr =er, (4.703 
‘which in expanded form, with « given by (4.69), becomes 


dxy = yd — x30, 
dxz = x40) ~ 4d} amy 
xy = yd ~ dQ). 


‘The right-hand side of each of Eqs. (4.71) is in the form of a component of the 
cross product of two vectors, namely, the cross product of with a vector dQ hay- 
ing components* dj, d&%z, dQs, We can therefore write Eq, (4.71) equivalently 
as 


drerxda. (4.72) 


‘The vector r transforms under an orthogonal matrix B according to the relations 
(ef. Eq. 4.20) 


af = yxy. (4.73) 


Af dQ is to be a vector in the same sense a5 r,t must transform under B in the 
same way. As we shall see, dQ passes most of this test for a vector, although in 
‘one respect it fails to make the grade. One way of examining the transformation 
properties of dQ is to find how the matrix ¢ transforms under a coordinate trans- 
Formation, As was shown in Section 4.3, the transformed matrix e is obtained by 
a similarity transformation: 


= Be 


‘tecanoot be emphasized too srongly that 0s not the diferente of a vector. The combanation dD 
wands for 2 dtorenual vecter, that, a vector oF differential magic, Unforunately, notations] 
‘conveation results in havang the vector characterehe apphed only 19 2, bu et should be clear tothe 
reader there ig no vector of which dA represents 3 differential. AS ve ho seen, x nit xotaton 
‘connor be represented by a ingle vector 
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‘As the antisymmetry property of a matrix is preserved under an orthogonal simi- 
larity transformation (see Derivation 3), ¢' can also be put in the form of Eq. (4.69) 
with nonvanishing elements df. A detailed study of these elements shows that 
€ transforms under the similarity transformation such thet 


40 = 1Bib,d2;. (474) 


‘The transformation of dQ is thus almost the same as for r, but differs by the factor 
{1B}, the determinant of the transformation matrix. 

“There is however a simpler way to uncover the vector characteristics of 4®, 
and mdeed to verity sts transformation properties as given by kg. (4.74). In the 
previous section a vector formula was derived for the change in the components 
of r under a finite rotation of the coordinate system. By letting go to the 
‘Yimit of an infinitesimal angle 4, the comesponding formula for an infinitesimal 
rotation can be obtained. In this limit, cos © in Eq. (4.62) approaches unity, and 
sin © goes to ; the resultant expression for the infinitesimal change inv is then 


voredrarxnad®, (4.78) 


‘Comparison with Bq, (4.72) indicates that dM is indeed a vector and ix determined 
by 


dQ mando. (4.76) 


Equation (4.75) can of course be derived directly without recourse to the finite 
rotation formula. Considered in its active sense, the infinitesimal coordinate trns- 
formation corresponds to 4 rotation of a vector r clockwise through an angle d@ 
about ihe axis of rotation, a sitoation that is depicted in Fig. 4.11." The magnitude 
of de, to first order in 44 is, from the figure, 


dr =rsinod, 


and the direction dr is, in this limit, perpendicular to both r and dQ = nd, 
Finally, the sense of dr is in the direction a right-hand screw advances as t is 
tumed into dQ. Figure 4.11 thus shows that in magnitude. direction, and sense dr 
js the same as that predicted by Ba. (4.75). 

‘The transformation properties of d&2, as defined by Eq, (4.76), are stilt to be 
discussed. As is well known from clemeniaty yector algebra, thete are two kinds 
‘of vectors i regard to transformation properties under an inversion. Vectors that 
transform according to Bq. (4.72) are known as polar veetors, Under a threc- 


“10 0 
S=] @ -1 6 
Oo Oo -1 


“Figare 4.13 5 the clockwise zotation vernon of Fig 28, 
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FIGURE 414 Change in a vector praduced by a int 
vector, 


whose components are 
$y = By 


all components of a polar vector change sign. 

‘On the other hand, the components of axial vectors ot pseudovectors do not 
change sign under inversion. The simplest example of an axial vector is a cross 
product of two polar vectors, 


WeDxF, 


where the components of the cross product are given, as customary, by the defini- 
Hons: 


VI—DyTe~F)De- 5, j,k in cyctic order arn 


‘The components of D and F change sign under inversion; hence those of C do net. 
Many familiar physical quantities are axial vectors, such as the angular momnen- 
tum L = r x p, and the magnetic field intensity. The transformation law for an 
axial vector is of the form of Bg. (4.74). For proper orthogonal transformations, 
axiat and polar vectors are indistinguishablc, but for improper trasisformations, 
i.e, involving inversion, the determinant [V*] is ~ 1, and the two types of vectors 
behave differently. 

Another way to explain this property isto define a patity operator P. The oper 
ator P performs the invession x > —x,y > ~y, 2» ~z. Then if § is scalar. V 
a polar vector, and V* an axial vector, 
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and, obviously, 


PEV- V") = -(V- V"). 


Thus, V+ V* is @ pseudoscalar S* with the property PS* 
P(SS*) = —S5*, P(SV) =x ~SV, P(SV#) 

‘On the passive interpretation of the teansformation, it is easy to see why po- 
Jar veetors behave as they do under inversion. The vector remains unaffected by 
the transformation, but the coordinate axes, and therefore the components, change 
sign. What then is different for an axial vector? It appears that an axial vector a= 
ways carries with it a “handedness” convention, as implied, e.g., by the definition, 
Bq. (4.77), ofa cross product. Under inversion a right-handed caondinate system 
changes to a left-handed system, and the cyclic order requirement of Eq, (4.77) 
immpties a similar change from the sight-haad screw convention to a left-hand con 
‘vention. Hence, even on the passive interpretation, there is an actual change in the 
direction of the cross product upon inversion. 

It is clear now why dQ transforms as an axial vector according to Eq, (4.74). 
Aigebraically, we see that since both r and dr in Eq, (4.75) are polar vectors, then 
1, and therefore 2, must be axial vectors. Geometrically, the inversion of the 
‘coordinates corresponds to the switch from a right-hand screw law to a teftshand 
serew to define the sense of m. 

‘The discussion of the cross product provides an opportunity to introduce a 
notation that will be most useful on fuse occasions. The permutation symbot 
or Levi-Civita density* é,yx is defined to be zero if any two of the indices (jk 
are equal, and otherwise either +1 or ~f according as iyk is an even oF odd 
permutation of 1, 2, 3. Thus, in terms of the permutation symbol, Bg, 4.77) for 
the components of a cross product can be written 


5" and of couse 


CG, = 64D Fe, 477) 


‘where the usual surumation convention has been employed. 

‘The descriptions of rotation presented so far in this chapter have been devel- 
oped so that we can represent the orientaton of a rigid body. Note that the trans 
formations primarily involve rotation of the coordinate system (cf. Fig, 4.128). 
‘The corresponding “active” interpretation of rotation of a vector in a fixed co~ 
ordinate system therefore implies a rotation in the opposite direction, i. in a 
clockwise sense. But there are many areas of mechanics, or of physics in general 
for that matter, where we are concemed with the effects of rotating the physical 
system and associated vectors (cf. Fig. 4.125). The connection between invariance 
of the system under rotstion and conservation of angular momentum has already 


“Also known interebangesbly 2 the aliematneg tensor ot ixtrople tensor of rath 3. 
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FIGURE 4.12 (2) Transformation from the coordinate system (x, y, 2) a new coor- 
dinate system (x, y‘.2’). By convention, this transformation fs considered positive mm the 
clockwise sense, We refer to tis as a passive transformation. (b) The rotation of a body 
though an angle ©. By convention, the rotslon is postive in a counterclockwise sense, 
Before the rotation, the coerdinates of points of the body were given by (x, », 2) after the 
rotation, they are given by (x, ¥’,2'). This is called sa active transformation besarte the 
physical body moves. 


‘been pointed out (cf, Section 2.6). In such applications it is necessary to consider 

the consequences of rotation of vectors in the usual counterclockwise sense, Por 

reference purposes. a number of rotation formulae given above wil be listed here, 

but for counterclockwise rotation of vectors. Al! equations and statements from 

here t0 the end of this section apply only for such counterclockwise rotations, 
‘The rotation formula, Eq. (4.62), becomes 


¥ = ros @ + n(a -1)1 — cosh) + (ax r}sind, (4.62) 
and the corresponding intuutesimal rotation, Bq. (4.75), appears as 
dy =d xr (nx Hdd = (rx wd, 4.18) 


‘The antisymmetric matiix of the infinitesiniat rotation, Eq. (4.69), becomes. 
0 -d2; dm 0 =m nz 
«=| dQy OB -d& p=] 1 0 ny [db (4.69') 
dy dy 0 =m omy 8 


where n, are the components of the unit vector i along the axis of rotation. Letting 
dir stacd for the infinitesimal change r’ — r, Eq, (4.66) can then take the form of 
‘a matrix differential equation with respect w the rotation angle: 
ds 
ad 
where N is the transpose of the matria on right in Eq. (4.69) with elements Ni, = 
Eayhhe. 


Nr. (4.78) 
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‘Another useful representation is to write € in Eq, (4.69")as 
ean Mdd 


where M, are the three matrices: 
00 OT oon 

Mi=]O 9-1), M=] 00 9], Me= 
a1 6 100 


‘The matrices M, are known as the infinitesimal rotation generators and have the 
property thet their products are 


MM, ~My My == [M, Mj] = 6kM&. 480) 


“The difference between the two matrix products, or compuutator, i algo called the 
Lie bracker or M,, snd Eq. (4.80) defines the Lie algebra of the rotation group 
parametrized in terms of the rotation angle. To go further into the group theary of 
rotation would take us to far afield, but we shat! have occasion to refer to these 
propenies ofthe rotation operation. (cf. Section 9.5 and Appendix B) 


(479) 


RATE OF CHANGE OF A VECTOR 


‘The concept of at infinitesimal rotation provides a powerful tool for describing 
the motion of a rigid body in time. Let us consider some arbitrary vector or pseu 
dovector G involved in the mechanical problem, such as the position vector of a 
point in the body. or the totat angular momentum. Usually such a vector will vary 
in fime as the body moves, but the change wifl often depend upon the coordinate 
system fo which the observations are referred. For exarnple, if the vector happens 
to be the radius vector from the origin of the body set of axes to a point in the rigid 
body, then clearly such a vector appears constant when measured by the body set 
of axes. However, to an observer fixed in the space set of axes, the components 
of the veetor (as measured on the space axes) will vary in time if the body is in 
motion. 

‘The change mn a time dr of the components of a general vector Gas seen by an 
observer in the body system of axes will dfer from the comesponding change as 
seen by an observer i the space system. A relation between the two differemia} 
changes in G can be denved on the basis of physical arguments. We can write that 
the only difference between the two is the effect of rotation of the body axes 


EG) space = (dC Pooay + (Gra. 


Now consider a vector fixed in the rigid body. As the body rotates, there is of 
course no change in the components of this vector as seen by the body observer, 
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i.e. relative to body axes. The onty contribution to (dG)space is then the effect of 
the rotation of the Body. But since the vector is fixed in the body system, if rotates 
‘with it counterclockwise, and the change in the vector as observed in space is that 
given by Eg. (4.75), and hence (¢G)rer is given by 


(€G)x = 2 x G, 


For an arbitrary vector, the change relative to the space axes is the surn of the 1wo 
effects: 


(dG)pace = (2@)rady 4M x G. 481) 


‘The time rate of change of the vector G as seen by the two observers is then 
obtained by dividing the terms in Eq. (4.81) by the differential time element dt 
under consideration; 


‘de dG " 
(2) _=(2)_ tors ny 


‘Here w is the instantaneous angular velocity of the body defined by the retation* 
di = dQ, (4.83) 


‘The vector @ fies along the axis of the infinitesimal rotation occuring berween + 
and ¢-+-dt, a direction known as the instantaneous axis of tation, In magnitude, 
4 measares the instantancous rate of rotation of the body. 

‘A more formal derivation of the basic Eq. (4.82) can be given in terms of the 
‘orthogonal matrix of transformation between the space and hody coordinates. The 
component of G along the ith space axis is related to the components akong the 
body axes: 


6, 28,0) = ay". 
As the body moves in time, the components G’, will change as will the elements. 
ay of the transformation matrix. Hence, the change in G, in a differential ime 


element de is 


4G, = 4,4G,, + dayG,, (aay 


tis no loss of generality to take the soace and body axes as instantaneously 
coincident at the time 1. Components in the two systems will then be the same 
instantaneously, but differentials will not be the seme, since the two systems are 
moving relative to each other. Thus, G = G, but a,dG, = 46}, the prime 
emphasizing the differential is measured in the body axis systema. The change in 
the matrix A in the time dt is thus a change from the anit matrix and therefore 


Note dato 5 nv the deena of ny vector, 
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corresponds to the matrix ¢ of the infinitesimal rotation, Hence, 
day, = Gy = Ey. 


using the antisymmetry property of . In tesms of the permutation symbol «2, 
the elements of € are such that (cf. Eq. (4.69)) 


~5d% 


~ 


yD. 
Equation (4.84) can now be weitten 
4G, = dG) +64 AMG. 


‘The test teren on the right will be cecogn.zed as the expression for the ith com- 
ponent of a cross product, so thet the final expression for the relation between 
differentials in the (wo systems is 


dG, = dG, + (dQ x G),, (4.85) 


which is the same as the ith component of Ea. (4.81). 

‘Equation (4.81) is not so much an equation about # particular vector G as itis a 
statement ofthe transformation of the time derivative between the two coordinate 
systems The arbitrary nature of die vevtus G sade use of in the desivation can be 
emphasized by writing Eq. (4.82) as an operator equation acting on some given 


one 
(4) -(2) +06. «a 


Here the subscripts s and r indicate the time derivatives observed in the space 
‘and body (rotating) system of axes, respectively. The reltant vector equation 
an then of course be resolved along any desived set of axes, fixed or moving. But 
again note that the time rate of change is only relative to the specified coordinate 
system. When 4 time derivative of 2 vector is with respect to one coordinate sys- 
tem, components may be taken along another set of coordinate axes only after the 
differentiation has been carried out. 

It is often convenient to express the angular velocity vector in terms of the Eu- 
ler angles and their time derivatives. The general infinitesimal rotation associated 
‘with @ can be considered as consisting of three successive infinitesimal rotations 
‘with angular velocities ug = $. we = 8, wy = ¥. In consequence of the vector 
property of infinitesimal rotations. the vector ae can be obtained as the sum ofthe 
three separate angular velocity vectors. Unfortunately, the directions ay, cag, tard 
coy are not symmetrically placed: eg is along the space z axis, ag is along the 
fine of nodes, while ang alone is along the body z' axis, However, the orthogonal 
transformations B. C, D of Section 4.4 may be used to furnish the components of 
there vectors along any desired set of axes. 
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‘The body set of axes proves most usefil for discussing the equations of motion, 
and we shall therefore obtain the components of « for such a coordinate system, 
‘Since aag is parallel to the space z axis, its components along the body axes are 
iven by applying the complete orthogonal transformation A = BCD, Eg. (4.46): 

(cop) =GsinGsing, (yy =bsindcosy, (wy) = bcos. 
Note that ¢ has the projection ¢ sin @ in the x’, y’ plane, and itis perpendicular to 
the line of nodes. 

‘The line of nodes, which is the direction of eay, coincides with the & axis, s0 
that the components of erp With respect fo the body axes are furmshed by applying 
‘only the Snal orthogonal transformation B, Eq, (4.45): 


Kao) = Booey, — {eo)y = Asin, tego, 


‘No transformation is necessary for the components of axy, which ties along the 2! 
axis, Adding these components of the separate angular votocitios, the components 
of oo with respect to the body axes are 

dg = Ging sin y + 6008 + 

toy = bsind cory ~ Osiny 

we ~ bc088 +¥. (431) 


Similar techniques may be used to express the components of « along the spice 
set of axes in terms of the Euler angles. 


4.10 I THE CORIOLIS EFFECT 


Equation (4.86) isthe basic kinematical faw vpon which the dynamical equations 
of motion for a rigid body are founded. But its validity is not restricted solely to 
sigid body motion. i may be used whenever we wish to discuss the motion of a 
particle, of system of particles, relative to a rotating coordinate system, 

A particularly imporiant probiem in this later category is the deseription of 
pasticle motion relative to coordinate axes rotating with Earth, Recall that in See- 
tion 1.1 an inertial system was defined as one in which Newton's laws of motion 
are valid, For many purposes, a system of coordinates fixed in the rotating Barth 
isa sufficient approximation to an inertial system. However, the system of esordi- 
‘ates in which the local stars are fixed comes still closer to the ideal inertial sye- 
tem. Detailed examination shows there are observabie effects arising from Earth's 
rotation relative to this nearly inertial system. Equation (4.86) provides the needed 
‘modifications of the equations of motion selative to the noninertial system fixed 
in the rotating Earth. 

‘The initial step is to apply Bg. (4.86) to the radius Vector, , from the origin of 
the terrestrial system to the given particle: 


4.10 The Coriolis Effect es 
Wee FOE, 438) 
where ¥, and v, are the velocities of the purticle relative to the space and rotating 


set of axes, respectively, and op is the (constant) angular velocity of Barth selative 
to the inertial system. In the second step, £9. (4.86) 15 used to obtam the tume rate 


of change of v«: 
= (22) sexe, 
bods Wg alas 


‘dv, 
*), 
oy + eo x ve) + @ x (a x0), (4.89) 


where v, has been substituted from Eq. (4.88), and where a, and a, are the accel~ 
‘erations of the particle in the two systems, Finally, the equation of motion, which 
Jn the snertial system is simply 


Fema, 


expands, when expressod in the cotating coordinates 


1 the equation 


RB ~ Imo x vp) ~ men x (0 XB) = Mth, (4.90) 


‘To an observer in the rotating system, it therefore appears as if the particle is 
moving under the influence of an effective force Fear 


Fog = F ~ 2m(eo x ve) ~ me x (w x1). (4.91) 


Letus examine the nature of the terms appearing in lig. (4.91). Tho tast term is 
a vector normal to «» and pointing outward. Further, its magnitude is marr sind. 
It will therefore be recognized that this term provides the familiar centrifugal: 
force. When the particle is stationary in the moving system, the centrifugal force 
is the only added term in the effective force. However, when the particle is mov- 
ing, the middle term krown as the Coriolis effect* comes into play. The onder 
‘of magnitude of both of these quantities may easily be calculated for a particle 
‘on Earth’s surface. Earth rotates counterclockwise about the north pole with an 
angular velocity relative (o the fixed stars. 

2 366.5 - 
iia) 5) 77 105s 
‘Here the first set of parentheses gives the angular velocity retative to the radius 
vector to the Sun. The quantity in the second parentheses, the ratio of the number 
of sidereal days in a year to the corresponding number of solar days, is the correc 
dion factor to give the angular velocity relative fo the fixed stars. With this value 
wine tam Conalseftct ued stead of the oer erm, Conch ce end ws hat ths eect 


cine because we a using 2 soninerual frame. Ine proper inertial rane, de eect does not exat 
‘You can always visualize che Coriolis effec by asking what is happemng ix an metal farae, 
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for c, and with r equal to Barth's equatorial radius, che maximom centripetal 
acceleration is 


or = 3.38 cove? 


ot about 0.3% of the acceleration of gravity. While small, this acceleration is 
by no means negligible. However, the measured effects of gravity represent the 
combination of the gravitational field of the mass distribution of Earth and the 
effects of centripetal acceleration, 1t has become customary to speak of the sum. 
of the two as Earth's gravity held, as distinguished from 1s gravitanional held, 

‘The situation is further complicated by the effect of the ceatripeial acceleration 
in flattening the rotating Earth. If Earth were completely Aud, the effect of rotar 
tion would be to deform it into the shape of an ellipsoid whose surface would be 
‘an equipotential surface of the combined gravity field. The mean level of Earth's 
seus conforms very closely (o this equilibrium ellipsoid (except for tocat varia- 
dons of wind and tide} and detunes what is called the geoid., 

Except for effects of local perturbations, the force of gravity will be pexpen- 
Aicular to the equipotentia surface of the geoid, Accordingly, the local vertical fs 
defined us the direction perpendicular to the geoid at the given point on the far~ 
face, For phenomena that occur in the vicinity of a particular spot on Earth, the 
centripetal acceleration terms in Eq, (4.91) can be considered as swallowed up in 
the gravitational acceleration g, which will be onented in the local vertical direc. 
ion. The magnitude of g of course varies with the latitade on Barth. The effects 
of centripetal acceleration and the flattening of Earth combine to make g abet 
0.53% less at the equator than at the pales. 

Incidentally, the centrifugal force on a particle arising from Earth's revolution 
around the Sua is appreciable compared to gravity, but it is almost exuctly bal- 
anced by the gravitational attraction to the Sun, If we analyze the motion of the 
‘Sun-Earth system from a frame rotating with Barth, itis of course just the bal- 
ance between the centrifagal effect and the gravitational attraction that keeps the 
arth (and al that ace on if) and Sun separated, An analysis in & Newtonian iner= 
‘tal frame gives a different picture. As was described in Section 3.3, the angular 
momentum contributes to the effective potential energy to keep the Barth in orbit. 

‘The Coriolis effect on a moving particte is perpendicular to both a and ¥.* 
to the northern hemisphere, where « points out of the ground, the Coriolis effect 
2m{wv x a) tends to deflect 2 projective shot along Earth’s surface, to the right 
of its direction of travel (cf. Fig. 4.13). The Coriotis deftection reverses direction 
{n the southern hemisphere and is zero af the equator, where «ois horizontal, The 
magnitade of the Corpolis acceleration is always less than 


2a = 15x 104, 


‘From here on he cutenpt + wall be drupped from v as al veloames wale taken wah respect to 
the cotating coordinate axes only 
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Honvontal tracery 
FIGURE 4.13 Direction of Coriolis deflection w the northesn hemusphere. 


which for a velocity of 10° cm/s (roughty 2000 mi/h) is 15 cm/s?, or about 0.0152. 
Normally, such an acceleration is extremely small, but there ave instances whea 
jt hecomes important. To take an ariticit ilusteation, suppose x projectile were 
fired horizontally at the rocth pole. The Coriolis acceleration would then have the 
magnitude 2wv, so that the linear deflection after a time t is ove. The angular 
deflection would be the linear deflection divided by the distance of travel: 


2 
Oa ee not, (4.92) 
we 
which is the angle Barth rotates ie the time 2. Physically, this sesult aneans that 
«projectile shot off at the north pole has no initia rotational motion and hence 
ity trajectory in the inernal space is a straight line, the apparent deflection be- 
ing due to Earth rotating beneath it. Some idea of the magnitude of the effect 
‘ean be obtained by substiniting a time of flight of 100 s—not unusual for large 
projectites—in Eg. (4.92). The angular deflection is then of the order of 7 x 10> 
radians, about 0.4°. which 1g not inconsiderable. Clearly the effect is even mors 
Jnaportant for long-range missiles, which have a miuch longer time of flight, 

‘The Coriolis effect also plays a significant rote in many oceanographic and 
meteorological phenomena involving displacements of masses of matter over tong, 
distances, such as the circulation pattem of the irade winds and the course of 
she Gulf stream. A full desceiption of these phenomena requures the solution of 
complex hydrodynamic problems in which the Cotiolis acceleration is only one 
among many terms involved. It is possible however to give some indication of the 
contribution of Coriolis effects by considering a highly simplified picture of one 
particalar meteorological problem—the large-scale horizontal wind circulation, 
Masses of afr tend fo move, other things being equal, rom regions of high presae 
to regions of low pressure—the so-called pressue-gradient Row. Ln the vertical 
direction the pressure gradient is roughly balanced by gravitational forces so that 
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FIGURE 4.16 Deflection of wand Srom the duection of the pressure graxtient by ie 
Coriolis effect (shown forthe northern hemisphere), 


itis only in the horizontal plane that there are persistent long-range motions of 
ais masses—which we perceive as winds The pressure gradient forces are quite 
modest, and comparable in magninude tothe Coriolis effects acting on air masses 
moving at usual speeds. tn the absence of Coriolis effects, the wind directions 
‘would ideally be perpendicular tothe isobars, ax shown in Fig. 4.14, However. dhe 
Cotiois effects deflect the wind to the right of this direction inthe sense indicated 
in the figure, The defiection to the right continues until the wind vector is parallel 
to the isobars and the Coriolis effect is in the opposite direction to, and ideally 
just balances, the pressure-gradiont force. The wind then continues parallel to the 
isobars, circulating in the northern hemisphere in a counterclockwise direction 
about « center of fow pressure. in the southern hemisphere, the Coriolis effect 
acts in the opposite direction, and the cyclonic direction (ie. the flow around 
a low-pressure center) is clockwise. (Such u wind flow, deflected parallel to the 
isobucs, is known as a geostrophic wind.) tn this simplified picture, the effect of 
friction has been neglected. At atmospheric altitudes below several kilometers, 
the fiction effects of eddy viscosity become important, and the equilibrium wind 
direction never becomes quite paralte to the isobars, as indicated in Fig. 4.35. 
Another classical instance where Coriolis effect produces a measurable effect 
is in the deffection from the vertical of a freely falling particle. Since the parti- 
cle velocity is almost vertical and « lies in the north-south vertical plane, the 


(@) Ndestaed &) Avcust 
FIGURE 4.15 Cycione patem in the northera hemisphere, 
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deflecting force 2m(v x oo) is in the east-west direction. Thus, in the northem 
hemisphere, 2 body falling freely will be deflected to the East. Calculation of the 
defiection is greatly simplified by choosing the z axis of the terrestrial coordinise 
system to be along the direction of the upward vertical as previously defined. If 
the y axis is taken as pointing North, and the frictional effect of the atmosphere is 
neglected, then the equation of motion in the x (Bast) direction is 


Amv, sind, 493) 


where 6 is the co-latitude The effect of the Coriolis effect on v, would constitute 
«small correction to the deflection, which itself is very small. Hence, the vertical 
‘velocity appearing in (4.93) may be computed as if Coriolis effects were absent. 


v, Et 


Ea 
om JE. 
? 


‘With these values, iq. (4.93) may be easily integrated fo give the deftection* as 


“The integral ofthis is 


or 


‘An order of magnitude of the deflection can be obtained by assuming ® = 2/2 
{corresponding to the equator) and z = 100m. The deflection is then, roughly, 


x=22om. 


‘The actual cxperment is difficult ro perform, as the small deflection may often be 
masked by the effects of wind currents, viscosity, or other distorting influences. 
More easily observable is the well-known experiment of the Foucault pendu- 
tum. If a pendulum is set swinging at the north pote in a given plane in space, 
then its near momentum perpendicalar to the plane is zero, and it will continue 
to swing in this invariable plane while Earth rotates beneath it, To an observer 
ton Batth, the plane of oscillation appears to rotate once @ day. At other latitudes 
the result is more complicated, but the phenomenon is qualitatively the same and 
detailed calculation will be left as an exercise. 
“Agun, we neglect he Pncoonslefocs of the atmosere 
"ess easy to show, osing Eq. :A9), that a parce proyected upward wil fall back tothe groan 
verted ofthe criginlfuncherg spot. 
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Effects due fo the Coriolis terms also appear in atomic physics. Thus, two types 
of riotion may occur simultaneously in polyatomic molecules: The motecate ro 
Jates 28 2 rigid whole, and the atoms vibrate about theit equilibrium positions As 
‘@ result of the vibrations, the atoms are in motion relative to the rotating coordi- 
mate system of the molecate. The Coriolis term will then be different from zero 
and will cause the atoms to move in a direction perpendicular to the original os+ 
cillations. Perturbations in molecular spectra duc to Coriolis effects thus appear 
as interactions berween the rotstional and vibrational motions of the molecule. 


DERIVATIONS, 


1. Prowe that matrx molupsication i assccitive. Show that the prodbc of two orthogo- 
‘nal matrices 1s also ohogonal. 


2. Prove the following properties of the transposed and adjoint matnees: 
KB = BA. 
(AB)' = BtAl 


‘3. Show that the tice of a matrix ss invarvan under any suierty transfoemation. Show 
‘tho thatthe antisymumetry property ofa matrix és preserved under an orthogondlsim- 
Hasty antonio 

4. (a) By examining the eigenvalues of an natisymmetne 3 x 3 real matrix A, sbow that 

1 Als nonsingulsr 
{b) Show then that under the seme condions te caatcin 


Ba (tanta? 


5s onhogors, 


5. stam ithe matrx elements of the generat rotation matnx fn terms ofthe Euler angles, 
q, (6.46), by performing the multiplicuions of the successive component rotation 
amnitices, Verify directly thatthe matrix elements obey the ortaogonality conditions, 

6 The body set oF axes can De related (0 the space set In terms of Euler's angles by the 
follownng set of rotations: 

{@) Rotation about the axis hy an angle # 

4b} Rotation about the <” axis by an angle ¥ 

{© Rotation about the old z ans by an angle ¢. 

‘Show that this sequence teads to the stene elements of the matrix of transformation ts 
the sequence of rotations given we the bool, (Heat: His mot aecessary tp camry Out the 
explicit muitiphieatioe ofthe rotation mates. 

7. TEA is the matrix of azotation through 180° about any axis, show that at 


Pa= hata), 


Derivations wi 


then PZ. = Pz. Obtain the elements of P in any surtable system, and find a geometric 
{ntrpretstion of the operanon Py and P...om any gectorF. 

& () Show thatthe rotation matrix in de form of Ba (4.47 eanuor be put wn te foot 

‘of the matnx ofthe inversion transformation S. 

@) Venty by direct maiphieation that the matrix in Eg, (4.47/98 orthogonal 

9. Show that any rotation can be represented by suocessive reflection m two planes, both 
‘passing through tbe axis of rotation with the planar engle /2 between them, 

10, IF Bis a square matix and A is the exponential of B, defined by che infinite series 
expansion af the expnneetial, 


An® at pes ipe. +f * 
then prove the following properties: 
(0) BEL a £8 *€, provnding B and C coment 
{b) AT eB 
(©) OC a cacm! 


{@) A is orthogonal if Bis antisymmetne. 
AL, Verify the relation 


Jo Bl = (118) 
for the determinant of an x n matrix B. 


12, Inaset of anes where the z axis is the axis of rotanon of a fiite rotation, the rotation 
matix is given by Eq, (4.43) with @ replaced by the angle of finite station &. Derive 
the fotauon formals. ke. (4.62), by transforming 40 an. arbitraty coordiamte system, 
expressing the orthogonal mati of transformation in terms of the dicection cosines 
of the axis of the finite rotation. 


13, (a) Suppose mmo successive coordinate rotmions through angles @ and @z are car 
ried out. equivalent to a single rotstion through an angle ©, Show that ®), @2, and 
canbe considered a the sides ofa spherical rangle with the angle opponite to 
gwen by the angle berween the two axes of rotation, 


{b) Show that @ rotation about any given axis oun be obtained 28 the produet of 80 
successive rotations each through 180° 


414, (a) Very that the permutation symbot sausSies the following identity in terms of 
Sronecker delta symbols: 


ezptemp = br-Bym Sib yr- 
(0) Show thar 


Sipist = Bok: 
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15, Shows thatthe components ofthe angular velocity slong the space set of anes are given 
in terms of the Euler angles by 


oy = Gos g + ¥ sind sing, 
wy = Osing — sin 8 c056, 
aim Verattd 


16, Show dhat the Buler parameter ap has the equation af motion 
Dig = epg bepery + esuy. 
‘where the prime denotes the body set of axes. Find the corresponding equmiions forthe 
ther three Baler parameters and for the complex Cayley-Klkin parameters a and f 

17. Vernfy directly thet the main generators of infinitesma} rotation, My. a8 given by 

Bq, (4.79) obey the commutation relations 

(My M1 6a Ma 
18, (a) Find the vector equation describing the reection of rin plane whose unit Hor 

matisn 

{b) Show that if J, ¢ = 1,2.3, ate the ditection cosines of 1, then the mato of 
transformation has the elements 

Ay =) ~ Aly, 

‘0d verify that Ais an impeoper orthogonal matrix. 

19, Figures 49 and 4.10 show thatthe order of finite rotanons leads to different results, 
‘Use the notation that AC, In) where A isa rotation in the direction of fq through an. 
angle a, Let ny and nz be two orthogonal directions, 

(@) If xis the portion vector ofa point ona rig body, which is them rotated by an 
snghe 8 ura the origin, shu tbat ibe new vadue of xis 
X= (lg 2)ly 18 belly“) CO8E ~ ag X xin. 


‘From this, obtain the Formula for AG /2, 1g) and derive the two rotations inthe 
figures. 
(©) Discuss these two rotations. (Hint: The answer will involve arotation bythe angle 
Yo tn adirection 1/V3NCL, 1, 03 
20, Express the “rolling” constraint of a sphere on 2 plane surfice i terms of the Euler 
amgies. Show that the conditions are nonintegrable and that the constraint is therefore 
‘oaholonomic. 


EXERCISES 


21. A particle is thrown up vertically with mits speed vp, reaches a maximum height 
‘00 falls back to ground. Show thatthe Coriolis deflection when it ager resches the 
round is opposits in direction, and four mes greater in magnirade, than the Coriolis 
deflection when iis dropped at rest rom the seme maximums heii 
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22, A projectile is fired horizontally long Earth's surface. Show that ta fist approxima 
tion the angular deviation from the diction of fie resulting froma the Coriotis effect 
varies Sineacly with time ate rate 


26089, 


where « is the angula frequency of Earth's rotation and @ is the co-tatnude, the di- 
rection of deviation being to the right in the sorthern hemisphere, 
23. The Foucault pendulum experiment consis i setting a ong pendulum ia motion at 
point om the surface ofthe rotating Earth with its romentum originally inthe ver- 
tical plane coutaining she yeoadutum bob and the point of suxession, Show dist dhe 
‘pendulum’ subsequent motion may be described by saying thatthe plane of oscilla: 
‘hon rotates uniformly 2 cos@ radians per day, where @ isthe 2o-Intitude, What is the 
<izection of rotation? The approximation of small oscillations may be used, if desired, 


24, A wagon wheel with spokes is mourned on ¢ vertical axis so itis fee to rotate inthe 
horizontal plane, The whee is rotating with an angular speed of «= 3.0 radians. A 
Dug crawts out on one of the spokes of the wheet wich a velocity of 0.5 onvs holding, 
‘on tothe spoke with a coefficient of fricton 4s = 0.30, How far can the bug crawl 
_aloog the spoke before i starts to stip? 


28, A carousel (Couter-clockwise memry-govound) starts from rest andl accelerates at a 
constant angular acceration of 0.02 revoluons’s?, A gitl siting on a bench on the 
platform 7.0 m from the center is holding a 3.0 kg ball. Calculate the magnitude and 
duncuion of the force she miust exert fo hold the ball 6.0 s ater the carousel starts to 
move. Give the direction wit respect tothe fine from the center of rotation to the gu 


CHAPTER 


The Rigid Body Equations 
of Motion 


‘Chapter 4 presents all the kinematical tools nocded in the discussion of rigid body 
‘motion, In the Euler angles we have 4 set of three coordmates, defined rather 
‘unsynunetrically itis tree, yet suitable for use as the generalized coordinates de- 
scribing the orientation of the rigid body. in addition, the method of orthogonal 
‘transformations, and the associsted matrix algebra, furnish a powerful and ele- 
‘gant technique for investigating the characteristics of rigid body motion. We have 
already bad one application of the technique is deriving Eq, (4.86), the relation 
between the states of change of & vector as viewed in the spaco systein and in 
the body system. These tools will now be applied to obtain the Baler dynanncal 
‘equations of motion of the rigid body in their most convenient form, With the belp 
of the equations of motion, some simple but highly important problems of rigid 
body motion can be discussed. 


5.1 lH ANGULAR MOMENTUM AND KINETIC ENERGY 
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OF MOTION ABOUT A POINT 


‘Chasles" theorem states that any general displacement of a ngid body can be rep- 
resented by a Gauslation plus a rotation, The teorem suggests that it ought to 
be possible to split the aroblema of rigid body motion into two separate phases, 
‘one concemed soiely with the translational motion of the body, the other, with its 
rotational motion. Of course, if one point of the body is fixed, the separation is 
‘obvios, for then there is only a rotational motion about the fixed point, without 
any translation. But even for a general type of motion such a separation is often 
possible. The six coordinates needed to describe the motion have already been 
formed into two seta in accordance with stch a division: the three Cartesian coot- 
dinates of a point fixed in the rigid body to deseribe the translational motion and, 
say. the three Euler angles for the motion about the point. If, further, the origin of 
the body system is chosen to be the center of mass, then by Bg. (1.28) the total 
angular momentum divides natucally into contributions from the translation of the 
center of mass and from the rotation about the center of mass, ie former term 
will involve only the Cartesian coordinates of the center of mass, the latter oaly 
the angle coordinates. By Eq. (1.31), 2 similar division holds for the total kinetic 
energy 7, which can be written in the form 


T= pM +180), 
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as the sum of the kinetic energy of the entine body as if concentrated at the center 
of mass, plus the kinetic energy of motion about the center of mass, 

Often the potential energy can be similarly divided, each term involving only 
‘one of the coordinaie sets, either the translational ar zotational Thas, the poten 
tial energy in a uniform gravitational fefé will depend only upon the Cartesian 
vertical coordinate of the center of gravity.* Or if the force oa a body is due ta 
2 uniform magnetic fleld, B, acting on its magnetic dipole moment, M, then the 
potential is proportional to MB, which involves only the onentation of the body. 
Certainly, almost alt problems soluble in practice will allow for sch a separation, 
In such a case, the entire mechanical problem does indeed split into two. The La 
graugizn, L = T ~ V, divides into two parts, one involving only the translational 
‘coordiaates, the other only the angle coordinates. These two groups of coordinates 
‘will then be completely separated, and the translational and rotational problems 
can be solved independently of each other. 

tis of obvious imponance therefore to obtain expressions for the angular mo- 
mentum and kinetic energy of the motion about some point fixed in the body. To 
do fo, we will make sbondant use of Eq. (4.86) linking derivatives relative to a 
coordinate system fixed at some point in the rigid body. It is intuitively obvious 
that the rotation angle of a rigid body displacernent, as also the instantaneous an 
gular selocity vector, is independent of the choice of origin of the bady system 
of axes. The essence of the rigid body constraint is that alt particles of the body 
move and rotate together. However, a formal proof is easily constructed. 

Let Ry and R2 be the position vectors, relative to a fixed set of coordinates, of 
the origins of two sets of body coordinates (cf. Fig. 5.1), The difference vector is 
denoted by R: 


R=R +R. 


FIGURE $4 Vectorial relanon between sets of rigid body coondinates wath different 
‘origins, 
‘The cester of gravty of course comes with the czar of masc mn 9 umterm gravitshond lah, 
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If the origin of the second set of axes is considered as a pomt defined relative to 
the first, then the time derivative of Rp relative to the space axes is given by 


aR? @Ry ‘aR aR 

2B) AB) @)- (Brome 
‘The last step follows from Eq. (4.86), recalling that the derivatives of R relative 
4 any rigid body axes must vanish, and with @) as being the angular velocity 
‘vector appropriate to the first coordinate system. Alternatively, the origin of the 
first coordinate system can be considered as fixed in the second system with the 
position vector ~R. In the same manner, then, the derivative of the position vector. 
Ry wo this origin selative to the fixed-space axes can be written as 


aR dR) _ (aR\ _ (aR 
(2), -(@),- 2), oa ( at ), mE 


A comaparison of these two expressions shows (0 ~ um) x R == 0. Any differ 
ence in the angular velocity vectors st two arbitrary points must tie along the Hine 
joining the two poiots. Assuming the eo vector field is continaous, the only possi- 
ble solution for all pairs of points is that the two angular velocity vectors must be 
equal: 


ony aot 


‘The angular velocity vector is the same for all coordinate systems fixed in the 
rigid body. 

‘When a rigid body moves with one point stationary, the lotal angular momen- 
turn about that point is 


L= mh x), GY 


(employing the summation convention) where &, and v, are the radius vector and 
‘locity, respectively, of the ith particle relative ta the given point. Since m, 16 4 
fixed vector relative to the body, the velocity vy, with respect to the space set of 
‘axes arises solely from the rotational motion of the rigid body about the fixed 
point. From Eq. (4.86), v, is then: 


Vv, =X. (4.2) 
Hence, Bq, (5.1} can be written as 
Tam ln een, 
expanding the emp crs product, 
Lam, for? — rir] 63) 


"See aso NA. Lemos, Am Phys, 687) 2000, 63. 668-69. 
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Again expanding, the x-component of the angular momentam becomes 

Ly = eoymy(r} = 22) — ym ny, wot, RZyy 64 
with similar equations for the other components of L. Thus, each component of 
the angular momentum is 4 linear function of all the components of the angalar 
velocity. The angular momentum vector is related to the angular velocity by a 
linear transformation. To emphasize the similarity of (5.4) with the equations of 
a finear transformation, (4.12), we may write L, 8s 


bs 


Taxtiy + Leytdy + xa, 
Analogously, for Ly and L. we have 


Loy lyntde + Lyyly + Lyntor, 65) 
Le = Meaty + Irytty + ete. 
The nive coefficients fxs, Fey, et are the nine elements of the transformation 


matrix. The diagonal elements arc known as moment of inertia coefficients, and 
bhave the following form, 


Tex = mC 0), (58) 


while the off-diagonal clements are designated as products of inertia, a typical 
one being 


bey = URI. 6.7) 
‘In Eqs. (5.6) and (5.7), the matrix elements appear in the form suitable if the 
rigid body is composed af discrete panicles. For continuous bodies the summa- 


tion is replaced by a volume integration, with the particle mass becoming a maxs 
density. Thus, the diagonal element Je. appears as 


ha = f pyr? =x4)dVv. {5.6') 
iv 


With a slight chunge in notation, an expression for all matrix elements can de 
stated for continuous bodies. Ifthe coordinate axes are denoted by x,, J = 1,2,3, 
then the matrix clement 7, can be written 


bee f PADI 7B e ~ 2pxK) AY. (5.8) 
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‘Thus far, the coordinate system used in resolving the componems of L has not 
been specified. From now on, we will take it to be a system fixed in the body.* 
‘The various distances x,, 37, Z, ase then constant in time, so that the matrix el. 
ements are likewise constants. pecntiar fo the hody involved, and dependent on 
the origin and orientation of the particular body set of axes in which they are 
expressed. 

Equations (5.5) relasing the componests of L and ca can be summarized by a 
single operator equation, 


L=to, 69) 


where the symbol I stands for the operstor whose matrix elements we the in- 
ertia coefficients appearing in (5.5), and a» and L are column matrices. OF the 
{wo interpretations that have been given tothe operator of a lineas transformation 
(cf. Section 4.2), itis clear that here 1 omust be thought of as acting upon the vector 
4, ard not upon the coordinate system. The vectors Land aa ate two physically 
different vectors, having different dimensions, and are not merely the same vector 
expressed in two different coordinate systems. Unlike the operator of rotation, t 
will have dimensions—mass times length squared-—and its not restricted by any 
orthogonality conditions. Equation (5.9) is to be read as the operator acting upon 
the vector « results an the physically new vector L. 

‘While full use will be made of the matrix algebra techniques developed in 
the discussion of the rotation operator, more attention must be paid here (0 the 
nature and physicat character of the operator per se. However, @ certain amount 
‘of preliminary mathematical formalism needs first to be discussed. Those already 
familar with tensors can proceed immediately to Section 5 3. 


5.2 a TENSORS 


‘The quantity 1 may be considered as defining the quotient of L and « for the prod- 
ict of J and «gives L, Now, the quotient of two quantities is often not a member 
of the same class ay the dividing factors, but may belong to a more complicated 
class. ‘Thus, the quotient of two integers ik in general not an integer but rather a 
rational number. Similarly. the quotient of two vectors, a8 18 well know, cannot 
bbe defined consisteny within the class of vectors. {tis not surprising, therefore 
to find that tis a new type of quantity, a fensor of the second rank, 

Ina Cartesian three-dimensional space, a tensor T of the Nth rank may be de~ 
fined for our purposes as a quantity having 3" components Ti,x (with N indices) 
shat transform under an orthogonal transformation of coordinates, A, according to 


+n Chapter 4 sch 2 sytem oan denoted by primes As component log spn axes a rly 
sed ne, it conveotn si Sopp from sow on to spi the aceon, Unless othermise 
specie, ll coors sed forthe est of te char refer to syste ed the iid ho. 
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the following scheme:* 


je ©} = Gudymdin Tima OO (5.10) 


By this definition, «tem of the cove sant bs one womuponest, whict is invariant 
‘under an orthogonal transformation, Hence, a scalar is a tensor of 1ero rank, A 
tensor of the first rank has three components transforming as 


Tmayly. 


Comparison with the transformation equations for a vector, (4.12"), shows that 
4 tensor of the first rank is completely equivatent to a vector.’ Finally, the nine 
components of a tensor of the second renk transform as 


Th, = aay Ta. (8.1) 


Rigorously speaking, we must distinguish between a second-rank tensor T and 
the square matrix formed from its cormponents. A tensor is defined only in terms of 
its transfosmation properties under orthogonal coordinate transformations. On the 
‘other hand, a matrix is in no way restricted in the types of transfortnations it may 
‘undergo and indeed may be considered entirely independently of ity properties 
‘under Some particular class of transformations. Nevertheless, the distinction must 
not be stressed unduly. Within the restricted domain of orthogonal «ransforntas 
tions, there isa practical entity. The tensor components and the matrix elements 
are manipulated in the same fashion; for every tensor equation there will be a 
corresponding tmatrix equation, and vice versa. By £4. (4.41), the components of 
‘a square matrix T transform wader a tinear change of coordinates defined by the 
matrix A according to a similarity transformation: 


Te ata! 
For an orthogonal transformation, we therefore have 


T =ATA (5.12) 


Hn.» Caren vpace (that, ath cabogooaletaight-ine axes) there 160 distinction between “Co- 
varias” and “contravarant” mice andthe terminology will not be needed Indeed, secty ypesking 
the tensors dined hore should be donoted as “Cartan tensors.” As Dis. dhe only eype of tensor 
‘at wale used in thas Book (except au Chapters 7 aud 13), tbe adjecuve wall be omced an subsequent 
ebscussions. 

| psendotensor in thrce dimensions transforms a «tensor except under wwversion, In general, the 
‘cansfomation equation for apseedoteasor T* ofthe Nth rk 1 (FE. (4.74) 


tii = WNeatyatte Tig « 


and the sats operation P gives 
PT a (Ah 

As nerd body movon volves only proger rotations ne farther ase wt he made hete of the gundral 

peeudoxeesar 
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or 
Ty, = anTuay. (843) 


‘Comparison with Eq. (5.11) thus shows that the matix components transform 
identically, under an orthogonal transformation, with the components of a tensor 
of the second rank. All the terminology and operations of matrix algebra, such 
48 “transpose” and “antisymmetrical” can be applied to tensors without change, 
‘The equivalence between the tensor and the matcix is not restricted fo tensors off 
the second rank. For example, we siroady know that the components of a vec 
tor, which is a tensor of the first rank, form a cofurin ar row matrix and vector 
‘manipulation may be treated completely in terms of these associated matrices, 

‘Two vectors can be used to construct a second-rank tensor, T. Let A and B be 
vectors with components A, and B; and construct the tensor T, by 


Ty — AB, Gad 
Foc example, if A and B are two-dimensional vectors,* 
pe (Te Tr) (ABe Aedy) 
Tye Ty) “NAB ASB, 
Since each individual vector transforms aa vector under a Cartesian transforma- 
tion, each component of T wil! transform as required by Eq, (5.30). For example, 
13 
Vey = OD ant Ty = anny AcBy * aay Ary, B) = A,B, 
tathat 
s0 Tiss tensor 
“The types of operations performed with vectors can be combined with tensors 
in an obvious way. There is a unit tensor, 1, whose components are 
Ty eb, (5.45) 
‘where 5;y is the deita function (also called the Kronecker delta), §,, == iff = j, 


and zero otherwise. The dot product on the right of a tensor T with a vector Cis 
defined as the vector D by 


3 
D=T-c where Dy =} TC, = TCs, 


fof 


To detiagussh betwee matnses whuch ae transfornanone ad tensors whach are Phywcat quanties 
swe use [ } for mamees and (for ensors, 
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and the dot product on the left with 3 vector F is defined as the vector E by 


: 
eee 


jal 


E=F.T where é, 
Ascalar 5 can be constructed by a double dot product 
2.8. 
S=E-T-C where S= SORT C, = BN,C,. 
oe 


‘These processes are termed contraction. If the tensor is constructed of two vec= 
tors A and B as in Eq. (5.14), then 


TCeAB-C)=B-OA and F-T= (FAB = (A- FYB. 


5.3. THE INERTIA TENSOR AND THE MOMENT OF INERTIA 
Considered as a tinear opecstor that transforms ao into Zhe matrix Uhas elements 
that behave as the elements of a secand-rank tensor. The quantity # is therefore 
identified as a second-rank tensor and is uswally called the moment of inertia 
tensor or briefly the inertia tensor. 

‘The kinetic energy of mation about a point ix 
T= hme}, 


where y, is the velocity of the ith particle relative to the fixed point as measured 
in the space axes. By Eq. (5.2), 7 may also be written as 


T= }min (wx eds 


which, upon permuuting the vectors in the tripfe dot product, becomes 


Semin x0. 


‘The quantity summed over / will be recognized as the angular momentum of the 
‘body about the origin, and in consequence the kinetic energy can be written in the 
fora 

el _@bhe 


Taft 


z z 


619, 


‘Letm be a unit vector m the direction of so that « = awn. Then an altemative 
form forthe kinetic energy is 
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a day 
T pe ibme slal, (3.17) 
where J is a scalar, defined by 
Tenstenem, [2 = (en?) 6.48) 


and known as the moment of inertia about the axis of rotation 

Jn the usual elementary discussions, the moment of inertia about an axis is 
defined as the stim, over the particles of the body, of the product of the particle 
‘mass and the square of the perpendicular distance from the axis. ft must be shown 
that this definition ip in accord with the expression given in Eg, (5.18). The per 
pendicidlar distance is equal to the magnitude of the veetor r, x m (ef, Fig, 5.2). 
‘Therefore, the customary definition of { may be written as 


T= mle, Xm) (6, Xm). 5.19) 
Multiplying and dividing by «, this definition of f muy also be written 19 


= Be xr) ox ). 


But cach vector in the dot product is exactly the relative velocity ¥, as measured 
in the space system of axes. Hence, J so defined is related to the kinetic energy 
by 
18, 

which is the same as Eq (S17), and therefore 7 must be identical with the scalar 
defined by Bq, (5.19). 

‘The value of the moment of inertis depends upon the direction of the axis of 
rotation. As « usually changes its direction with respect to the body tn the course 


FIGURE 5.2 The definition of the moment of mertia. 
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fa fy 


FIGURE 5.3 The vectors involved in the retauon between moments of inertia about 
paraliel axes. 


of time, the moment of inertia must also be considered a function of time. When, 
the body is constrained so as to rotate only about a fixed axis, then the moment 
of inertia is a constant. in such a case, the kinetic energy (3.16) is almost in the 
form required to fashion the Lagrangian and the equations of motion, The one 
further step needed is to express « as the time derivative of some angie, which 
can usually be done without difficulty. 

‘Along with the inertia tensor, the moment of inertia also depends upon the 
choice of origin of the body set of axes. However, the moment of inertia about 
soine given axis is related simply to the moment about a parallel axis through the 
center of mass. Let the vector from the given origin O to the center of mass be 
R. and let the radii vectors from O and the center of mass to the ith particle be 
f, and x, respectively. The three vectors so defined are connected by the relation 
(cf. Fig. 5,3) 


nate, 5.20) 
‘The moment of inertia about the axis @ is therefore. 


mitt, way? = mi E(s) + RD x ay 


fa = MR xn)? $e, % a)? + 2a (R% B)- OL * w), 


where Mf is the total mass of the body. The last term in this expression can be 
rearranged as 


~2R x a} (a x m1), 
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By the definition of cemter of mass, the summation m,r| vanishes. Hence, f, can 
be exoressed in terms of the moment about the parallel axis b as 


dq = Te + MUR x a)? G29) 
= hh + UR sine. 


‘The magninide of R xm, which hus the value R sind, where @ is the angle between 
Rand a, is the perpendicular distance of the center of mass from the axis passing 
‘through O. Consequently, the moment of inertis about a given axis is equal to the 
‘moment of inertis about paralle} axis through the center of mass plus the moment 
of inertia of the body, as if concentrated 2t the center of mass, with respect tn the 
original anis. 

‘The inertia tensor is defined in general from the kinetic energy of rotation about 
an axis, and is written as 


Troemon = $1, (60 x 1,)? = Jarywpmn Bapt? — nares 


where Greek letters indicate the components of «and r,. Tn an inertial frame, the 
‘sum is over the particles in the body, and 7, isthe eth component of the position 
Of the ith particle. Because Trauon is a bilinear form in the components of eit 
can be written as. 


Trance = }opinatag, 
wheee 
Lag = Mi(Bapt? ~ rarip) (522) 


is the moment of inertia tensor. To get the moment of inertie about an axis through 
the center of mass, choose the rotation sbout this axis For a body with 4 contins 
‘uous distribution of density p(r), the sums in the components of the moment of 
‘inertia tensor in Eq, (5.22) rectuce to 


beg = if Ur) Gaar? 


AS on example, fet us consider « homogencous cubs of density . mass Mf, 
and sicle a. Choose the origin to be at one comer and the three edges adjacent 
to that comer to lie on the +4, +y, and +2 axes. If we define b = Ma”, then 
straightforward integration of Bq, (5.23) gives 


arp dV, (823) 


‘Thus, both the moment of inertia and the inertia tensor possess a type of revolu~ 
ton, relative te me center of mass, very similar to thal found for the linear and 
angular momentum and the kinetic energy in Section (1.2). 
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5.4 it THE EIGENVALUES OF THE INERTIA TENSOR AND: 
‘THE PRINCIPAL AXIS TRANSFORMATION 


‘The preceding discussion emphasizes the important rale te inertia tensor plays in 
the discussion of the motion of rigid bodies. An examination, at this point, of the 
properties of this tensor and its associated matrix will therefore prove of consid- 
cable interest. From the defining equation, (5.7), itis seen that the components 
of the tensor are symmetrical; that is 


fay = Tye (5.24) 


‘This means that, while the inertia tensor will in general have nine components, 
only svx of them will be independent—the three along the diagonal plus three of 
the off-diagonal elements. 

“The inertia coefficients depend both upon the location ofthe origin of the body 
set of axes and upon the orientation of these axes with respect to the body. This 
symmetry suggests that there exists a set of coordinates ia which the tensor is 
diagonal with the three principal values J. 72, and Js, To this system, the compo- 
nents of L. would involve ortly the corresponding component of «a, thus* 


bys two, Lae hon Las hws. (5.225) 


A sicalar simplification would also occur in the form of the kinetic eners 


ole , 
Te 8 bnal + Shao} + jad. 6.26) 
‘We can show that it is always possible to find such axes, and the proof is based 
cexserttuitly on the synuieuic mature Of ibe ioertia vensor, 
‘There are several ways to understand vectors and tensors. For example, a vector 
is a quantity defined by its transformation properties. In any set of coordinates, a 
‘vector is specified by its three components, e.g. 


Vee Walt Yj + Vek, 627) 


‘or by its magnitude and direction. In any frame, the magninude is given by 
[V2 + V2+ V2, and the direction is given by the polar angles @ and @. An 
alternative is to use the frst two Euler angles to specify a new z axis chosen such 
het the vector’s direction is along that axis. Since the vector lies along that z axis, 
the third Euler angle is not needed. 
‘An approach similar fo this latter method can be used for the symmetric mo- 
ment of inertia tensor. Consider the moment of inertia of s body about an axis 
passing through the cemer of mass of the body. A similarity transformation per- 


‘Wie as eye to fare applications, components seburve fo these axes will be denoted by subncsipts 
£23, 
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formed by a rotation matrix R can be chosen such at 
1p = RR (5.28) 


‘This rotation can be expressed in terms of the Euler angles , @, and y ax shown 
in Eqs. (4.46) and (4.47). A proper choice of these angles will transforma into its 


dingonal form 
ho 0 

i=] hb o 6.29) 
oO 0k 


where 11, J, and 13, which are the eigenvalues of {, are referred to as the com- 
ponents of the principal moment of inertia tensor. The directions of x’, y', and 
2 defined by the rotation matrix in Eg, ($.28) are called the principal axes, or 
eigenvectors of the inertia tensor, These eigenvectors lie along the directions +’, 
YY, and 2. 

Once the principal moments and theit directions relative to the susface of 2 
body are known, the inertia tensor relative to any other set of axis through the 
center of mass can be found by a similarity transformation defined by the Euler 
angles relating the wo coordinate systems. If $ is that (ransformation, then 


ta Stp8, 6.30) 


gives the moment of inertia in that frame. Equation (5.21) can then be used to 
ttansform the rotation center to any desired location, The principal valves off can 
bbe determined by the methods of matrix algebra, 

‘The thnee principal values of the moment of inertia tensor in Bg. (5.29) can be 
found by solving the cubic equation for | that arises from the determunant 


fee bey bog 
fey yy ba 
tae dex 


63D 


‘where the symmetry of f has been displayed explicitly, Equation (5.31) is the sec- 
ular equation, whose three roots are the desired principal moments. For each of 
‘these roots, Eqs. (5.281 can be solved to obtain the direction of the corresponding 
principal axis. In most of the easily soluble problems in rigid dynamics, the prin- 
cipal axes can be detennined by inspection. For example, we often have to deal 
with rigid bodies that sre solids of revolution about some axis, with the origin of 
‘the body system on the symmetry axis. Alt directions perpemdicutar (0 the asis Uf 
symmetry are then alike, which is the mark of a double root to the secular aqua- 
tion. The principal axes are then the symmetry axis and any two perpendicular 
axes in the plane normal to the symmetry axis. 

The principal moments of inertia cannot be negative, because ax the diagonal 
elements in the principal axes system they have the form of stims of squaes, Thus. 
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Jaa in given by (ef. Bg. 3.8)) 
Ream Gy +2). 


For one of the principal moments 9 varssi, all points uf the budy shust be such 
that two coordinates of each particle are zero. Clearly this can happen only if all 
points of the body are collinear with the principal axis corresponding to the zero 
principal moment. Any two axes perpendicular to the line of the body will hen. 
be the other principal axes. indeed, this is clearly a limiting cast of a body with 
an axis of symmetry passing through the origin. 

We can also understand the concept of principal axes through vome geometri- 
cal considerations thst historically formed the first approach to the subject, The 
moment of inertia about a given axis has been defined as J = mtn, Let the 
direction cosines of the axis be a, 8. and y 50 that 


neal+ Apt yk; 
1 then can he written as 
Lem Tyga + byyB? + Leey? + UryOB + Uy By + er¥e, (8.32) 


using the symmetry of 1 explicitly. I is convenient to define a vector p by the 
equation 


pa (8.33) 


Sls 


‘The magnitude of p is thus related to the moment of inertia about the axis whose 
direcsion is given by n. In tesms of the components of this new vector, Bg. (5.32) 
takes on the form 


1 = Les0h + Gyyoh + feep} + 2aypima + Uyeorms Brean. E34) 


Considered as a function of the three variables #1, 02, 03. Ba. (5.34) is the 
equation of some surface in p space. In particular, Bg. (5.34) is the equation of an 
ellipsoid designated as the inertial ellipsoid. We can always transform to a set of 
‘Cartesian axes in which the equation of an ellipsoid takes om sts normal form: 


= het + helt ted, 638) 


swith the principal axes of the ellipsoid along the new coordinate axes. But (5.35) 
is simply the form Eq. (5.34) has in a system of coordinates in which the inertia 
tensot Fis diagonal, Hence, the coordinate transformation that pute the oquation 
of ellipsoid znto its normal form is exactly the principal axis transformation pre- 
viously discussed. The principal moments of inertia determine the lengths of the 
axes of the inertia ellipsoid. If two of te roots of the secular equation are equal, 
the inertia ellipsoid thus has two equal axes and is an eRipsoid of revolution. If a 
‘three principal moments are equal. the inertia eHipsoid is a sphere. 
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A quantity closely related to the moment of inertia is the radius of gyration, 
Ro, defined by the equation 


f 


MR. (5.36) 


Jo terms of the radius of gyration, the vector p can be writtea as 
a 


Ravi 


‘The radius vecior to a point on the inertia ellipsoid is thus inversely proportional 
to the radius of gyration about the direction of the vector. 

{tis worth reemphasizing that the inertia tensor { and aif dhe quantities associ. 
ated with it—principal axes, principal moments, inertia ellipsoid, ete,—-are only 
‘elative to some particular point fixed in the body. Ifthe poitt is shifted elsewhere 
in the body, all the quantities will in general be changed. Thus, Bq. (5,21) gives 
the effect of moving the reference point from the center af mass to some ather 
point, The principal axis transformation that diagonalizes ’ at che center of mass 
will not necessarily diagonalize } about another axis, and hence is not in general 
the principal axis transformation for the shifted tensor I. Only if the shift vector 
Ris along one of the prncipal axes relative to the center of mass will the differ: 
‘ence tensor be diagonal in that systern. The new inertia tensor $ will in that special 
‘case have the same principal axes as at the center of mass. However, the priacipat 
‘momeats of inertia are changed, except for that corresponding to the shift axis, 
where the diagonal element of the difference tensor is clearly zen, The “paral- 
Jet axis" theorem for the diagonalized form of the inertia tensor thus has a rather 
specialized and restricted form. 


5.5. I SOLVING RIGID BODY PROBLEMS AND. 


‘THE EULER EQUATIONS OF MOTION 


Practically al the tools necessary for setting up and solving problems in rigid 
body dynamics have by now been assembled. If nonholonomic constraints are 
resent, then special means must be taken 10 include the effects of these con 
straints in the equations of motion, For example, if there are “rolling constraints,” 
‘these must be introduced into the equations of motion by the method of Lagrange 
imdetemnined multipliers, as in Section 2.4, As discussed in Section 5.1, we wsu- 
ally seek 2 particular reference point in the body such that the problem ean be 
split into two separate parts, one purely transtational and the other purely rota- 
tional about the reference point. Of course, rf one pent of the ngad body as fixed 
in an inertial system, then dhat is the obvious reference point. All that has to be 
considered then is the rotational problem about the fixed point 

For bodies without a fixed point, the most useful reference polnt is almost 
always the center of mass, We have already seen that the total Kinetic energy and 
angular momenta then split nestly into one term relating to the translational 
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motion of the center of mass and another involving rotation about the center of 
amass. Thus, Bq, (1.31) can now be written 


T= pM + Het 


‘For many problems (certainly all those thet will be considered here), @ simitar 
sort of division can be made for the potential energy. We can then solve individa- 
ally For the translational motion of the center of mass and for he rotational motion. 
_2bout the center of mass. For example, the Newtonian equations of motion can be 
‘used duectly: Bg. (1.22) for the motion of the center of mass and Ba, (1.26) for 
the motion about dhat point, 

‘With hotonomic conservative systems, the Lagrangian formulation is available, 
with the Lagrangian taking the form 


Eig, G) = Lclder de) + Lv Qn do). 


Here L¢ is that past of the Lagrangian involving the generalized coordinates go 
(and velocities Gc) of the center of mass, and Ly the part relating to the orients- 
tion of the body about the center of mass, as described by qp. dp. In effect then, 
there are two distinct problemns, one with Lagrangian Le and the other with Lac 
grangian Ly. 

Tn both the Newtontan and Lagrangian formulations, itis convenient t0 work 
in terms of the principal axes system of the point of reference, so that the kinetic 
energy of rotation takes the simple form given in Eq. (5.26). So far, the only 
suitable generalized coordinates we have for the rotational motion of the rigid 
body are the Euler angles. Of course, the motion is often effectively confined to 
two dimensions, as in the motion of a rigid lamina in a plane. The axis of rotation 
is then fixed in the direction perpendicolar tn the plane: anly ane angie of rotation 
is necessary and we may dispense with the cumbersome machinery of the Euler 
angles. 

For the rotational motion about a fixed point or the center of mass, the direct 
Newtonian approach leads to a set of equations known as Euler's equations of 
motion. We consider either an inertial frame whose origin is at the fixed point of 
the rigid body, or a system of space axes with origin at the center of mass. In these 
‘wo situations, Bg. (1.26) holds, which here appears simply as 


( 


“The subscript s is used because the time derivative is with respect to axes that do 
not share the rotation of the body. However. Eq. (4.86) can be used to obtain the 
detivatives with respect to axes fixed in the body: 


(@),-(@)+0 
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‘of, by dropping the “body” subscript: 

a 

Gi texLen. 637) 


Equation (5.37) is thus the appropriate form of the Newtonian equation of motion 
relative to body axes. The ith component of Eq. (5.37) can be writen 


dl, 

Ft eawjla = N. (5.38) 
JE now the budy anes ate taken as the principal arco relative wo the reference: 

point, then the angular momentum components are Lj = fyu,. By Bq, (5.25), 

Eq, (5 38) takes the forma (no sunmmation on /*) 


1D penaojank = No (5.39) 
sunce the principal moments of inertia are of course time independent. In expanded 
form, the three equations making up Bq. (5.39) look like 


Aya ~ @@yly ~ fy) = Ny 
Iydg ~ w30y (Tg ~ fy) = Na 6.9) 
Inéin ~ wy evr(t ~ bh) = Ny. 


Equations (5.39) or (5.39) are Euler’s equations of motion for a rigid body 
‘with one point fixed. They can also be derived from Lagrange’s equations in 
the form of Eq. (1.53) where the genemalized forces Qj are the tongues. N,. 
corresponding to the Euler angles of rotation. However, only one of the Buler 
angles has its associated torque along one of the body axes, and the remaimng 
two Euler's equations must be obtained by cyclic permutation (cf. Derivation 4). 

Consider the case where fy = fy # 15. A torque with components Ny or N2 
will cause both w, and a to change without affecting a3, We shall return to a 
discussion of this in Section 5.7 when we consider the heavy symmetric top with 
‘one point fixed. Let us first consider the torque-free motion of a rigid body, 


5.6 IE TORQUE-FREE MOTION OF A RIGID BODY 


‘One problem in rigid dynamics where Euler's equations are applicable is in the 
‘motion of a rigid body not subject fo any net forces or torques. The center of mass 
is thon cither at rest of moving uniformly, and it does not decrease the generality 
of the solution to discuss the rotational motion in a reference frame in which the 
center of mass is stationary. In euch a case, the angular momentum arises only 
from rotation about the center of mass, and Euler's equations are the equations of 


"ik should be obwwous that Eq (5.39), a the uth component of a vector eqiation, does HOt ive & 
soramation over, slthoush surssation implied over the repeated indtcosj and 
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‘motion for the complcte system. In the abyence of any net torques, they reduce to 


hay = man(h — 5) 
fain = oxen ~ 1) (5.40) 
yes = war{hy ~ 12). 


‘The same equations. of course, wil! also describe the motion of a rigid body 
when one point is fixed and dere are no net applied torques. We know two itt- 
medime integrals of the motion, for both the kinetic entergy and the total angular 
momentum vector must be constant in time, With these two miegrals 18 possible 
to integrate (5.40) completely in terms of elliptic functions, but such a treatment is, 
not very illuminating. However, itis also possible to derive an elegant geomet 
cal description of the motion, known as Poinsot’s construction, without requiring 
a complete solution to the problem. 

Let us consider a coordinate system oriented along the principal axes of the 
body but whase axes measure the components of a vecior p along the instanta- 
neous axis of rotation as defined by Eq. (5.33). For our purposes, itis convenient 
to make use of Bq. (5.17) for the kinetic energy (here constant) and write the 
definition of p in the form 


eo # 
on = ee (8.41) 

Inthns p space, we define a function 
Fin) = polip = ah, (5.42) 


where the surfaces of constant F are ellipsoids, the particular surface F = | being 
the inertia elbpsoid, As the direction of the axis of rotation changes mn time, the 
parallel vector p moves accordingly, its tip always defining a point on the inertia 
ellipsoid. The gradient of F, evaluated at this point, furnishes the direction of 
the corresponding normal to the inertia ellipsoid, From Eq. (5.42) for Fo). the 
agxadienc of F with respect to p has the forms 


2 


Veo Uep 


2 
oral 


“Thus. the o» vector will always move such thet the comesponiding riormal to the 
inertia ellipsoid is in the direction of the angular momentum. in the particular cass 
‘under discussion, the direction of L is fixed in space, and itis the inertia elfipsoid 
‘fixed with respect to the body) that must move in space in order to preserve this, 
connection between @ and L (ef. Fig. 5.4). 


or 


(5.43) 
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Invansble 
plane 


FIGURE 5.4 ‘The motion of the inertia ellipsoid relative o the invarsable plane. 


It.can also be shown that the distance between the origin of the ellipsoid and the 
plane tangent to it atthe point p must simiarly be constant in time. This distance 
is equal to the projection of p on L and is given by 


(a 
L We 
“LVF 
ae ae 


where use has been made of Bq. (5.16). Both T. the kinetic energy, and L, the 
angular momentum, are constants of the motion, and the tangent plane is therefore 
always a fixed distance from the origin of the ellipsoid. Since the normal to the 
plane, being along L, also has a fixed direction, the tengent plane is known as 
the imariahle plane, We can pictate the force-free motion of the rigid body as 
being such thatthe inertia ellipsoid rotts, without slipping, on the invariable plane, 
with the center of the ellipsoid a constent height above the plane. The roltiny 
‘occurs without slipping because the point of contact is defined by the position of 
®, which, being along the instantaneous axis of rotation, is the one directior in 
‘the body momentarily at rest, The curve traced out by the point of contact on the 
inertia ellipsoid is known as the pothode, while the similar curve on the invariable 
plane is called the herpothode.* 

Poinsat's geometrical discussion is quite adequate to desciibe vouptetely the 
force-free motion of the body. The direction of the invariable plane and the height 
of the inertia ellipsoid above it are determined by the values of T and L, which 
are among the initial conditions of the problem. It is then a matter of geometry to 


‘Hence. the obberwockaas-sosuding datemest: the palbods calle without shopuig on the herpoltode 
lyme tate evanabte plane. 
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‘ace out the pothode and the herpothode,* The direction of the angular velocity 
in space is given by the direction of p, while the instantaneous orientation of the 
‘body is provided by the orientation of the inertia ellipsoid, which is fixed in the 
body. Many elaborate descriptions of force-free motion obtained in this fashion 
can be found in the literature. 

Inthe special case of a symmetrical body, the inertia ellipsoid is an elfipsoid 
Cf revolution, so that the polhode on the ellipsoid is clearly a circle about the 
symmetry axis. The heepolhods on the invariable plane is likewise a circle. An 
‘observer fixed in the body sees the angular velocity vector «a move of the surface, 
of @ cone—called the bady cone—vwhose intersection with the inestia ellipsoid is 
the pothode. Correspondingly, an observer fixed in the space axes sees eo move 
fm the surface of a space cone whose intersection with the invariable plane is the 
herpothode. Thus, the free motion of the symmetrical sigid body is sometimes 
described as the rolling of the body cone on the space cone. If the moment of 
inertia about the symmetry axis is Tess than that about the other two principal 
axes, then from Eq, (5.35) the inertia ellipsoid is prolate, i<., football shaped 
somewhat as is shown in Fig. 5.4. In that case, the body coue is outside the Rpace 
cone. When the moment of inertia about the symmetry axis is the greater, the 
ellipsoid is obfate and the body cone rolls around the inside of the space cone, 
In either case, the physical description of the motion is that the direction of «a 
recesses it time about the axis of symmetry of the body. 

“The Poinsot construction shows how moves, but gives no information as to 
how the L vector appears to move in the body system of axes. Another geomet: 
rical description is available however to describe the path of the L, vector as seen. 
bby an observer in the principal axes system. Equations (5.25) and (5.26) imply 
‘that in this system the kinetic energy is related to the components of the angular 
momentum by the equation 


(3.45) 


Since T is constant, this relation defines an ellipsoid, referred to as the Binet 
ellipsoid, also fixed in the body axes bot not the same as the inertia ellipsoid. 
1 we adopt the convention 


Ashsh, 
andi write the equations for the ellipsoid in the standard form 
Bo 

—_ st 
BRE 


‘then we see that the ellipsoid sketched on Fig. 55a has semimajot axes, in order 
of decreasing size, of J2TF, JIT h, and /2T 7. The conservation of the total 


The hespothode ts always concave tothe ocign,belying as raves, which means “snakeliie”™ 
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angular momentum, L, gives us 


ee 


a nf 


(8.46) 


the equation for a sphere in LgLyL, space. The vector L moves in such a way chat 
it describes a path on both the ellipsoid of Bq. (5.45) and the sphere of Eq. (5.46). 
In other words, the path of L is the intersection of the ellipsoid and the sphere. 
‘The components L satisfy the equation 


2 2 2 84ee 
Ee 
Wh” Wh” 3h ue 
It is easy to show that these two surfaces will imersect for values of Z larger 
than the ellipsoid semimunor axis and less than the semimajor axis, that is, 


Jit << J2Th. 


The sphere is outside the ellipsoid on the L, axis and inside the ellipsoid along 
Le. Figure 5.5 depicts curves where the sphere intersects the ellipsoid for various 
values of L. Fig. 5.8 shows & perspective view and Fig. 5.5b shows the view 
4s seen from the Ly axts. The curves that appear as straight lines on Fig, 5.5b 
correspond to the case wnere L = V3TT. 

‘With the help of this geometrical construction, something can be said about the 
possible motions of a fee asymmetric body. I is easy to see that a steady rotation 


iy * 


FIGURE SS (2) The hroatc energy, or Binet, clipsoid fixed in the body anes, and some 
possible paths of the I vector in its sarface,(B} Side view of Binet ellipsoid. 
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of such a body is possible only about one of the principal axes. From the Euler 
equations (5.40), all the components of o» can be constant only if 


enor(ly hb) = anes — bh) = wxertls ~ 1) — 0, 


which requires that at feast two of the components « be zero; ie., w is slong 
‘only one of the principal axes. However. not all of these possible motions are 
‘steble—that is, not moving far from the principal axis under small perturbation, 
For example, steady motion about the L, axis will occur when L? = 27.7, When 
there are slight deviations from this condition, the radius of the angular momen- 
tum sphece is just slightly smaller than this value, and the intersection with the 
kinetic energy ellipsoid is a small circle about the L, axis. The motion is thus 
stable, the L vector never being far from the axis, 

Similarly, at the other extrese, when the motion abour the wais of smallest J is 
perturbed, the radius of the angular momentum sphere is just slightly larger than, 
the smallest semimajot axis. The intersection is again a smelt closed figure around 
‘the principal axis, and the motion is stable, However, the motion about she inter 
mediate axis 1s unsiahle. This is clearly shown in Fig, 5.5. For the intermediate 
(Ly) axis, the kinetic energy bas two orbits that encitcle ihe ellipsoid and cross 
‘each other where the +2 pass through the ellipsoid, Hence, there are two differs 
ent orbits with values slightly fesy than «27-7; and two other distinctly different 
orbits with values slightly exceeding V27H, sli four of which have quite tong 
paths on the surface. 

‘This behavior can be best understood by recognizing that at the intermedinte 
axis the radius of curvature of the ellipsoid in one direction is greater than that 
‘of the contact sphere, and less in the perpendicular direction. At the other «vo 
cexteemes. the radii of curvature are either greater or smailes than the sphere radius 
in all directions. These conclusions on the stability of free-body motion have been 
known for a tong time. but applications, €g., fo the stability of spinning space- 
craft, have brought them out of the obscurity of old monographs on rigid dody 
dynamics.” 

For a symmetrical ngid body, the analytical sokition for the force-free mo- 
toa is not diffcutt to obtain, and we can directly confirm the precessing motion 
predicted by the Poinsot construction. Let the symmetry axis be taken ax the L, 
peincipal axis so that fk = £2. Buler’s equations (5.40) reduce then to 


‘tt these are dissipative mechactsns present, these silty arguments have tobe modtied. Is easy 
to see that for « body with couant L, bur vowly decreauing 7. the eofy stable rotation os abou the 
sruipalants within age meet of nen ae ties eeapy of son abou i in 
“ttn fr green Lis 7 = £2 /24,, which i teas fre axis withthe ages. Ifa body se spanning 
_mbout any other peocipes ani. the cost of a slowly decreasing kinetic ctergy iso eause the angulit 
‘elocty secir lo sift woul the speming ws dbout fae axis requirmg the Teas valu of 7 for she gen 
E. Sach dissipative effec se present in spacecrah because ofthe flexing of various members tn the 
‘cours ofthe moun, expevsly of the long boomsearned hy many of hero These Facts were farmed 
‘he hard way by the easly deagners of spacecraft! 
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hei = Uh ~ kos 
han = th - b)wres Gan 
fay = 0. 

‘The last of thess equations states that «ws is a constant, and it can therefore be 


treated as one of the known initial conditions of the problem. The remaining two. 
‘equations can now be writen 


y= Rim, in = Do. (548) 


‘where 2 is an angular frequency 


(8.49) 


Elimination of am between Eqs. (5.48) leads to the standard differential equation 
for simpte harmonic motion 


oy =o, 
‘ith the typical solution 
0) = Acos Mt. 


‘The corresponding solution for wz can be found by substituting 
for w, back in the firs of Eqs. (5.48): 


for so Asin Me, 


‘The solutions for a and «2 show that the vector ay) + on) has a constant magni~ 
‘ude aud rotates uniformly about the z axis of the body with the angular frequency 
22 (cf. Fig. 5.6), Hence, she total angular velocity o» is also constant in magnitude 
and precesses about the z axis with the same frequency, exactly ax predicted by 
the Poinsot constriction. * Recall that the precession described here is relative to 
the body axes, which are themselves routing in space with the larger frequency 
e, From Eq. (5.49). it is seen that the closer J; is to /5. the slower will be the 
recession frequency & compared to the rotation frequency « The constants A 
(the amplitude of the precession) and as can be evaluated in terms of the more 
usual constants of the motion, namely, the Kinetic energy and the magnitude of 
the angular momentim Roth 7 and L? can be written as functions of A and cy: 


“The prcessson can be demorstrated ra another fastuon by doting 4 vector $2 tying aloug the z mas 
‘wn omagdtude piven by (5 49) Equations (5 47} are then essentially spivalont fo te vector cqueion 


on 0x8, 
which inwmedasety reveals the precession of with the frequency 9, 
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FIGURE 8.6 Precession ofthe angular velocity about the axis of symmeny in the force: 
free motion of a symmetncal rigid body, 


T=iha + thot, 
Detat Bol, 


and these relations in turn may be solved for A and an interms of T and L, 

‘We would expect that Barth’s axis of rotation should exhibit this precession, for 
the external torques acting on Earth are so weak that the rotational motion may be 
considered as that of a free body. Earth is approximately symmetrical about the 
polur axis ad slightly Battered at the poles so that ; is less than Z, Nusmericatly, 
the ratio of the moments is such that 


4s 
i 


4 = 0.06327, 


and the magnitude of the precession angular frequency should therefore be 


ws oy 


o= se 81655 ~ 308 


Since a3 is practically the same as the magnitude of a, this result predicts 
a period of precession of approximately 306 days or about 10 months. If some 
circamstance disturbed the axis of rotation from the figure axis of Earth, we would 
therefore expect the axis of rotation to precess around the figure axis Gie., around 
the aotth pote} once every 10 months. Practically, such a motion should show up 
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a8 a periodic change in she apparent latitade of points on Ewth’s surface. Careful 
measurements of latitude at 2 network of locations around the world, carried out, 
Bow for about 4 century, show that the rotation axis is indeed moving about the 
pole with an amplitude of the order of a few tenths of a second of Iatitude (about 
10 m). But the situation is far more complicated (and interesting) than the above 
simple analysis would suggest. 

‘The deviations between the Bgure and rotation axes are very imegular so that 
it's more a “wobbie™ then a precession. Careful frequency analysis shows the 
‘existence of an annual period in the motion, thought to arise from the annual 
cycle of seasons and the corresponding mean displacement of atmospheric masses. 
about the globe. Additionally, # strong frequency component is centered about a 
period of 420 days, known as the Chandler wobble. The present belief is that this 
‘motion represents the free-body precession derived above. It is thought chat the 
4ifference in period arises fromm the fact that Earth is aot a rigid body but is to 
some degree elastic. In effect, some part of Barth follows along with the shift sn 
the rotation axis, which has the effect of reducing the difference in the principal 
moments of inertia and therefore increasing the period. (If, for example, Earth 
‘were completely fluid, then the figure ax:s would instantaneously adjust to the 
rotution axis and there could be no precession.) 

‘There are still other obscure features to the observed wobble. The frequency 
analysis indicates strong damping effects are present, believed to arise from either 
tidal friction or dissipative. effects in the coupling between the mantle and the core. 
‘The damping period ought to be on the order of 10-20 years, But no stich decay 
Of the amplitude of the Chandler wobble has been observed: some sort of rans 
dom excitation must be present to keep the wobble going. Various sources of the 
excitauon have been suggested. Present speculation points 1 deep earthquakes, 
or the mantle phenomena underlying them, as possibly producing discontinuous 
changes in the inertia tensor large enough tw keep exciting the free-body preces- 
sion.* 


5.7 ME THE HEAVY SYMMETRICAL TOP WITH ONE POINT FIXED. 


As a farther and mare complicated example of the application of the methods 
of rigid dynamics, let us consider the motion of # xymmeirical body im au 

form gravitational field when one point on the syrametty axis is fixed in space. A. 
wide variety of physical systems, ranging from 2 child's top to complicated gyo- 
scopic navigational instruments, are approtimated by such a heavy symmetrical 
top. Both for its practical applications and as an illustration of many of the tects- 


‘The {re precession of Eanh’s as 1s sotto be confused snc n+ tow precession sbout the normal 
the ecigte Thee auroncaovat precession ofthe equsooxes is duc to the graviatonsl orques of 
the Sen and Moos. which were considered weglgible w the above discussie, That the sisumption is 
Justified is shows by the fong peri of the geccessin of de equinanes (26,000 sears) compre to 
1 period of roughly one year for the force-free prcession The strononnicalprvozssion ss discus 
Farther below 
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F* tine oes 
FIGURE 5.7 Buler’s angles specifying the orientanon of a symuettical top. 


niques previously developed, the motion of the heavy symmetrical top deserves & 
detailed exposition. 

‘The symmetry axis is of course ove ofthe principal axes and wil be chosen as 
the z ais ofthe coordinate system fixed in the body.* Since one points stationary, 
the configuration of the top is completely specified by the three Euler angles: 8 
gives the inclination of the 2 axis from the vertical, @ measures the azimuth of the 
top abet the vertical. while y isthe rotation angle of the top about its own z axis 
(cf. Fig. 5.7), The distance of the center of gravity (located on the syoumetry axis) 
from the fixed point wil be denoted by 7 

‘The rate of change of these three ungles give the characteristic motioas of the 
top as 


1} = rotation of the top about its own figure axis, z 

= precession or rotation of the figure axis z about the vertical axis z/ 

@ = mutation or bobbing up and down of the z Figure axis relative to the verti- 
cal space axis 2! 


For many cases of intercst such as the top and the gytoscope, we have 3 > 
4. Since fy = fa # 1s, Enters equations ($.39') become 


Ont the body snes need specie deanileaton here, it wall therefore be convenient to designate 
‘them ia this section a the x7r axes, without fear ef coufasiog them wn the space anes, which walk 
‘be designated by the x'y'2 mes 
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eda + eperty ~ hb) = Mi, 
dha + @y03(f ~ 1} = M2, 


and 
bas = Ms 


Let us consider the case where initially Ny = 0 = Np, Nr 3 0, and oy = 
wy = 0, a3 # 0, then ws will be constant. The torque Ny will cause « to change 
since  # 0. Since wy is no longer 2ero, the second equation requires that «2 
Degin to change also. What this means in terms of an observation is not obvious, 
We observe the changes in the Euler angles and their associated angles 
.¥'.2 laboratory frame rather than the dy, dn, dos and their associated 
angles in the principal axis system. This suggests that the Euler equations may 
not provide the most use‘ul description of the motion. 

‘Tho Lagrangian procedure, rather then Euler's equations, wil! be used to obtain 
4 solution for the motion of the (op. Since the body is symmetrical, the kinetic 
energy can be written as 


T= $e +08) + fhe, 
or, in terms of Euler's angles, and using Eqs. (4.87), as 
Livre . oF : 
Tm LG 4g ste) + Sed +dom0P, (5.50) 
where the }, @ cross terms in #? and w} cancel. 

‘Ris a well-known elementary theorem that in a constant gravitational field the 
potential energy is the same as if the body were concentrated at the center of mass, 
‘We will however give a brief format proot here. The potential energy of the body 
is the sum over all the particles: 


V x mi, +g, 


‘whese g isthe constant vector For the acceleration of gravity. By Eg (1.21), define 
ing the center of mass, this 18 equivalent t0 


Vo-MR-g, 6.51) 
‘which proves the theorem. In terms of the Euler angles, 

V = Mgicos®. 65”) 
so that the Lagrangian is 


b= Bes Panreys Beh +See — Mgtoose (5.52) 
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Note that 9 and y donot appear explicitly in the Lagrangian, they are therefore 
cyclic coordinates, indicating that the corresponding generalized momenta are 
‘constant in time, Now, we have seen that the momentum conjugate to 2 rotation 
angle is the component of the total angular momentum along the axis of rotshon, 
which for ¢ is the vertical axis, and for y, the z axis in the body. We ean int fact 
show from elementary principles that these components of the angular momentim, 
‘must be constant in tune. Since the torque of gravity is along the line of nodes, 
there 1s no component of the torque along either the vertical or the body z axis, 
for by definition both of these axes are perpendicular to the line of nodes. Hence, 
the components of the angular momentum along these two axes must be Constant 
in time, 

‘We therefore have io immediate first integrals of the motion: 


ak iy 3 
Pes wt 1 + $0088) = hay = ha G53) 


pee 5 = (Sin + Loos? Ob + hWoose = hb, (5.54) 


Here the two constants of the motion are expressed in terms of new constants a 
and b. There is one further first integral available; since the system is conservative, 
the total energy £ is constant in time: 


€=T+¥= he + ¢ sin? 8) + Bol +Mglcos@. (3.55) 
Only three additional quadratures are needed to solve the problem, and they are 
easily obtained from these three first integrals without divectly using the Lagrange 
equations. From Eq. (5.53), is given in terms of ¢ by 
hye = ha ~ hd cos 6, (356) 
and this result can be substituted in (5.54) to eliminate y 


Ab sin? 0 + hacosd = hb, 


5.57} 
a 65D 
‘Thus, if & were known as s function of time, Eg. (5.57) could be integrated to 
fumish the dependence of @ on time. Substituting Eq. (5.57) back in Eq. (5.56) 
results in a corresponding expression for ¢ 
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y he b-acost 
J (55 
& ae Oe 


which furnishes y if @ is known, Finally, Eqs. (5.57) and (5.58) can be used to 
eliminate ¢ and ¥ from the energy equation, resulting in a differential equation 
involving 6 alone. 

First notice that Bg. (5.53) says 3 is constant in time and equal to (1h/s)a. 
‘Therefore, F ~,04/2:is a constant of the motion, which we shall designate as 2”. 
Making use of Eq, (5.57), the energy eqastion can thus be written as, 


acos@?? 
2 sie 


Equaton (5.59) has the form of an equivalent one-dimensional problem in the 
variable @, with the effective potential V"(G) given by 


+ Mgleos®, 6.59) 


" 1 (b~acosd\* 
Vo) = Mateos + ( 22 ) (5.60) 


‘Thus, we have four constants associated with the motion, the two angular mo- 


meats py and py, the energy term E ~ }/,03. and the potential energy term 
‘Mgl. Itis common to define four normalized constants of the motion as 


pea (5.61) 


{in terms of these constants, the energy equation (5.55) can be written as 


aiesney? 
a By COLON 5 eos, 6.62) 
ae 


‘We will use this one-dimensional protilem to discuss the motion in @, very 
similarly to what was done in Section 3.3 in describing the radial motion for the 
‘central force problem. Iris sme convenient o change variables as we did for the 
central force problem. Using the variable u = cond, rewrite Bq. (5,62) as 


a = (1 ~ ia — fu) ~~ au", (8.62) 
hich can be reduced immediately to a quadrature: 
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a) Ge 
na) J wa ~ fu) aa)? 


t= 


(8.63) 


‘With this result, and Eqs, (5.57} and (5,58), 9 and y can also be reduced 40 
quadrarares, Hlowever, the polynomial in the radical is a cubic so that we have to 
deal with elliptic integrats. These solutions can be generated on current desk-top 
‘computers. In the case of the force-free motion, the physics tends to be obscured 
in the profusion of mathematics. Fortunately, the general nature of the motion can 
bbe discovered without actually pesformiag the integrations. 

Before proceeding xnth the study of the posmble solunions ot Eq, (5.63), « fow 
‘comments on the constants defined in Eqs. (5.61) will be useful. Figure 5,7 shows 
the case where the fixed point is not atthe center of mass, I the top is spinning on 
‘a horizontal surface, both a and f are greater than zero, Ifthe top is supported by 
‘stand that allows it todip below horizontal, 8 is still larger than ero, bt a could 
bbe positive or negative. Another common application is the gyroscope where the 
center of mass 1s the tixed point. In terms of Fig. 5.7, a is the energy in the syste 
excluding the x3 angular kinetic energy. For the gyroscope, ff <= O and a > 0, 
We shall restrict our atention to situations in which the rotational kinetic energy 
about the x3 axis is much larger than the kinetic energy ubout the other two axes, 

tis convenient to designate the right-hand side of Eq, (3.62) as a function 
JF (4) and discuss the behavior of the cubic equation 


flu) = fs? ~ (at a2 yn? + ab — Bye +e ~ b), 


For the gyroscope, /(u) is only « quadratic equation since f = 0, while for the top 
the full cubic equation must be considered. Since many of the applications of the 
gyroscope use tonque-free mountings, precession and nutations 1st suppressed 0 
the gyroscope motions are trivial. To understand the general motions of a spinning 
bhody. we will consider only cases where 6 > 0. 

‘The roots of the cubic polynomial furnish the angles at which 6 changes sign, 
that is, the “turning angles” in @. Knowing these angles will give qualitative ine 
formation about the motion. There are three roots to a cubic equation and three, 
pensible combinations of solutions. There can be one real foot and # complex 
‘conjugate pair of roois; there can be three real roots, two af which are equal; and. 
there can be three real and unequal roots. These possibilities depend upon the rel- 
ative signs and magnitudes of the four constants in Eqs. (5.61). There is also the 
physical constraint that the solution a mast satisfy 1 < a <1, We will draw all 
figures as if « > 0, which would be the case if the top is supported by « horizontal 
surface, Recall that a point support could attow the smallest root t0 be tess than 
zero. 

For w large, the dominant term in ftw) is fix? Since f (cf. Eqs. ($.61)) is 
always a positive constant (u) is positive for large positive u and negative for 
large negative u. At points w = +1, f(u) becomes equa. to ~(b ¥ a)" and is 
therefore always neganve, except for the unusual case where u = :b1 is a root 
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FIGLRE 5.8 Mlostrating the location of the taming angles of @ in the motion of a heavy 
symmetric top supported on a horizontal plane. A point support could allow one of the 
roots fo be negative, 


(Corresponding to a vertical top). Hence, at least ons root must lie in the region 
u > 1, a region that does not comespond to real angies, Indeed, physical motion 
of the top can occur only when «7 is positive somewhere in the interval between 
us Tanda = +1, that is, @ between 0 and +2, We must conclude theretore 
that for any actual top f (u) will have two roots, wand wz, between = and +1 
(Gf. Fag. $.8), and that the top moves such that cos @ always remains between these 
‘wo roots. The location of these roots, and the behavior of ¢ and ys for values of @ 
between them, provide much qualitative information about che motion of the top. 

It is oustomary to depict the motion of the top by tracing the curve of the in- 
tersection of the figure axis on a sphere ot umvt radius about the fixed point, This 
‘curve is known as the locus ofthe figure exis. The polar coordinates of « poiat on 
‘the locus are identical with the Euler angles 6, @ for the body system, From the 
discussion in the preceding paragraph, we can see thut the locus lies between the 
‘two bounding circles of colutitude 8 = arcoos uj and & = arccos xp, with 8 van- 
ishing at both circles. The shape af the locus curve is in large mneasure determined 
by the value of the root of & ~ au, which we denote by u': 


=. (364) 


‘Suppose, for example, the initial conditions are such that u' is Larger than wa 
‘Then, hy Fq (5.57), ¢ will always have the same sign for the allowed inclination 
angles between @; and é. Hence, the loces of the figure axis mast be tangent to 
the bounding circles in such a manner that ¢ is in the same direction at both @ 
and 6, as is shown in Fig. 5.9a). Since @ therefore increases secularly in one 
direction or the other, the axis of the top may be said to precess sbout the verucal 
axis. But itis aot the regular precession encountered in force-free motion, for as 
the figure axis goes around, it node up and down between the bounding angles 0, 
and 8)-—the top natates during the precession. 

‘Should b/a be such that u’Hies between wr and uz, the direction of the preces- 
sion will be different atthe two bounding circles, and the locus of the figure axis 
exhibits loops, as shown in Fig. 5.9(b}. The average of ¢ will not vanish how- 
‘ever so that there is always a net precession in one direction or the other, It can 


5,7 The Heavy Symmetrical Top with One Point Fixed 2B 


o @ 


FIGURE 59 ‘The possible shapes for the locus ofthe figure axis on the unit sphere. 


also happen that ’ coincides with one of the roots of F(x). Atthe corresponding. 
hounding circles, both é and ¢ must then vanish, which requires that the locus 
shave cusps touching the circle, as shown in Fig. 5.94). 

This last case is not as exceptional as s sounds; it corresponds in fact to the 
{nitial conditions usually stipulated in elementary discussions of tops: We assume 
that initially the syonmetrical top is spinning about its figure axis, which i fixed 
in some direction M, At time ¢ = 0, the figure axis is released and the problem is 
to deseribe the subsequent motion. Explicitly, these initial conditions are thut at 
10,8 =O and d = 4 = 0, The quantity uy = cos By must therefore be one of 
the rors of f (u); in fact, it corresponds to the upper circle: 


1? 
Mo =u a! = =. (5.65) 


For proof, note that with these initiat conditions &* is equal to Mgl cos, and 
that the terms in &” derived from the (op’s Kinetic energy can never be negative. 
Hence. as 6 and ¢ begin to differ from their initial zero values, energy can be 
‘conserved only by a decrease in Mal cos, i., by an increase in 8. The inital &y 
‘is therefore the same as @2, the mininvam value @ can have. When released in this 
manner, the top always starts to fall, and continues to fall uotil the other bounding 
angle 6; is reached, precessing the meanwhile. The figure axis then begins to rise 
again toy, the complete motion being ax shown in Fig. $.9(¢). 

Some quantitative predictions can be made about tbe motion of the top un 
der these initial conditions of vanishing @ and ¢, provided thar the initial kinetic 
energy of rotation about the z-axis is assumed iarge compared to the mnaximuin, 
change in potential energy: 

fhaj > Mel. (5.66) 
‘The effects of the gravitational torques, namely, the precession and accompanying 


natation, will then be only small perturbations on the dominant sotation of the top 
about its figure axis. In this situation, we speak of the top as being a “fast 10p.” 
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With dhis assumption we can obtain expressions for the extent of the mutation, the 
utation frequency, and the average frequency of precession. 

‘The extent of the mutation under these given initiat conditions is given by 
ty ~ Hq, where uy is the other physical soot of /40). The initial conditions 
E! = Mglcos% is equivalent to the equality 


a = Bug, 


With this relation, and she conditions of Eq, (5.65), /(u) oun be rewritten more 
simply as 


FH) = (uo = wy [BQ = 2) ~a2uo ~ 0d] 567) 
‘The roots of f (1) other than up are given by the roots of the quadratic expression 
in the brackets, and the desired root 4, therefore satisfies the equation 
2) @ 
=) — Stag =) = 0, (6.68) 


Denoting uo ~ u by x and up ~ uy by 2x9, Bg, (5.68) can be rewritten as 
xP4 pug =O, 6.69) 
where 
a 
pm GZ Pooh, gs sin? Bp. 


The condition for a “ast” top, Bq (5.66), implies that p is much turger then q. 
‘This can be seen by writing the ratio «7/5 as 

2 (1) boa 
BNE) Bit 

‘Bxcept in the case that J; < /; (which would correspond te a top in the unusual 


shape of a cigar), the ratio is much greater than unity, and p 3 q. To first order 
in the smalt quantity ¢/p, the only physically realizable root of Eq. (5.68) is then 


Neglecting 200s @ compared to a*/8, this result can be written 


sin? @y fh 2Mgl P 
at gee 4, @.30) 


ne 


“Thus, the extent of the entation, as measured by x) = up ~ 1, goes down as 
1/o%. The faster the top is spun, the less is the autation. 
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‘The frequency of natation likewise can easily be found for the “fast” top. Since 
‘the amount of mutation is small, the term (1 — u) in Eq. (5.67) can be replaced by 
its initial value, sin? @p, Equation (5.67) then reads, withthe help of Eg. (5.70), 


Fu) x(x; — 7), 


Af we shift the origin of x to the midpoint of its range, by changing variable 10 


‘then the differential equation becomes. 


gealti_y 
3 a(3 ), 


which on differentiation again reduces to the familiar equation for simple bar 
‘monte motion 


jm—e’y. 
{n view of the initial condition x = Oar ¢ = 0, the complete solution is 


= 3a ~ cosas), (671) 


‘where xy és given by (5.70). The angular frequency of nutation of the figure axis 
between fy and 8; is therefore 


asso (7a) 


“which increases the faster the top is spun initially. 
Finally, the angular velocity of precession, from (5.57), is given by 


673) 


‘The rate of precession is therefore not uniform but varies harmonically with time, 
with the same frequency as the mutation. The average precession frequency how- 
ever is 

x Me! 


B 
aE BE $.14) 
O20 on oe 
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which indicates that the rate of precession decreases as the initial rotational ve- 
locity of the top is increased. 

‘We are now in a position to present 2 complete picture of the motion of the fast 
top when the Figure axis initially has zero velocity. Immediately after the figure 
axis is released, the initial motion of the top is always to fall undes the influence of 
_gtavity. But as it falls, the resultant torque around the axis of fall causes the top 10 
pick up a precession velocity, directly proportional 10 the extent of its fall, which, 
Starts the fignte axis moving sideways about the vertical. The initial fal results 
in « periodic notation of the figure axis in addition to the precession. As the top 
is spun faster and faster, the extent of the mutation decreases rapidly, although 
the frequency of natation increases, while at the same time the precession about 
the vertical becomes slower. In practice, for a sufficiently fast top the mation is 
damped out by the friction at the pivot and becomes unobservable. The top then 
appears to precess uniformly about the vertical axis. Because the precession is 
regular only in appearance, Klein and Sommerfeld have dubbed ita pseudoregular 
precession. In most of the elementary discussions of precession, the phenomenon 
of mutation is neglected As a consequence, such derivations seem to lead to the 
paradoxical conclusion that upon release the. top immediately begins to precess 
uniformly, a motion that is normal {0 the forces of gravity that are the ultimate 
cause of the precession Our discussion of pseudoregular procession serves (0 
resolve the paradox; the precession builds up continuously from rest without any 
infinite accelerations, and the initial tendency of the top ts to nove in the direction 
Of the forces of gravity 

Its of interest to determine exactly what initial conditions will result in a tue 
regular precession. in such a case, the angle @ remains constant at its initial value 
6, which means that 6) = @ = Gy. In other words, f(u) must have a double root 
tug (¢F. Fig. $.10), 0 


wet=o, Leo um, 
ae 


‘The first of these conditions, from Eq. (5.62') with i = 0, implies 


= ay? 


=! 


9.78) 
img (5.78) 


(@~ fag) = 


fo 


FIGURE S19 Appearance of ju) fora regular procession, 
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the second corresponds to 
B _ eb— aug) | (@ — Bun) 
pep (8.76) 


Substitution of Eq. (5.75) in Bq. (5.76) teads, in view of Eq, (5.57) for d, a 
quadratic equation for 4: 
£. 
z 
With the definitions of f and a, 84, (5.61), this can be written in two alternative 


forms, depending on whether a is expressed in terms of ws oF the (constant) ¥/ 
and 


ib ~ F cosy. (5.76) 


Mal = Olay ~ hg cost), 671) 
or 
Mal = Oty ~ (h ~ fs)4c086). 6.77) 


‘The iniual conditions for the problem of the heavy top require the specification 
of 8, 9, aid, say either yp oF a atthe tiie r = 0. Because they are cyclic, 
the initial values of @ and y are largely isrelevant, and in general we can choose 
any desired value for each of the four others. Bur if in addition we require that the 
‘notion of the figure axis be one of uniform precession without mutation, then our 
choice of these four initial values is no longer completely unrestricted. Instead, 
they must satisfy either of Eqs. (5.77). For 6 = 0, we may still choose initial 
values of @ and ws, almost arbivaniy, but the value ot ¢ 1s then determined. ‘the 
phrase “almost arbitrarily” is ased because Eqs. (5.77) are quadratic, and for ¢ 10 
be real, the discriminant of Eq. (5.77) must be positive: 


Bed > 4Mglh cos6o. (5.78) 


For 8 > 7/2 (a top mounted so its center of mass 18 below the fixed pomt), ther 
any value of «os can lead to uniform precession. But for @ < 1/2, 023 must be 
chosen to be above a minimum value. 


EMirrerarccrsd 
en > oh = FV Mal com 6.79) 


to achieve the sante situation. Similar conditions can be obtsined from Ea. (3.77) 
for the allowable values of y. As a result of the quadratic nature of Eq. (5.77), 
there will in general be two solutions for 3, known as the “fast” and “slow” pre- 
cession, Also note that (S.77) can never be satisfied by ¢ = 0 for finite # or ws; 
to obtain oniform precession, we must always give the top ashove to start it on its 
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‘way. Without this correct initial precessional velocity, we can obtain at best only 
a pseudoregular precession. 2 
{if the precession is slow, so that g cos dy may be neglected compared to a, then 
‘an approximate solution for ¢ is 
set 
OP a 


Mel sow), 

yoy 

which agrees with the average rate of peeadoregular precession for # fast top, This 
result is to be expected of course; if the rate of precession is stow, there is fittle 
difference between starting the gyroscope off with a little shove or with no shove 
at all. Note that with this value of 4, the neglect of ¢ cos % compared 1 a is 
‘equivalent o requiring that as be much greater than the minimum allowed value, 
For such targe values of wy, the “fast” precession ts obtained when ¢ is so large 
that Mgd is smafl compared to the other terms in Bq. (5.77%: 


han 
b= ire: 

‘The fast precession is independent of the gravitational rorques and can ih fact be 
elated 10 the precession of a free body (see Derivation 6a in te Exercises), 

‘One further case deserves some attention, namely, when w == { corresponds 
(0 one of the roots of (u).* Suppose, for instance, a top is set spinning with its 
figure axis initially vertical. Clearly then b = a, for 1)b and iya are the constant 
‘components of the angular momentum about the vettical sxis and the figure axis 
respectively, and these axes are initially coincident. Since the initial angoler vex 
locity is only about the Figure axis, the energy equation (5.59) evaluated at time 
f= Cotas that 


Ei = E~ thot = Mel. 


By the definitions of a and f (Eq, (5.61), it follows that a = 
“The energy equation at any angle may therefore be written as 


Pe (tw 981-4) (1-0)? 


t-u? [pa +a) ~2] 


‘The form of the equation indicates that « = 1 is always a double root, with the 
third root given by 


wy Sa 


& 


“Now dha dhs mast be ested as a spec case, ce mn the previous discussions favors of a? 
were repestadly dhvided out ofthe expressions. 
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FIGURE S.A Plot of f(x) when the figure axis is intially vertical 


Ifa*/8 > 2 (which comesponds to the condition for a “fast” top), 3 is Langer 
‘than 1 and the only possible snotion is for « = 1; the top merely continues to spin 
ssbout the vertical. For this state of affairs, the plot of f(s) appears ax shown in 
Fig. 5.113), On the other hand, if a?/8 < 2, the thisd root 1; is then Jess than 
1, f(u) takes on the form shown in Fig. $.11(b), and the top will nutate between, 
@ = O.and 0 = Os. There is thus a critical angular velocity, «o', above which only 
vertical motion is possible, whose value is given by 


am (2) bal a 
BO" \G) Biigi 
or 

Mail, 


og (5.80) 
R 


which is identical with Bq, (5.79) for the minimums frequency for uniform preves- 
sion with & = 0. 

In practice, if atop is started spinning with its axis vertical and with «os greuter 
than the critical angular velocity, it will continue to spin quietly for a whife about 
the vertical (hence the designation as a “sleeping” wp). However, friction grad~ 
ually reduces the frequency of rotation below the eritical value, and the top then 
begins to wobble in ever lager amounts as it slows down. 

The effects of friction {which of course cannot be directly included in the La- 
grangian framework) can give rise to unexpected phenomena in the behavior of 
tops. A notable example is the “tippie-top.” which consists basically of somewhat 
more tha half a sphere with 4 sweit added on the fax surface. When set rotating 
‘with the spherical surface downwards on a hurd surface, it proceeds to skid and 
‘notate until it eventually tums upside down, pivoting on the stam, where it then 
‘behaves as # normal “sleeping” top. The complete reversal of the angular mo- 
‘mentum vector is the result of frictional torque occurring as the top skids on its 
spherical surface. 
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A Tasge and influential techisotogy is hesed on the applications of rapidly spin- 
ning rigid bodies, particularly through the use of what are called “gyroscopes.” 
Basically, 4 three-frome gyroscope is a symmnettical top rotated very rapidly by 
extemal means sbout the figure axis and mounted in gimbals so that the motion of 
the figure axis is unresincted about three perpendicular spatial axes while the cen- 
tor of gravity remains stationary. The Bgure axis maintains the same direction in 
space no matter how the mounting is reoriented, a phenomenon called gyroscopic 
inertia, Such an instrument can indicate the roli, pitch, and attitude direations of 
an aisplane flying “bling” by using the xyz Euler angle coavention described in 
Section 4.4 and Appendix A. 

Wf extemal torques wre suitably exerted on the gyroscope, it will undergo the 
precession and nutation motions described earlier for the heavy top. However, 
the condition for the “fast” top is abundantly satisfied, so that the extent of the 
nutation is always very smalf, and moreover is deliberately damped out by the 
method of mounting. The only gyroscopic phenomenon then observed is proves- 
sion, and the mathematical treatment required to describe this precession can be 
greatly simplified. We can see how to do this by generalization from the case of 
the heavy symmetrical top. 

TER is the cadins vector along the figure axis from the fixed point to the center 
‘of gravity, then the gravitational torque exerted on the top is 


NoRx Mg, (5.81) 


where g isthe downward vector of the acceleration of gravity, If La is the vec 
tor along the figure axis, describing the angular momentum of rotation abott the 
figure axis, and a, known as the precession vector, is aligned along the verucal 
with magnitude equal to the mean precession angular velocity $, Bq. (5.74). then 
the sense and magnitude of the (pseudoregutlar) precession is given by 


ep XLS SN. (582) 


Since any torque about the fixed point or center of mass can be put in the form 
R x F, similar to Eq. (S81), the resulting average precession mite for a “fast” top 
can always be derived from Eq, (5.82), with the direction of the force F defining 
the precession axis. Almost all engineering applications of gyroscopes involve 
the equilibrium behavior (i<., neglecting transients) which can be derived from 
Eq, (582). 

Free from any torques, a gyroscope spin axis will always preserve its original 
Airection relative to an inertial system. Gyros can therefore be used to indicate 
‘or maintain specific directions, ¢.g., provide stabilized platforms, As indicated by 
Eq, (5.82), through the precession phenomena they can sense and measure angular 
rotation rates and applied torques. Note from Eq. (5.82) that the precession sate 
is proportional to the torque. whereas in a nonspinsing body it is the angular 
acceleration that is given by the torque. Once the torque is semoved, a nonspinning 
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body will contiaue to move; under similar conditions & gyro simply continues 
spinning without precessing. 

‘The gyrocompass imolves more complicated considerations because here we 
are dealing with the behavior of a gyioscope flxed im a foninertial system, while 
‘Barth rotates underneath it. In a gysocompass, an additionel precession is auto 
matically applied by an external torque at a rate just enough to balance Earth's 
rotation rate. Once set in the direction of Barth's rotation, i... the north direction, 
the gyrocompass then preserves this direction, at least in slowly moving vehicles. 
‘What bas been preseated here is admittedly an oversimplified, highly compressed 
view of the fascinating wehnological uses of fast spinning bodies. To continue 
further in this direction would regrettably lead us too far afield, 

‘There are however two examples of precession phenomena in nature For which 
‘4 somewhat fuller discussion would be valuable, both for the great interest in the 
phenomena themselves and as exaraples of the techniques derived in this chapter, 
‘The first concems the types of precession that arise fom the torques induced by 
Ensth’s equatosial “bulge,” snd the second is the precession of moving charges in 
‘a magnetic eld, The next two sections are concerned with these examples, 


5.6 M PRECESSION OF THE EQUINOXES AND OF SATELLITE ORBITS. 


thas been roentioned previously that Barth is a top whose figure axis is precess- 
ing about the aomnal to the ectiptic. the plane of Earth's orbit, a motion known 
astronomaically as the precession of the equmoxes. Were Barth completely spher- 
ical, none of the other members of the solar system could exert a gravitational 
torque on it. But, as has been pointed out, Earth deviates slightly from a sphere, 
being closely approximated by an oblate sphreruid of revolution. I is just the net 
torque on the resultant equatorial “bulge” arising from gravitational attraction, 
chiefly of the Sun and Moon, that sets Earth’s axis precessing in space. 

‘To calculate the cate of this precession, a slight excursion into potential theory 
is needed to find the mutual gravitational potential of a mass point (representing 
the sun or the moon) and « nonspherical distribution of mutter. We will find the 
properties of the inertia teasur as obtained above very useful in the derivation of 
this porential 

‘Consider a distribution of mass points forming one body, and a single mass 
point, mass M, representing the other (cf. Fig. 5.12). If r, is the distance between 
‘the ith point in the distribution and the mass point M, then the mutual gravitational 
potential between the two bodies ist 


S83 


‘He may be wouth a remundes at summation pimped oveeeopeatedeabsetigrs 
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FIGURE 5.12 Geomeuy involved in gravitational potential between an extended Body 
snd a mass pount, 


In this last expression the terininology of Fig. 5.12 55 used: 1, isthe radius vector 
to the ith particle from a particalar point, which witl tater be taken to be the ceater 
Cf mass of the first booy, F is the corresponding sadius vector to the mass point 
1M, andy, is the angle between the two vectors. It is well kaown that a simple 
expansion in terms of Legendre polynomials can be given for Eq, (5.83); in fact, 
the reciprocal of the square root in Eq. (.83) is known as the generating function 
tor Legendre polynomials, so thet 


at () Py(eor Wis (584) 


providing r, the distance from the origin to Af, is much greater than any r/, We 
shall make wse of only the frst three Legendre polynoraials that, for reference, are 


PG@d=h  Pid=x Pix) = ft =2). (5.88) 


For @ continuous spherical body, with only @ radial vuriation of density, all 
terms except the first in Eq. (5.84) can easily be shown to vanish. Thus, the th 
term mnside the summation, for a body with spherical symmetry and mass density 


tr’), can be written, 
ff favoer( ry P{e0s¥). 
‘Using spherica} potar coordinates, with the polar axis along r, this becomes 


nya pet 
f ar! a’ (5) { ACOA CORD). 


a 


From the orthonormal properties of F,, with respect to Fo, the integral over cos yy 
vanishes except for n = 0, which proves the statement. 

Ifthe body deviates only slightly from spherical symmetry, as is the case with 
Barth, we would expect che terms in Eg, (5.84) beyond n = 0 to decrease rapidly 
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with increasing n_ ft will therefore be sufficient to setaia only the first nonvanish- 
ing correction term in Eq, (5.48) to the potential for a sphere. Now, the choice of 
the center of mass 2s origin causes the m = 1 term two vanish identically, since i 
can be waitten 

_@ cM 


atom 


Me SF mr 08 


which is zero, by definition of the center of mass. The vext term, for n = 2, can 
be written 


Simple tensor matipulution gives the complete second-order approximation tothe 
nonspherical potential ay 


GMm 


Ve SMe Gh = ~TD, 


‘where m is the mass of the first body (Barth), 1; is the moment of inertia about the 
direction of r, and Fis the moment of inertia tensor inthe principal axis system, 
From the diagonal representation of the inertia tensor inthe principal axis system, 
‘its trace is just the sum of the principal moments of inertia, so that V can be 
written as 


GM: 
Ve + + Bo, -hth+h)). (3.86) 


‘Equation (5.86) is sometimes known as MacCullagh’s formula. So far, no as- 
sumption of rotational symmetry tas been made. Let us now take the axis of 
syrametry to be along the third principal axis, so that fy = Ip. Ife, B, 7 ae the 
direction cosines of r relative to the principal exes, then the oioment of inertia f, 
can be expressed as 


Leh +p) + by =h+th—- Wy. 647) 
With this form for /,, the potential. Eq. (5.86), becomes 


va Oe 4 OM = 10 ayy) (5.88) 


‘The general form of Eq. {5.88} could have been foretold from the start, for the 
potential from a mass distribution obeys Poisson's equation. The solution appro- 
priate to the symmetry of the body, as is well Known, is an expansion of terms 
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of the form 2,(y)/r"*", of which Bg. (5.88) shows the first two nonvanishing 
fexms. However, this approach does not give the coeficients of the terms any 
more simply than the derivation employed here. It should also be remarked that 
the expansion of V is the gravitational analog of the multipole expansion of, say, 
the electrostatic potentiat of an arbitrary charged body. The = 3 term is absent 
here because there is only one sign of gravitational “charge” and there can be no 
gravitational dipole moment. Further, the inertia tensor is defined analogously to 
the quadrupole moment tensor. Therefore, the mechanical effects we are seek- 
ing can be said to arise from the gravitationat quadrupole moment of the oblate 
Barth.* 

‘Of the terms in Ea. (5.88) for the potential, the only one that depends on the 
crientation of the body, and thus could give rise to torques, is 


Ve Paty). (5.89) 


_. GM ~ 1) 
ao 
For the example of Earth's precession, it should be remembered that y is the di- 
rection cosine between the figure axis of Earth and the radius vector from Barth's 
center to the Sun or Moon. As these bodies go around their apparent orbits, y will 
change. The relation of y to the more customary astronomical angles can be seen 
from Fig. 5.13 where the orbit of the Sux or Moon is taken as being in the xy 
plane, and the figure axis of the body in the x2 plane ‘The angle 6 between the 
figure axis and the z direction ix the obligaity of the figure axis, The dot product 
of a usit vector along the figure axis withthe radius vector to the celestial body 
involves only the products of their x-components, so that 


sin@ cos. 


Hence, ¥ can be written 


Vg x SM O= DD asin? 006? ~ 1). 


FIGURE 5.13 Figure axis of Earth relotive to orbit of mass point. 


“Note that so far nothing in Ee argument resricts the potesmal of Eq (8H) wo rigid Dorks, The 
constraint of git enters ony when we requir Grom bere on thatthe priacepad anes be fied ine 
Dodi and he associated moma of recta be ccastet io tne. 
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AS we shall see, the orbital motion is very rapid compared to the precessional 
‘motion, and for the purpose of obtaining the mean precession rate, it will be ad- 
equate to average ¥2 over 2 complete orbital period of the celestial body consid- 
ered. Since the apparent orbits of the Sun and Moon have low evcenteivitics, r can 
be assumed constant and the only variation is in cos 7. The average of cas? 7 over 
a complete period is 4, and the averaged potential is thea 


vo. . GM(A-h) GMig~ I) fi _ 39 
i oleeees ee SHE 1O (5 — Boat) 
of, finally, 


(8,90) 


“The torque derived from Eq. (5.90) is perpendicalas to both the Hgure axis and 
the normal tothe orbit (which plays the same sole a the vertical axis forthe heavy 
top). Hence, the precession is about the direction of the orbit normal vector. The 
‘magnitude of the precession rate can be obtained from Eq. (5.82), but because the 
potential differs in form from that for the heavy fop, it may be more satistying to 
‘obtain » more formal derivation. For any syrametric body in which the potential 
isa function of ene onl, the Lagrangian can be written, following Eq. (5.52), a8 


La LO Grint + Be + bose)? — Views). 69D 


AF we are to assume only uniform precession and are not concerned about the 
necessary initial conditions, we can simply take @ and 6 to be zero in the equations 
of motion. The Lagrange equation corresponding to 6 is then, 


aL te boat av 
Fg = AP sine cos9 ~ bind + de0s8) ~ Fe 


or 
av 
afeos a)" 


bao ~ hd? 0080 = 92, 
which is the analog of Eq. (5.76') for a more general potential. For slow pre- 
cession, which means basically that ¢ < oa, the $? terms in Bg. (5,92} can be 
neglected, and the rate of uniform precession is given by 


i av 
* Fras Bieos8) 


(5.93) 


From Eq, (5.51') we see that for the heavy top Bg. (5.93) agrees with the average 
result of Eq. (5.74), With the potential of Bo, €5.90), the precession rate is 
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—2oM wh 
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é cox, 15.94) 
For the case of the precession due to the Sum, this formula can be put in a 
simpler form, by taking as the semimajor axis of Earth's orbit and using Kepler's 


faw, Bq. .71), in the foem 
2a\?_ GM 
of =(S)} = 
‘The precession rate, celative to the orbital angular velocity, wp, is then 


Ptadet aw ae (3.98) 


‘With the vatue of (Fs ~ f1)/1y us given in Section 5.6, and @ = 23°27’, Bq, (5.98) 
says that the solar-induced precession would be such as to cause a complete rota- 
tion of the figure axis about the normal to the ecliptic (plane of Earth's orbit) in 
about 81,000 years. 

‘The Moon is far less massive than the Sun, but itis also much closer: the net re~ 
sult is that the lunar-induced precession rate is aver twice that caused by the Sun. 
‘Since the lunar orbit is close to the ecliptic and has the sume sense as the apparent 
solar orbit, the two precessions nearly add together arithmesically, and the cora- 
bined lunisolar precession rate is 50.25”/year, or one complete rotation in about 
26,000 years. Note that this rate of precession is so slow that the approximation 
of neglecting ¢ comparsd tow; is abundantly satisfied, Because the Sun, Moon, 
and Barth are in constant relative motion, and the Moon's orbit is inclined about 
5° (o the eeliptic, the precession exhibits ixegulatities designated as ustronomicul 
nudation. The extent of these periodic irregularities is not large—about 9” of are 
in 9 and about 18” in g. Even $0, they are far larger than the truc nutation that, as 
Kicin and Sommerfeld have shown, is manifested by the Chandler wobble whose 
amplitude is never more than a few tentbs of an are second, 

‘One further application can be made of the potential, Bq, (5.88), and associ- 
ated uniform precession rate, Eq. (5.93). It has been stressed that the potential 
represents & mutual gravitational mteraction; if it results in torques acting on the 
spitming Earth, it also gives rise to (noncentral} forces acting on the mass point M. 
‘The effect of these small forces appears ss a precession of the plane of the orbit 
of the mass point, relative to an inertial frame. It is possible to obtain an approx- 
imate formula for this precession by an argument again based on the behuvior of 
‘sping ngid bodies. 

Since the precession rates are small compared to the orbital angular velocity, 
‘we can agait average over the orbit. The averaging in effect replaces the par- 
ticle by a rigid ring of mass M with the same radius as the (assumed circular) 
orbit, spinning about the figure axis of the ring with the orbital frequency. Bqua- 
tion (5.90) gives the potential field in which thie ring is located, with @ the angle 
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between the figure axes of the ring and Earth. The average precession rate is still 
given by Eq. (5.93), but now f3 and avs refer to the spinning ring and not Earth, 
Ik would therefore be better to rewrite Bq. (5.93) for this application as 


PL js 
Gettr? dicox8)” 6:93) 

and Bg. (5.94) appears as 
, 3 GB~ 1 5 
, Fealat = ee al aa (5.94') 


Equation (5.94) could be used, for example, to find the precession of the orbit of 
the Moon due to Earth’s oblateness. A more current application would be the 
precession of nearly circular orbits of artificial satellites revolving about Barth. 
‘The fraction of a complete precession rotation in one period of the satelite is 


‘An application of Kepler’s law, this ttine for the period of the satellite, reduces 
this result to 


52H cose, 696) 
mmr 


where m is Barth's mass. If Earth were a uniform sphere, then the principal mo- 
‘ments of inertia would be 


h~ ty = dm’, 
with & Earth's radius. Because the core is much mare dense than the ovter layers, 
the moment of inertia is smaller, such that in fact* 
fy = 0.331mR? % fk, 
“The approximate precession is dhus given by 


A 2 
Sethe () cos. 697) 
B 


Fora “close” satelite where r is very close to R, and the inctination of the satelite 
orbit to the equator is, say, 30°, Eg, (5.97) says that the plane of the orbit precesses 
completely around 2 in about 700 orbits of the satellite, Since the period of « 
close satellite is about 14 hours, complete rotation of the orbital plane occurs 
in a little over six weeks time. Clearly the effect is quite significant. We shall 
redetive the precession of the satellite orbit later on, when we discuss the subject 
of perturbation theory (cf. Section 12.3). 


"The best values of F; are now obtsined from abservation of est wor effects on satelite orbas, 
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3.9 ME PRECESSION OF SYSTEMS OF CHARGES IN A MAGNETIC FELD 


‘The motion of systems of charged particles in magnetic fields does not normally 
involve rigid body motion. In « number of particular instances, the motion is how= 
ever most elegantly discussed using the techniques developed here for rigid body 
motion. For this reason, and because of their importance in atomic and nuclear 
physics, a few examples will be given here. 

The magnetic moment of a system of moving charges (relative to a particular 
origin) is defined as 


Me Sains xv)» 3 f av elexe xo) (5.98) 


“Here the first expression is « sum over discrete particles with change q,, while the 
second is the comesponding generalization to a continuous distribution of charge 
density ps(t). The angular momentom of the system under corresponding con- 
ventions is 


Lemi(r, x¥) > [4° pacoirx, 


Both the magnetic moment and the angular momentum have a similar foo. 
‘We shall restrict the dkscussion to situations in which M is directly proportional 
tol: 


Ma yL, (5.99) 


most naturally by having a uniform g/m ratio for all particles or at all points in 
the continuous system. In such cases, the gyromagnetic ratio y is givert by 


at 

rss (6.100) 
‘bt, with an eye to models of particle and stomic spin, y witl often be left unspec- 
ified. The forces and torques on a magnetic dipole may be considered as derived 
from x potential 


Vv =—(M-B). (3.101) 


It is implied along with Bq. (5.101) shat the magnetic field is substantially 
constant over the system. Indeed, the picture applies best to a pointlike magnatic 
moment whose magnitude is not affected by the motion it undergoes-—a picture 
appropriate to permanent magnets of systems on an atomic or small scale. With 
uniform B, the potential depends only on the orientation of M relative to Bj 0 
forces are exerted on the magnetic moment, but there is a torque 


N=MxB. {5.1025 


5.9. Precession of Systems of Charges in a Magnetic Field zt 


{Compare with Eq. (5.81).} The time rate of change of the total angular momen- 
tum is equal to this torque, so that in view of Eg. 6.99) we can write 


Be yixe. (5.103) 
‘But this is exactly the equation of motion for a vector of constant magninide 
rotating in space about the direction of B with an angular velocity os = —yB. 
‘The effect of a uniform magnetic field on a permanent magnetic dipole is to cause 
the angular momentum vector (and the magnetic moment) 40 precess uniformly. 

For the classical gyromagnetic ratio, Bg. (5.100), the precession angular veloc- 
ityis 


aot e109 


known as the Larmor frequency. For electrons q is negative, and the Larmor pre 
cession is counterclockwise around the direction of 8, 

‘Asa second example, consider a collection of moving charged partictes, with- 
cout restrictions on the nature of their motion, but assumed to all have the sume 
qm ratio, and to be in a region of uniform constant magnetic field. It wil also 
‘be assumed that any interaction potential between particles depends only on the 
scalar distance between the particles. The Lagrangian for the system can be wait- 
ten (cf. Fg. (1.63)) 


1 q 
Lm grunt + Emin Ale) + Wie 8D (8.105) 


‘here the constant magnetic field B is generated by a vector potential A: 
A=JBxr. (5.106) 
In terms of B, the Lagrangian has the form (permuting dot and cross products) 


Ser re . 
La smal Fon omy) + Vile y. 6.107) 
‘The interaction term with the magnetic field can be variously written (cf. 
gs. (5.101) and (5.104) 


a 
For MB = men fe x mv. (5.408) 


Suppose now we express the Lagrangian in terms of coordinates relative t0 
“primed” axes having 2 common origin with the original set, but rotting ani 
fonnly about the direction of B with angular velocity ay. Distance vectors from 
the origin are unchanged as of course ate scalar distances auch as |r, — 1, |, How. 
eves, velocities relative to the new axes differ from the original velocities by the 
selation 


Wevtoren. 
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‘The two terms in the Lagrangian affected by the wansformation are 
mol? m, 

SST Ri Car x) + Fann) (ay xm), 
OP EX MMs OH + (  MV,) — ey + (HX MH e04 XT). 


By permuting dot and cross product, we can see that the terms linear in. ex and 
+¥ are jist equal and opposite and therefore cance} in the Lagrangian, A siovlar 
permutation in the term quadratic in cy show that they are of the same form and 
are related to the moment of inertia of the system shout the axis defined by ay (cf 
Section 5.3). The quadratic term in the Lagrangian can in fact be written ag 


am : wm dey toy ee bia 7 
Fl 8) (Or x) = Ze To eH Shah, (5.109) 


where /; denotes the moment of inertia about the axis of ay. In terms of coord- 
‘bates in the rotating system, the Lagrangian thus has the simple form 


Lx dm? + Vein = ej) ~ dof. (5.110) 


‘from which all tincar terms in the magnetic field have disappeared. 

‘We cau get an idea of the relative magnitude of the quadratic term by con- 
sidermg a situation in Which the moun of the system consists of a rotation with 
some frequency w, .g., an electron revolving around the atomic nucleus. Then for 
systems not too far from spherical synametry, the kinetic energy is approximately 
}1a* (without subscripes on the moment of inertia) and the Hinear term in a is, 
fon the order of «oy + L * Jay. Hence, the quadratic term in Eq. (5.110) is on 
the order of (cxz/a)* compared to the kinetic energy, and on the order of (ay /ea) 
relative f0 the linear term, 

in most systems on the atomic of smaller scale, the natural frequencies are 
sich sarger than the Larmor frequency. Compare, for example, the frequency of 
a spectral line (which is a difference of natural frequencies) to the frequency shift 
in the simple Zeeman effect, which is proportional to the Larmor frequency. Thus, 
for such systems the motion in the rotting system is the same as in the laboratory 
system whes there is.no magnetic eld What we have is Larmor's theorem, whic 
states that to first order in B. the effect of a constant magnetic field on a classical 
system is to superimpose on its normal motion a uniform precession with angular 
frequency a. 


DERIVATIONS: 
LIER, 29 an anusymmenic matrix associated with the coordina of the ‘th mass paint 


‘of asystem, with elements Ring = Geist show that the matnx of the inerua tensor 
‘can be wntien os 


Bm RP. 
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2 Show directly by veto anpadanon tat he definiton of he moment of fnraa 3 
Pemex) 
selec og (518) 
2 Prove that fora genera ig body moton about axed pom, the time variation of 
“pe fares energy is ten by 
Fan. 


4 Derive Buler’s equations of motion, £ (5.39"), from the Lagrange equation of mo- 
tion, in the form of Eq, (1.53), for the generalized coordinate 


'5. Equation (5.38) holds forthe motions of «ystems that are not rigid, relative to a chosen 
wating se of coordnstes. For general nonrigid motion, if the rotating axes are chosen 
lo coincide with the (instantaneous) principal axes of the continuous syste, show that 
Eqp. (5.39) ave to be repisced by 


dye) dl, 
SE terojonte my Zieh. 12323, 


where 
4 = fav omeners 


with p(x) the mass density at point ¢, and v! the velocity of the system point at F 
relative to the rotating axes. These equations ae sometimes kaown &s the Liouville 
equations and have applications for divcussing almos-rigid motion, auch ws that of 
Earth incloding the stmosphore and oceans, 

{6 (@) Show that the angular momentum of the torque-ffee symmetrical top votes in 
the body coacdinates ebout the symeary axis with an angular frequency @ Show 
also tha the symmetry axis rotates in space abot the fixed direction ofthe asguar 
momentum with the angute frequency 


hos 


$= Feats" 


where @ 16 the Euler angle of the line of nodes with respect to the angular mo~ 
‘mentum as the space z axis, 

(b) Using the resuks of Exercise 15, Chapter 4, show that @ rotates in space about 
‘the angular momentam with the same frequency q, but that the angie 6” between 
eo anid Lis prven by 


where 6 is the inclinazon of as to the symmetry aris. Using the data given in 
Sestion 5.6 show therefore that Bar's rotation axis and ihe axis of angular mo- 
mentum are never more than 1.5 cm apart on Earth's surface. 
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{@) Show from pars (2) and (&) that the motion of the force-free symmetrical top 
can be described in terms of the rotation of 4 cone fixed in the body whase axis 
4s the symmetry axis, rolling on 2 feed cone m space whose zxis is along the 
angular momentum. The angular velocity vector is along the Tite of contact of the 
‘wo cones. Show thatthe same description follows ummedistely from the Peiasot 
consinicton in terms ofthe mania elipsoid 

7. For the generat asymmetncal ngrd body, vecify analytically the stability theorem 

shown geometrically above on p. 204 by exainining the sofation of Euler's equations 
{or small deviatons from roxston sbout eact of the principal axes, The ditection of 
ais assumed to diffe so slightly from a principal axis that the component of «200g 
the ass can be taker as constant, while the product of components perpendicular 10 
‘he ax can be neglected. Discuss the boundedness of the resultant smotion for cach of 
the three principal axes, 


‘When the ngid body 1s not symmetrical, ao analyte solution to Euler's equation for 
the torque-free motion cannot be given in termis of elementary functions. Show, bows 
ever, that the conservation of enesgy acd angular momentum cao be used to obtain 
expressions for the body components of w in terms of elliptic wegralk 


1% Apply Eulet’s equations to the problem of the heavy symmetrical top, expressing 1 
im terms of the Baler angies, Show thet the two intograls of motion, Bas, (5.53) and 
45.54), can be obtained directly from Euler's equations ia ths fore, 


10. Obtain from Baler’s equations of motion the condition (5.77) for the vniform preces- 
sion of a symmetrical top in a grevitatvonat fied, by imposing the requirement thut the 
motion be @ uasfors:. precession without mutation 


8. 


LL, Show that the magnitude of the angular momentum for a heavy syrnmettical top oa 
‘be expressed as a function of @ and the constants of the movon omy. Prove that ws a 
result the angotar momentum vector precesses tnrformly only when there i unvform 
precession of the symmetry axis 


12, (a) Consider » primed set of axes coincident in orig with an ineruat set of axes 
‘but rotting with respect to the inertial frame with fixed angular velocity cy. If a 
system of mass points is subject to forces derived from a conservative potential 
Y depending orly on the distance tothe origin, show thatthe Lagrangian forthe 
<ystem in terms of coordinates cette tothe primed set ean he written 


LaT ¢ g A+ feag ff t= Vy 


where primes indicate the quantities evaluated rlative 4 the ptwed set of axes. 
‘What is the physical significance of each ofthe two addtional terms? 

(@) suppose that ip isin the xx phan snd that & symmetric top is constrained to 
rove wi its gure axis 10 the x3x/ plase. so that only ‘wo Ruler angles te 
needed to desenbe 1s onentation. the body 1 mounted so that the center of 
mass i fixed ot the ocign and V = 0, show chat the figure axis of the body 
oscilates about the ©, axis sccordug fo the plane-pendulvin equation of iota 
and find the frequency of smal asclauons, Thos (astra the principle of the 
gyro compass. 
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13, Tworin ods each of mass mand length are connected o an ideal (na fiction) hinge 
snd 2 horizontal thcead. The sytem resis on a smonth surface as shown in the figure 
Artin = 0, dhe thcad is cul. Neglecting the snass of thc hinge und the thread, and 
‘onndering only mation m the xy plane 
{a} Find the speod at wich the hinge nits she floor. 


(b) Find the ime 1ttakes for the hange fo bit the Boor. 


14, Whats the beightio-dhameter rato ofa right cylinder sca thatthe nerbaalbpeoid 
atthe center ofthe cylinder s a sphere? 


15, tnd the pancrpal moments of mers about the center of mass of @ ft rigid body Ih 
the shape of a 45° right langle with wniform mass density. What are the principal 
axes? 


16, Three equal mass points are tocated at (a, 0,0), {0..a, 2a), (0, 2a, a). Find the prinol- 
‘pal moments of inerua about the origin and a set of principal axes. 


17. A uniform nght circulsr cone of height 4, half-angle a, and density p rolls on its 
‘ide withoot slipping on a uniform honzontal plane m such @ manner that it returns 
to its onginal posinon fo a time x. Find expressions for the kinetic energy and the 
coroponenits ofthe angular momentum of the cone. 


48, (a) A bar of negligible weight and length { has equal irass points m at the two ends, 
“The bar is mage to rotate uniformly about ao axis passing through the center 
‘of the har and making an angle @ with the bar. From Ener’s equations find the 
‘components along the principal axes ofthe bur of the torque driving the bar, 


) From the fundamental torque equation (| 26) find the components of the (orque 
slong axes fixed in space. Show that these components are consistent with those 
Found in part (2). 


19, A uniform bar of mass Af and length 2 is suspended from one end by a spang of 
force constant k. The bar can swing freely only i one vertical plane, and the spring is 
constrained to move only in the vertical direction. Set up the equations of motion in 
the Lagrangian forralation. 
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eusparsion 
point 


28, A plane pendelum consists of a uniform sod of length / and negligible dickness with 
‘ass m, suspended in a vertical plane by ene end. At the other end a uniform dish of 
radius @ and mass Ms attached so it can rotate freely in its own plane, which is the 
‘vertical plane, Set up the equations of motion in the Lagrangpan formulation, 


24. A compound pendulum consists of « ngid body in the shape of a Jomins suspended 
im the verucal plane a a port other than the ceoier of gravity. Compute the period 
for smal oscillations 10 terms of the radius of gyration about the center of gravity 
and the separation of the point of suspension from the center of gravity. Show that if 
the pendulum has the same period for two points of suspension at unequel distances 
from the center of gravity ten the sum of these distances 1s equal to the length of the 
equivalent simple pendulum, 


22. Auentorm rod slides with ts ends snside @ smooth vertical exile Ifthe rod subtends 
aan angle of 120° atthe center of the circle. show that the equivalent simple pendulom 
thas 8 length equal to the radius of the circie, 


23, An automobile fy stated from cost with one of ty doors initially at right angles If 
{he hinges of the door are toward tha front of the. ca, the door sl sam shut as the 
automobile picks up speed. Obtain a formala for the time needed forthe door t clase 
‘ifthe accelerauon J 1s constant, the radius of gyration of the door about the axis of 
rotition 15 fp, end the center of mass is at « distance a from the hinges. Show that 
if f 5 0.3 m/s? and the door is a uniform rectangle 1.2 m wide, the time will be 
‘approximately 3.04 5, 


24. A wheel rolls down a fat nchned surface that makes an angle @ with the horizontal 
‘The wheel is constrained so that its plane is always perpendicular to the mclined 
plane, but « may rorate about the axis normal to the surface. Obtain the solution for 
Ge two-dimensional ation ofthe wheel, smg Lagrange's equations and the method 
of undetermined molipiers. 

28. (a) Express in terms of Euler's angles the constraint condittons for a uniform sphere 
colling without slipping om a flat horionta surface, Show that Chey are nonhalo- 
portie, 

(b} Set up the Lagrangian equations for this problem by the method ot Lagrange 
‘uluphers. Show thatthe tranelanoa:} snd rotational pars ofthe kinotic enexgy 
are sapanaiely conserved. Are there amy other constants of motion? 


26, For the axsally symmetne body precesesng uniforanly an the absence of torques. find 
analyucal solutions forthe Buler angles as a fonction of ume, 
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27, In Section $6, the precession of Bart's sis of rotation about the pole was calculated 
on the basis that there were no torques acting on Earth, Section 5.8, on the ther hand, 
showed that Earth 1 undergoing 2 forced precession doe to the torques of the Sun 
and Moon. Actually both resuls are vat: The motion ofthe suas of rotation about 
tho syimmetry axrs appears 0s the mutation of tie Earth m the course of 1s forced 
precession. To prove this statement, calculate @ and ¢ as a function of time for & 
eavy symmetrical op that is given an initial velocity gy, which is large compared. 
with the net precession velocity B/2a, but which 1s small compared with a3. Under 
these conditions, the bounding circles forthe figure axis stil lie cose togerher, but the 
orbit of the figure axis appears as in Fig, 5.9(6). that, shows large foops that move. 
aly slowly around the veriesS Show for thus case tht (571) remains vid fue now 


From these valves o°@ and ¢, obtain a and a”, and show that for 6/2a small comn~ 
‘pared with gp, the vector eo precesses amand the figure axis with an angular velocity 


19 agreement vith Eq. (5.49). Verify from the numbers given m Secuon 5.6 that dy 
vortespoads 10 4 penod of about 1600 years, 50 that dy 5 certainly snall compared 
‘with the daily rotation and 1s suffciontly lange compared with 1/24, which come 
sponds fo the precession peri of 26,000 your. 

28, Suppose that in a syinintrical top each element of mass hes a proportionate charge 
associated with it 80 that the ¢/m ratio is constani-—the so-called charged vymmetne 
top. I such a body rotates tn a uniform magnetic field the Lagrangian, thom (5.108), 
s 


Leto 


Show that T 1s a constant (which iy a manifestation of the property of the Lorentz 
force that a magnetic field does no werk on 8 moving charge) and find the othr 
constants of motion Under the assumption that a 1» rouch smaller than the ated 
rotational velocity about the gure axis, obtain expressions for the frequencies and 
ssoplitudes of notauon and precession, From where do the kineuc energies of nition 
and precession come? 

29, Ahomogencous cube of sides vs mitially a rest in unstable euitibmim with oncedge 
am contact with a honzontai plane. The cube is given a small angular displacement arid 
Slowed to fall. What 1s the angular velocity ofthe cube when one face contacts the 
plane if: 

(a) the edge im contact wh the plene cannot slide? 
(b) the plane ¢s fictions so the edge can tide? 


30, A door is constmoied of a thin homogensovs material, Ut hay a height of 2m and a 
‘ndth oF 0.9m, Tf the door is opened by 9 and released from rest, itis observed that 
she door closes itself 3s, Assuming tat the hinges are frctionlass, what angle do 
‘hese hinges make with the vertical? 
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Oscillations 


A class of mechanical motions that can dest be treatcd in the Lagrangian for- 
mulation is that of the osciflations of a system about positions of equilibrium, 
‘The theory of small oscillations finds widespread physical applications in acous~ 
tics, moecular spectra, vibrations of mechanisms, and coupled electrical ci 
cuits. If the deviations of the system from stable equilibrium conditions are 
smal} enough, the motion can generally be described as that of a system of 
coupled finear harmonic oscillators. It will be assumed the reader is familia with 
the properties of a simple harmonic oscitlaor of one degree of freedom, both in 
free and forced oscillation, with and without damping. Here the emphasis will be 
‘on methods appropriate to discrete systems with more than one degree of free- 
dom. As will be seen, the mathematical techniques required turn out 10 be very 
Similar to those employed in studying rigid body movon, although the mechanical 
systems considered need not involve sigid bodies at all. Analogous treatments of 
oscillations about stabje motions can also be developed, but these are most easily 
done in the Hamiltonian formulation presented in Chapter 8. 


6.4 FORMULATION OF THE PROBLEM 
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‘We consider conservative systems in which the potential energy is 0 function of 
position only. It will be assumed that the transformation equations defining the 
generalized coordinates of the system, g1, -.. gq. do not involve the time explic- 
itty. Thus, ime-dependent constraints are to be excluded. The system is said tobe 


(60) 


‘The potential energy therefore has an extremum at the equitbrium configuration 
of the system, gor. goa...» gon. If the configuration is initially at the equillb- 
ium position, with 2ero initial velocities g,. then the system will contiaue fa 
equifibeium indefinitely. Examples of the equilibrium of mechanical systems are 
Jegion-—a pendulum at rest, a suspension galvanometer at is zero position, an egg 
standing on end. 

‘An equilibrium position is classified as stable if a smalt disturbance of the 
system from equilibrium results only in small bounded motion about the rest po~ 
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joo. The equilibrium is unstable if on infinitesimal disturbance eventually pro- 
duces unbounded motion. A peodulam at rest is in stable equilibrium, but the 
‘egg Standing on end is an obvious iMustration of unstable equilibrium. it can be 
readily seen that when the extremum of ¥ is a minimom the equilibrium must 
be stable. Suppose the system is disturbed fom the equilibrium by an increase in 
‘energy dE above the equilibrium energy. If V is a minimum at equilibrium, any 
deviation from this position will produce sn increase in V. By the conservation of 
energy, the velocities must then decrease and eventually come to zero, indicating, 
found motion. On the other hand, if V decreases as the result of some departure 
from equilibrium, the kinetic energy and the velocities increase indefinitely, corre- 
sponding to unstable motion. The same conclusion may be arrived at graphically 
by examining the shape of the potential energy curve, ax shown symbolically in 
Fig. 6.1. A more rigorous mathematical proof that stable equilibriam requires a 
‘minimam in ¥ will be given in the course of the discussion, 

‘We shall be interested ity the motion of the system within the immediate neigh- 
orhood of a configuration of stable equilibrium. Since the departures from equi- 
librium are too small, all functions may be expanded in a Taylor series about the 
equihibrium, retaining only the lowest-order terms, The deviations of the general. 
ized coordinates from equilibrium will be denoted by 1, 


4 = +N, 62) 
nd these may be taken as the new generalized coordinates of the motion. Ex- 


panding the potential energy about qo,, we obtain 


av if vy 
va. gn) m3 lees} my tes 
bi jas” 2 (25) > ue 


2a) = Veo. 


— 


42) Stebte #b) Unstable 
FIGURE 6.1. Shape of the potenual energy curve at equilibcium, 
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where the sumenation convention has been invoked, as usual. The terins linear in 
1% Vanish automatically in consequence of the equilibrium conditions (6.1). The 
first term io the series is the potential energy of the equilibrium position, and by 
shifting the arbitrary zero of potential to coincide with the equilibrium potential, 
‘this term may also be made to vanish. We are therefore left with the quadratic 
terms as the first approximation to V: 


uf &v 
iB) on phan 6.4) 


where the second detivatives of V have been designated by the constants V,, de- 
peoding only opon the equilibrium values of the q's. It is obvious from their 
definition that the ¥i;°s ace symmetrical, that is, that Vj, = Vip. The Ve, coeffe 
cients can vanish under a variety of circurastances. Thus, the potential can simply 
be independent of a particular coondinate, so that equilibrinm occurs at any at- 
bitrary value of that coordinate. We speak of such cases as neutral or indifferent 
equilibrium. It may also happen, for example, that the potential behaves like a 
quadratic at that point, again causing one or more of the V,"s to vanish, Either 
situation calls for special teatment in the mathematical discussion that follows, 

A Similac series expansion can be obtained for the kinetic energy. Sine the 
generalized coordinates do not involve the time explicitly, the kinetic energy 1$ 0 
homogeneous quadratic function of the velocities (ef. Eg. (1.71)): 


T = binyQid, = bmyindy. (6.5) 


‘The coefficients m,, are in general functions of the coordinates g, but they may 
‘be expanded in a Taylor series about the equilibrium configuration: 


my Gin 3) = 4 Qo.) + (BL) mbes 
age Jo 


As Eq (6.5) is already quadratic in the #’s, the lowest nonvanishing approxima- 
tion to T is obtained by dropping all but the first term in the expansions of may 
Denoting the constant valuex of the m,, functions at equilibrium by 7,,, we can 
therefore write the kinetic energy as 


T = yay. 66) 
itis again obvious that the constants 7,, must be symmnetiic, since the individ- 
wal terms in Eq. (6.6) are unaffected by an mterchange of indices. Prom Eqs. (6.4) 
and (6 6), the Lagrangian is given by 
L= }Miyinty - Yyneny)- 67 
‘Taking the 7's as the general coordinates, the Lagrangian of Eq. (6.7) leads to the 
following n equations of motion: 


Tylig + Ym = 68) 


6.2 The Eigenvalue Equaton and the Principal Axss Transformation 2 


‘where explicit use has been made of the symmetry property of the V1, and Ty 
coefticiems. Each of Eqs. (6.8) will involve, in general, alt of the coordinates 7, 
and its this set of simultaneous differential equations thet mvust be solved to 
obtain the miotion near the equilibrium. 

Tn almost all cases of wnierest, the kinetéo energy term can be easily written so 
usw have no cross terms.* This corresponds to the Lagrangian 


L= Aha? - Yn. (69) 
which generates the following equations of motion 


Ti, +Viyzy =O. (aosumover) (6.0) 


6.2 lM THE EIGENVALUE EQUATION AND THE 


PRINCIPAL AXIS TRANSFORMATION 


“The equations of motion (6.8) are linear differential equations with constant co 
efficients, of a form familiar from electrical circuit theory. We are therefore tedto 
tty ao oscillatory sofution of the form. 


JONMEFOREASY ACCESS TOEBOOKS 8 NOTES 
@792-310-545-450-3 m= Cae 63) 
ee te Stn 
on ia Forum Here Ca, gives the complex amplitude of the oscillation for each coordinate m, 
pris foe the factor C being introduced for convenience as a scale factor, che same for al} 


rit oa pe 
ue eee etd Sid 


coordinates. it is uaderstood of course thac itis the real part of Eg. (6.9) that is 


“reliant Gaiman t9 correspond to the wotva) motion. Substitution of the trial solution (6.9) into 


“othe equations ot motion leads to the following equations for the amplitude fac- 
tors: 


(Wye, ~ @Ta,) = 0. (6.12) 


Equations (6.12) constitute n finear homogeneous equations for the a,’s, and 
conseqrenttly can have a nontrivial solutios only if the determinant of the coeffi- 
cients vanishes: 


“TMaeracaly 6 could g0 en fuer when te coordinates ae Cartesian and aking the Ty = 
4 by rescaling tbe coors, Sack coordinates ae culled mazt-weighied coontinater since they 
2 geterted by dividing the coodiotes by the ‘que root a ho as, This tarsfora the RENE 
enagy ote fm 

Wa 


ro tt, 


“Tho ceduces the problem wo the eigenvalue rien of Chapters 4 end $,nly nx dimensions insted 
cof three, Rowever, he mathematical simplification can obscure the physes. ince ech cooninae can 
‘ae a dtferent characterise sale 
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Vis ear Va @ Tie 
Vos — a? Tay Vin ~ Tp 
Vu 27m % 8 (613) 


‘This determinantal condition is in effect an algebraic equation of the mth de- 
‘gree for ca", and the roots of the determinant provide the frequencies for which 
Eq. (6.11) represents a cosrect solution to the equations of motion. For each of 
‘these values of w”, Eqs, (6.12) may be solved for the amplitudes of a,, ot more 
precisely, for — 2 of the amplitudes in terms of the remaining ar. 

Equations (6.12) represent a type of eigenvalue equation, for writing Tiy a8 an 
element of the matrix T, the equations may be written 


Va = iTa. (6.14) 


Here the effect of V on the eigenvector a is not merely to reproduce the vector 
‘ines she factor 4, as in the ordinary eigenvalue problem, Instead, the eigenvector 
1s such that V acting on a produces a multiple of the result of T acting on a, We 
shall show thatthe eigenvalues 2 for which Eq. (6.14) cam be satisfied are all reat 
fp consequence of the symmetric and reality properties of T and V, and, in fact, 
‘mast be positive. It will also be shown that the eigenvectors w are orthogonal~~in 
a sense, In addition, the matrix of the eigenvectors, A, diagonalizes both T and V, 
the former to the unit matrix I and the fatter to a matrix whose diagonal elements: 
are the eigenvalues A. Most importantly itis necessary t0 show that a and A acc 
real, 

Proceeding as in Section 5.4, fet ay be a column raatrix representing the kth 
eigenvector, satisfying the eigenvalue equation* 


Vag = Tay. (6.158) 


Assume pow that the only solution to Eq, (6.15) involves complex 2 and ag. The 


adjoin: equation, ie., the transposed complex conjugate equation, for 2y has the 
form 


atv = atalt. 16) 


Here af srands for the adjoint vector—the complex conjugate row matrix--and 
explicit use has been made of the fact that the V and T matrices are real und 
symmetric. Multiply Bq. (6.16) from the right by a and subtract the result of 
the similar product of Bq. (6.15) from the left with al. The left-hand side of the 
difference equation vanishes, leaving only 

(ay — 22 )af Tag. GN 
“hardly nee added toe ae sno semen ok (615), Fae othe ater 


‘umnation contention wil apply nly to dhe components of matrices oF temas (f any ria) and ne 
lo the marices and tensors themselves. 


Ox 


6.2. The figenvalue Equation and the Principal Axis Transformation m3 
When ! = k, Eg. (6.17) becomes 
Oy ~ Appal Tay = 0. (6.18) 


‘That the matrix product in Bg. (6.18) is reat can be shown immediately by taking 
‘ts complex conjugate and using the symmetry property of T. However, we want 
to prove that the matrix product is not only real but is positive definite, For this 
purpore, separate ay into its real and imagmary components, 


ag = oy + iPr. 
‘The matrix product can then be written as 
af Ta, = Geto + BrTPk + (GTB ~ BiTon). (6.19) 


‘The imaginary term vanishes by virtue of the symmetry of T and therefore, as 
noted cartier, the matrix product 1s real. Further, the kmenc energy m 1. (6.6) 
can be rewritten in terms of a column matrix 7 as 


T= hit. (6.20) 


Hence, the first two terms in Eq, (6.18) are twice the kinetic energies when the 
velocity snausix az has the values ay, and fi. respectively. Now, a Kinetic energy 
by its physical nature mast be positive definite for real velocities, and therefore 
the matrix product in Eq, (6.18) cannot be zero, It follows that the eigenvalues he 
‘must be real. 

Since the eigenvalues are real, the ratios of the cigenvector components a) 
determined by Eqs. (6.15) must alt be real, There is atill some indeterminateness 
of course since the value of a particular one of the a,4's can still Be ebosen at wil 
‘without violating Eqs. (6.15). We can require however that this component shatt 
‘be real, and the reality of Ax then ensures the reality of all the other components, 
‘(Any complex phase factor in the amplitade of the oscillation wil} be thrown into 
the factor C, Eq. (6.11). Mubtiply now Eq. (6.15) by ak from the left and salve 
for de: 


Vax 


r 6.18 
Pa {6.24} 


‘The denominator of this expression is equal to twice the kinetic energy for veloc- 
ities aig and since the eigenvectors are all real, the sum must be positive definite. 
Sitaifarly, the numerator is the potential energy for coordinates mx, and the con- 
Gidion that ¥ be a minimem at equilibrium requires that the sum must be posinve 
or zero. Neither numerator nor denominator can be negative, and die denominator 
cannot be zero, hence 2 is always finite and positive. (i may however be zero.) 
Recall that stands for o*, so that positive 4 corresponds to real frequencies of 
oscittadon. Were the potential not a focal auinimam, the numerator in Bq, (6.21) 
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might be negative, giving rise to imaginary frequencies that would produce an un- 
bounded exponential increase of the n; with time. Such motion would obviously 
be unstable, and we have here the promised mathematical proof that a minimum 
of the potential is required for stable motion. 

Let us return for the moment to Eq. (6.17) which, in view of the reality of the 
eigenvalues and eigenvectors, can be written 


(xn — Apa: Ta, = 0. (6.17) 


If all the roots of the secular equation are distinct, then Eq. (6.17’) can hold only 
if the matrix product vanishes for / not equal to k: 


ajTa, =0, LAk. (6.22a) 


It has been remarked several times that the values of the a;,’s are not completely 
fixed by the eigenvalue equations (6.12). We can remove this indeterminacy by 
requiring further that 


Ta, = 1. (6.22b) 


There are n such equations (6.22), and they uniquely fix the one arbitrary compo- 
nent of each of the n eigenvectors ax.* If we form all the eigenvectors a, into 
a square matrix A with components ajx (cf. Section 4.6), then the two equa- 
tions (6.22a and b) can be combined into one matrix equation: 


ATA=1. (6.23) 


When two or more of the roots are repeated, the argument leading to Eq. (6.22a) 
falls through for A; = Ax. We shall reserve a discussion of this exceptional case 
of degeneracy for a later time. For the present, suffice it to state that a set of 
ajx coefficients can always be found that satisfies both the eigenvalue conditions 
Eqs. (6.10), and Eq. (6.22a), so that Eq, (6.23) always holds. 

In Chapter 4, the similarity transformation of a matrix C by a matrix B was 
defined by the equation (cf. Eq. (4.41): 


C’ = BcB". 


*Equation (6.22b) may be put in a form that explicitly shows that it suffices to remove the indetermi- 
nacy in the a j,’s. Suppose it is the magnitude of a), that is to be evaluated; the ratio of all the other 
@jx’S to ayy is obtained from Egs. (6.12). Then Eq. (6.22b) can be written as 


The left-hand side is completely determined from the eigenvalue equations and may be evaluated 
directly to provide aj. 
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We now introduce the related concept of the congruence transformation of C by 
A according to the relation 


C’=ACA. (6.24) 


If A is orthogonal, so that A = A™!, there is no essential difference between 
the two types of transformation (as may be seen by denoting A7! by the matrix 
B). Equation (6.23) can therefore be read as the statement that A transforms T 
by a congruence transformation into a diagonal matrix, in particular into the unit 
matrix. 

If a diagonal matrix A with elements Ajg = Axdjx is introduced, the eigenvalue 
equations (6.15) may be written 


Vijaje = Tijajiar, 
which becomes in matrix notation 
VA = TAA. (6.25) 
Multiplying by A from the left, Eq. (6.25) takes the form 
AVA = ATAA, 
which by Eq. (6.23) reduces to 
AVA = A. (6.26) 


Our final equation (6.26) states that a congruence transformation of V by 
A changes it into a diagonal matrix whose elements are the eigenvalues Ax. 
Eq. (6.26) has solutions 


jV—Alj =0. (6.26’) 


In summary we can use normalized Cartesian coordinates so that 7); = 6); which 
reduces the physics to solving 


AA=1 (4.36) and AVA = Veiagonat (6.26), 


or we may choose more general goordinates where Tj; A 46;;, even allowing 
Tj; = Tj; A Ofori A j, and use 


ATA=1 (6.23) and AVA=Véiagonai (6.26), 


to solve the general problem. 
As an example, we consider a particle of mass m with two degrees of freedom 


(x1, 2) that obeys the Lagrangian (cf. Eq. (6.9)) 


22 «2: 
L = 5p +49) — Viyaixy 
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where the ¥;, are constants. The congruence transformation (6.26) has solutions 
only when Eq. (6.26) is satisfied, so 


f¥a-2 M2 fig 
Ya Vaal 


"This equation has two solutions: 
d= 8 (Vin + Yan t VO Pe aii) 


9224 (Yn + Ya ~ VV 


ee 
Associated with the eigenvalues A, ant the eigenvectors 4,, that satisfy 
(Viz ~ Aad) =0 and a +62, == 1 (nosvmoni) 
We consider two limiting cases. The frst case assumes Vii > Vzo > O and 
© # Vas = Viz € (Vin~ Van). We write the small quantity 8 = (Vi2/(Vii~ Yea)] 
‘then, to first order in 5, the eigenvalues are 


dre Vit iad 


dew Vie~ Vind sean 
whose eigenvectors are, to lowest ordes ind, 
2 
an an) [iG aed an 
az az] {2 1.8] 


‘These correspond to the relations 
ayy san and a= —an. 
“The other limiting case assumes Viz > Van > Oand (¥4~Vz2) & Vin = Vay 
We now write © = (Vix ~ Va2)/8¥i2, Winch is a small quantity. To first order in 
e the eigenvalues are 


dn = AY + Vid + Yin + Yi ~ Vale 


: (629) 
da Vin + Vex) — Yo ~ Vin — Vande 


whose eigenvectors are, to lowest onder in, 


2 an] | Et) ~ ZR -297 ae 
an onj” | -26e Aa +26) i 
12 + ae 
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‘The relations among the components of the eigenvectors are different than in the. 
previous example. Here a2 = —a01 is slightly less than 1/2 while ay) = agg is 
slightly greater than 1/2. 

‘The preceding approximations looked at the behavior af the eigenvalues and 
eigenvectors in limiting cases. The quattative changes in these quantities as a 
function of Vi2/(Vis — Vz2) from zero to three are shown in Fig. 6.2. We shall 
retum to this example after considering the general problem of multiple toos of 
the eigenvalue equation (6.26). 


ay 


FIGURE 6.2. Bebavior of the (a} eigenvalues and (b) eigenvector components as the 
energy catio p44, changes from 003, 


It remains only to consider the case of multiple roots to the secular equation, 
a situation that is more annoying in the mathematical theory than itis in practice. 
Af one or more of the roots is repeated, its found that the number of independent 
‘equations among the eigenvalues is insufficient to determine even the ratio of the 
eigenvector components. Thus, if the eigenvalue 2 is a double root, any two of the 
components a, may be choses arbitrarily, the rest being fixed by the eigenvalue 
equations. 

Tn general, any pair of eigenvectors randomly chosen out ofthe infinite set of 
allowed vectors will not be orthogonal. Nevertheless, it is always possible wo con- 
struct a pair of allowed vectors that are ohogonal, and these can be wsed to form 
the orthogonal mairix A. Consider for simplicity the procedure to be followed 
for a double rock. Let ai, and a be any two allowable eignenvecters for a given 
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double root A, which have been normalized so as to satisfy Bg. (6.226), Any linear 
combination of a, and aj will also be an eigenvector for the foot A. We there“ore 
seek to construct a vector ay, 

ty = cra + eral, 631) 


where ex and cz are constants such that a: is orthogonal to aj. The orthogonclity 
condition, Eq. (6.228), then requires that 


Tai, = cy + cniij Tai, « 0, 
where ost has been made of the normalization of a. ft therefore follows that the. 
ratio of ¢, t0:¢2 must be given by 

hs pel ge 

a RTA a (632) 

We con illustrate these ideas by again considering our two-dimensional 

example given by Eqs (6.27) through (6.30). The two “imiting cases of the 

off-disgonal potential term ¥j2, being much less than and much greater than 

the difference factor (Vii ~ V22), provide an excellent example of the problems 
introduced by degeneracy, When 


Vy = Vn = Ve, Vin = 0, 


the two eigenvalues become the same. A) = Az = Yo. 
If the limit is taken by lotting Vig —+ 0 first and then taking the limit 
(Vir > Yaa). the cigemectors in Eqs. (6.28) become 


“Qt aw 


Af the timit is taken in the reverse order, Eqs. (6.30) give 


where b is used for the eigenvectors in Eqs. (6.34) to avoid confusion with the 
eigenvectors ia Egs. (6.33). Each of the eigenvectors in (6.33) and (6.34) are linear 
combinations of the other set of eigenvectors. For example, 


1 
etm), and be 5 2 — Ba}, 


so either set of eigenvectors is a linear combination of the other, as was discussed 
in this section. These results obviously generalize to the infinite eet 
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where a and 6 are any pairs of numbers that satisfy 
a +e 


‘This shows that there is an unfimte set of possible eigenvectors m the case of 
degeneracy. 

‘There is another way to consider the significance of these. results. The approx- 
{mate eigenvectors in Es. (6.28) are for the case where the main potential energy 
terms are Vj_ and Voz, which are at diagonal positions, ané the Vt2 are in the off- 
Giagonal positions. if we take the eigenvectors of Eg. (6.30) in the limit ¢ -> 0 
and let the cigenvectors of Egs. (6.30) transform V as V’ = AVA, we obtain the 


L 


transformed potential energy tensor 
ve HVin + Wood + Van 4M ~ Vad 
4 = Yaa) 2 + Vn) — Vin, 


in which the difference term (Vi ~ V22) 1 off-diagonal. Thus, the set of exgenvec- 
tors given by Eqs, (6.30) are for the physical situation in which the simalt energy 
term (Vy ~ Vaz) is off-diagonal, 

Returning to the maun discussion, the requirement that ay of Eq. (6.32) be nor 
‘malized provides another condition on the two coefficients, which in terms of 1) 
defined by Eq. (6.32) takes the form 


ay Tay = 


+d + Lereat, 


‘Together the two equations fix the coefficients cy and cp, and therefore the vector 
ay, Both ay and ay s a, are automatically arthogonal to the eigenvectors of the 
other distinct eigenvalues, for then the argument based on Eq. (6.17') remains 
valid Hence, we have a set of » eigemectors a, whose components form the 
matrix A satisfying Eq, (6.23), 

AA similar procedure is followed for a root of higher multiplicity. IF 4 is an 
‘m-foxd root, then orthogonal normalized eigenvectors are formed out of linear 
combinations of any of the m corresponding eigenvectors 8, .... jy. The first of 
the “orthonormal” eigewectors a; is then chosen ass multiple of a; ap is taken 
48 8 linear combination of a, and a3; and so on. in this manner, the number of 
constants to be determined is equal to the sum of the first m integers, or bmn (ma~t), 
‘The normalization requirements provide m conditions, white there are dG = 1) 
orthogonality conditions, and together these are just enough to fix the constants 
uniquely. 

‘This processes of constructing orthogonalized eigenvectors in the case of rau. 
tiple roots ts completely analogous to the Gram-Schmidt method of construchng, 
a sequence of orthogonal functions out of any arbitrary set of functions. Phrased 
in geometrical language, itis also seen to be identical withthe procedure followed 
in Chapter 5 for nzuttiple eigenvalues of the inertia tensor. For exaniple, the added 
indeterminacy in the eigenvector components for a double root means that all of 
the vectors in a plane ase eigenvectors. We merely choose any two perpendicular 
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directions in the ptane as being the new principal axes, with the eigenvectors in A 
as unit vectors along these axes. 


FREQUENCIES OF FREE VIBRATION, AND NORMAL COORDINATES 


‘The somewhat lengthy argunents of the preceding section demonstrate that the 
‘equations of motion will be satisfied by an oscitlatory solution of the form (6.11), 
‘not merely for one frequency but in general for @ set of n frequencies ay. A com- 
plete solution of the equations of motion therefore involves a superposition of 
‘oscillations with ail the allowed frequencies. Thus, if the system is displaced 
slightly (rom equilibrium and then released, the systema pecforms small oscilla- 
‘ions about the equilibrium with the frequencies a,..., ay The sokutions of the 
secular equation are therefore often designated as the frequencies of free vibration 
‘oF as the resonant frequencies of the system. 

‘The general solution of the equations of motion may now be written as @ sum- 
‘mation over an index k 


m= Coane, (6.35) 


there being # complex sale factor Cy for each resonant frequency, It might be 
objected tot for each selotion Ax of the secular equatiim there are two resonant 
frequencies ‘ra and ~2y. The eigenvector a would be the sume for the two 
frequencies, but the scale factors Cj' and Cz could conceivably be different. On 
this basis, the general solution should appear os 


ny aCe 4 Cpe, (6.35) 


Recall however that the actual motion is the real part af the complex solution, and 
the reat part of either (6.35) or (6.35'} can be written in the form 


= fis COstaRT + 54), (6.36) 


where the amplimide fj and the phase 4, are determined form the initial condi- 
tions. Either of the solutions ((6.35) and (6.36)) will therefore represent the actual 
‘motion, and the former of course is the more convenient. 

‘The orthogonality properties of A greaily facilitate the determination of the 
scale factors Cz in terms of the initial conditions. At: = 0, the real part of 
Bg, (6.35) reduces to 


ni) = Re Cras, (6.37) 


where Re stands for “teal part af” Similarly, the initial value of the velocities is 
obtained as 


7:O) = Iw Canon, (6.38) 
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‘where Im C; denotes the imaginary part of Cy. From these 2n equations, the real 
and iniaginary parts of the n constants Cy may be evaluated. To solve Bg. (637), 
for example, let us frst write it in terms of column matrices (0) and C: 


0) = AEC. 637), 


‘if we multiply by AT fom the feft and use Eq. (6.23), we immediately obtain a 
solution for Re C: 


ReC = Atm), 
of, wking the Ith component, 
REC = aT ene(0). 639) 
A.sinular procedure leads to the imaginary part of the seele factors os* 


4 . 
Inc = = Feutah (6.40) 


Equations (6.39) end (6,40) thus permit the direct computation of the complex 
factors C; (and therefore the amplitudes and phases) in verms of the initial condie 
tions and the matrices T and A. 

‘The sohution for eact coordinate, Eq. (6.35), is in general a sum of simple 
fharmonic oscillations in al of the frequencies ay satisfying the secular equation, 
‘Unless it happens that all of the frequencies are commensurable, that i, rational 
fractions of each other, nj uever repeats its initial value and is therefore not itself a 
periodic function of time. However, itis possible to transform from the m; to a new 
set of generalized coordinates that are all simple penodic functuons of time-—a set 
of variables known as the normal coordinates. 


We define a new set of coordinates ¢, 

m= ayy. AD) 
of, in terms of single column matrices 4 and {, 

Walt Gat’) 


‘The potential energy, Ba (6.4), is written in matrix notation as 
Vv = }aVn. (6.42) 


Now, the single-row transpose matrix is related to £ by the equation 


a= AL = iA 
“The surmnans oer jaf shown expleiy nce here 5 Bo suneaton ever he epee 
shone 
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so that the potential energy can be writen also as 


‘But A diagonalizes V by 2 congruence transformation (cf. Eq, (6.26)), and the 
potential energy therefore reduces simply to 


V = Sag = jade? 6.43) 


‘The kinetic energy has an even simpler form in the new coordinates, Since the 

velocities transform as the coordinates, 7 ss given in Bq. (6.20) transforms 10 
1 = {barat 
which by virtue of Bq, (6.23) reduces to 
T= Ht= feb. (6.44) 

Equations (643) and (6.44) state that in che new coordinates both the potential 
and Kinetic energies are sums of squares only, without any cross terms. Of cauese, 
this result ix simply another way of saying that A produces a principal axis trans- 
Formation. Recall that the principal axis transformation of the inertia tensor was 
specifically designed to reduce the moment of inerts to a sum of squares; the new 
axes being the principal axes of the inertia ellipsoid, Here the kinetic and potentiat 
‘energies are also quadratic forms (as was the moment of inertia) and th axe di- 
agonalized by A. For this reason, the principal axis transformation employed here 
‘is a pasticular example of the well-known algebraic process of the simultaneous 
diagonalization of ovo quadratic forms. 

‘The equations of motion share in the simplification resulting from theit use, 
“The new Lagrangian is 


L= hide - otf) (6.45) 
so that the Lagrange equations for ¢ are. 
G+ oft (6.46) 
‘Equations (6.47) have the immediate solutions 
be = Cee tet (6.47) 


which could have been seen of course directly from Eq. (6.35) and (6.42). Bach 
of the nev coordinates is thus a simply periodic function involving only one of 
the resonant frequencies. As mentioned earles, it is therefore customary to call 
‘the ¢"s the normal coordinates of the system. 

Each normal coordinate corresponds to a vibration of the system with only one 
frequency, and these component oscillations are spoken of as the normal modes 
of vibration, AM of the particles in each mode vibrate with the same frequency 
and with the same phase; the relative amplitudes being determined by the matrix 


"~Puricles may be exactly out of phases the a's have oppose sign 
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elements 2;,. The complete motion is then built up out of the sum of the nomial 
modes weighted with appropriate amplimde and phase factors contained in the 
C's. 

Harmonics of the fundamental frequencies are absent in the complete motion 
essentially because of the stipulation that the amplitade of oscillation be sinall, 
‘We are then allowed to represent the potential as a quadratic form, which is char 
acteristic af simple harmonic motion. The normal coordinate transfoemation etn 
phasizes this point. for the Lagrangian in the normal coordinates (6.45} is seen 
to be the sum of the Lagrangians for harmonic oscillators of frequencies «,. We 
can thus consider the complete motion for small oscillations as being obtained by 
exciting the various harinonic oscitlators with different intensities and phases. 


6.4 it FREE VIBRATIONS OF A LINEAR TRIATOMIC MOLECULE 


‘To ilusteate the technique for obtaining the resonant frequencies and normal 
modes, we shall consider in detail  modet based on a linear symmetrical ti- 
atomic molecale, Tn the equilibrium configuration of the molecule, twa atoms 
‘of mass m are symmetrically located on each side of an atom of mass M (cf. 
Fig. 6.3) All three atoms are on one straight line, the equilibrium distances apart 
being denoted by b. For simplicity, we shall first consider oniy vibtations along 
the line of the molecule, and the actial complicated interatomic potential will be 
approximated by two springs of force constant k joining the three atoms. There 
are three obvious coordinates marking the position of the three atoms on the line. 
Ta these coordinates, the potential energy is 


Vm kin 0? + Sos~ 0b 6.48) 


‘We now intcoduce coordinates relative to the equilibrium positions: 


=~ I. 


where 


FIGURE 6.3 Model of « hnear symmetrical tristomic molecule. 


“rote for fare reference that he seme sort of pictare appears an the quaatization of the elecrmg 
etc fel. The froqsencien ofthe harmaore osoiors are sdeutiied with de photon Tqueneles, and 
the saiplinades of excitation become the discrete quentians “ossupation nurabees" the muesher of 
photons of cach freqoency. 


254 


Chapter 6 Oseilations 


“The potential energy then reduces to 


& 24k 2. 
5m — w+ 565 — my 
o 
k 
¥ = 5th + 2nd +93 ~ 2mm ~ 2mm). 


Hence, the V tensor has the form: 
kink 
Valk me —-k 
O-k &k, 
‘The kinetic energy has an even simpler form: 
Mie. y M 
T= Sai+ i+ sa 
40 that the T tensor is diagonal: 
‘im 0 0 
T={O M OF}. 
Oo 0 m, 


‘Combining these two tensors, the secular equation appears as 


kom =k 0 
Weo'te| -k  2k-w'M =k 
6 ~k kam 


Direct evaluation of the determinant leads to the cubic equation in as 


ak = oF m)(k(M + 2m) ~ wo? Mm) 


=0. 


6.49) 


6.50) 


(6.51) 


(6.82) 


(6.53) 


6.54) 


(6.55) 


‘The first cigeavaive, ay = 0, may appear somewhat surprising and even alarm 
ing at frst sight. Suck @ solution does not correspand to an oscillatory motion xt 


a, for the equation of motion for the comesponding normal coordinate is 


$= 8, 


which produces a uniform translational motion. But this is precisely the key 10 
the difficulty. The vanishing frequency arises from the fact that the molecule 
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may be translated rigidly along its axis without any change in the potential en- 
ergy, an example of neutral equilibrium mentioned previously. Since the restoring 
force against such motion is 2ero, the effective “frequency” must also vanish. 
‘We have made the assumption that the molecule has three degrees of freedom 
for vibrations! motion, whereas in reality one of them is a rigid body degree of 
freedom. 

A number of interesting points can be discussed in connection with a vanisiing 
sesonant frequency. Iris seen from Eg. (6.21) that a zero value of « can occur 
only when the potential energy is positive but is not positive definite; that is, it 
can vanish even when not all the m”s are zero, An examination of V, Eq, (6.49), 
shows that it is not positive definite and that V does in fact vanish when all the 
‘9's are equal (uniform translation). 

Since the zero frequency found here is of no consequence for the vibration 
frequencies of interest, itis often desirable to phrase the problem so that the root 
is eliminated from the outset, We can do this here most simply by imposing the 
‘condition or constraint that the center of miass remain stationaxy at the origin: 


m(xy +3) + Mag = 0. (6.56) 


Equation (6.56) can then be used to eliminate one of the coordinates from V and 
, reducing the problem to one of two degrees of freedom (cf. Derivation 1, this 
chapter), 

‘The restriction of the motion to be along the molecular axis allows only one 
possible type of uniform rigid body motion. However, if the more genetal problem 
‘of vibrations in alt three directions is considered, the number of rigid body degrees 
af freedom will be increased to six. The molecule may then transtate uniformly 
dlong the three axes or perform uniform rotations about the axes. Hence, in any 
‘general system of n degrees of freedom, there will be six vanishing frequencies 
and only nt — 6 true vibration frequencies. Again, the reduction in the number of 
degrees of freedom can be performed beforehand by imposing the conservation 
of linear and angular momentum upon the coordinates. 

Tn addition t0 rigid body motion, it has been pointed out that zero resonant 
frequencies may also arise when the potential is such that both the frst and second 
derivatives of ¥ vanish at equilibrium, Small osciflations may still be possible in 
this case if the fourth derivatives do not also vanish (the third derivatives mast 
vanish for a stable equilibrium}, but the vibrations will not be simple harmonic. 
Such a situation therefore constitutes a breakdown of the customary method of 
stiall oscillations, but formnaiely itis not of frequent occurrence. 

Returning now to the examination of the resonant frequencies, «2 will be rec- 
‘ognized as the well-known frequency of oscillation for a mass m suspended by 
spring of force constant k. We are therefore ted to expect that only the end atoms 
partake in chis vibration; the center molecule remains stationary. Its only in the 
third mode of vibration, ws, that the mass Mf can participate in the oscillatory mo- 
tion. These predictions are verified by examining the eigenvectors for the three 
‘normal modes. 
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‘The components aj; ace determined for each frequency by the equations 


k-wm)as, kan, =0 
hay, + (Ok ~ af Mar, kay, = 0 (6.57a) 
~kazy + &~ uhmday, = 0, 


along with the normalization condition: 
mah, +ah,) + Mal, = 1, 


For ws = 0, it follows immediately from the first and third of Eqs. (6.574) that all 
three coefficients are equal: 241 = a2, = asy. This of course is exactly what was 
expected form the translational nature of the motion (cf. Fig. 6.4), The norinal- 
ization condition then fixes the value of ay, so that 


6.5%) 


I i 1 
"Tae "Tare oO fare 6) 


"The factors (& ~ aim) vanisb for the second mode, and Eas. (6.57a) show imame- 
Aiately that a2 = 0 (as predicted) and ay = ~ayz. The numerical value of these 
Quantities is then determined by Eg, (6.87b): 


i 1 
a= ge en 0, am ~ee, (6.580) 


Un this mode the center atom is at rest, while the two outer ones vibrate exactly 
‘out of phase (as they must in order to conserve tinear momenturn) (cf. Fig, 6.4b). 
Finaity, when a = av, it can be seen from the first and third of Eqs. (6.57) that 
1ay3 and ayy must be equal. The rest of the calcatation for this mode is not quite as 
simple ay forthe others, and it will be sufficient to stute the final result: 


1 -2 l 
ay = - a= ane 
yom (1438) 
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FIGURE 64 Loogmudinal aormal modes of the linear symmetric tristonue molecule 
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Here the two outer atoms vibrate with the same amplitude, while the inner one 
oscillates out of phase with them and has a different amplitude, (cf, Fig. 4c.) 
‘The normal coordinates may be found by inverting Eq. (6.41} as 


b= tg iin + Vin + Vii) 


i 
as fio ~ mp) (6.59) 


1 iM 
o- 38 fe +1) Fn 


‘These normal modes describe each of the behaviors shown on Fig. 6.4. Any gen- 
eval longitudinal vibration of the molecule that does not involve a rigid translation 
‘will be some linear combination of the normal modes ay and as, The amplitudes 
of the normal modes, and their phases relative to each other, will of caurse be 
determined by the initial conditions (cf. Exercise 5), 

‘We have spoken so far otly of vibratious along the axis; in the actual molecule 
there witt also be normal modes of vibration perpendicular to the axis. The com 
plete set of normal modes is naturally more difficult to determine than merely the 
ongitudinal modes, for the generat motion in all directions corresponds to nine 
degrees of freedom. While the procedure is straightforwand, the algebra rapidly 
becomes quite complicated, and itis mot feusible to present the detailed calcula: 
tion bere, However, it is possible to give a qualitative discussion on the basis of 
general principles, and most of the conclusions of the complete solution can be 
predicted beforehand. 

"The general problem will have a number of zero resonant frequencies cor- 
responding to the possibility of rigid body motion. For a molecule with atoms 
there are 3n degrees of freedom. Subtracting the three translational ang three rigid 
rotational degrees of freedom, there will be in general 3n ~ 6 vibrational modes. 
For the linear molecule, there will be three degrees of freedom for rigid trans- 
fation, but rigid rotation can account for only two degrees of freedom, Rotation 
about the axis of the molecule is obviously meaningless and will not appear as 2 
mode of rigid body motion. We are therefore left with four true modes of vibra 
tion. Two of these are the Iongitadinal modes, which have already been exarained 
so that there can only be two modes of vibration perpendicntar ta the axis. How- 
exer, the symmetry of the molecule about its axis shows thet these two modes 
‘of perpendicular vibration must be degenerate. There is nothing co distinguish a 
vibration in the y direction from a vibration in the z direction, and the two fre- 
_guencies mist be equal. 

‘The additional indeterminucy of the cigenvectors of a degenerate mode appears 
here, in that ali directions perpendicular to the molecular axis are alike. Any two 
orthogonal axes in che plane normal tn the molecule may be chosen as the direc 
ons of the degenerate modes of vibration. The complete motion of she atoms 
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ormal to the molecular exis will depend upon the amplitudes and selative phases 
of the two degenerate modes. If both are excited, and they are exactly in phase, 
then the atoms will move on a straight line passing through the equilibriam con- 
figuration. But if they are out of phase, the composite motion is an elliptical Lis- 
sajous figure, exactly as in a two-dimensional isctropic oscillator, The two modes 
then represent a rotation, rather than a vibration. 

{tis obvious from the symmetry of the molecules that the amplitudes of the end 
ators must be identical in magnitods. The complete calculation shows that the 
‘end atoms also travel in the same direction along the Lissajous figure. Hence, the 
center atom must revolve in the opposite direction, in order to conserve angular 
momentum. Figure 6.5 ilustrates the motion for the two degenerate modes when 
they are 90° out of phase. 

As the complexity of the molecule incceases, the size of the secular deter. 
rminani becomes very large, and finding the normal frequencies and amplitudes 
becomes a problem of considerable magnitude, We have seen however that even 
‘na situation as simple us the linear triatomic molecule, a snudy of the symmetries 
10 be expected in the vibrations greatly simplifies the calculations. Considerable 
mathematical ingenuity has been devoted 10 exploiting the symmetries inherent 
{in comptex molecules to reduce the labor involved in finding their vibration fre- 
‘quencies. The theory of symmetry groups has been applied with great success in 
factoring the large secular determinant into smailer blocks that may be diagonal- 
ized separately. t has been pointed out however that such elaborate mathematical 
manipulation was more appropriate in a time when numerical computations were 
difficult and tedious. Considering the speed und memory capacity of present-day 
computers, a straightforward approach may be easier and more accurate in the 
Jong run, Fast and accurate routines for solving the eigenvalue problems of large 
‘matrices are the stock-inerade today of scieatific computers of even moderate 
size. There has therefore been a trend toward a more brute-force approach in 
which mass-weighted Cartesian coordinates (see p. 241) are used t0 formulate 
the problem. The kinetic energy ellipsoid for the molecular vibrations is then 
already a sphere, and finding the normal modes reduces to diagonalizing the po- 
tential energy. These approaches are extensively applied in infrared and Raman 
spectrascopy. 


(eae 


FIGURE 65 Degenerate modes of the symmetrical tautomic molecule. 
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FORCED VIBRATIONS AND THE EFFECT OF DISSIPATIVE FORCES 


Free vibeations occur when the system is displaced initially from its equilibrium 
configuration and is then allowed to oscillate by itself. Very often, however, the 
system is set into osciffation by an extemal driving force that continues to act on 
the system after ¢ == 0. The frequency of such a forced asciflation is then deter 
mined by the frequency of the driving force and not by the resonant frequencies, 
Nevertheless, the normal modes are af great importance in obtaining the ampti- 
tudes of the forced vibration, and the problem is greatly simplified by use of the 
oma} coordinetes obtained from the free modes. 

If F; is the generalized force corresponding to the coordinate n,, then by 
Eq. (1.49) the generalized force Q, for the normal coordinate ¢; is 


Q =anF,. (6.60) 
‘The equations of motion when expressed in norma} coordinates now become. 
Broly =O. (6.61) 


‘Equations (6.61) are a set of m inhomogeneous differential equations that can be 
solved only when we knaw the dependence of Q, on time, While the solution 
‘will not be as simple as inthe free case, note that the normal coordinates preserve 
their advantage of separating the variables, and each equation involves only a 
single coordinate. 

Frequently. the driving force vaties sinusoidally with time. In an acoustic prob: 
Jem, for example, the driving force might arise from the pressure of a sound wave 
impinging on the system, and Q; then has the same frequency as the sound wave, 
‘Or, if the system is a polyatomic molecule, a sinusoidal driving force is present 
if the molecule is iluminated by monochromatic light beam, Each atom is the 
molecule is then subject to an electromagnetic force whose frequency is that af 
the incident light. Even where the driving force is not sinusoidal with a single fre- 
‘quency, it can often be considered as built up as a superposition of such sinusoidal 
‘terms. Thus, if the driving force is periodic, it can be represented by a Fourter so- 
ies; other times, a Fourier integral representation is sintable. Since Eqs. (6.61) 
are Tinear equations, its solutions for particular frequencies can be superposed to 
Find the complete sotution for given 2, 

Ik is therefore of general interest to study the nature of the oscillations when 
the force Q, can be written as 


Bi = Oey costeat + 3,), (6.62) 


where w is the angular frequency of an extemal force. The equations of motion 
ow appear as 


E+ 02k: = Qo costot + 8). (6.63) 
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A. complete solution of Eq, (6.63) consists of the general solution to the homo- 
gencous equation (that is, the free modes of vibration) plus a particular solution 
to the inhomogencous equation. By a proper choice of initial conditions, the su- 
perimposed free vibrations can be made to vanish,* centering oar interest om the 
particular solution of Eqs. (6.63) that will obviously have the form 

& = B,cos(wr +6). (6.64) 


Here the amplitudes B, are determined by substiruting the solution in Eqs. (6.63): 


Qo 
oe a, 6.65) 
B, = (6.65) 
‘The complete motion is then 
fy agg, we Secale +) (6.66) 


Gao 


‘Thus, the vibration of each particle is again composed of linear combinations of 
the normat modes, but now each normal oscillation occurs at the frequency of the 
riving force 

‘Two factors determine the extent to which each normal mode is excited. One 
is the amplitude of the generalized driving force, Qo;. if the force on each particle 
‘has no component in the direction of vibration of some particular normal mode, 
then obviously the generalized force corresponding to the mode will vanish and 
Qo, will be zero. An external force can excite a normal mode anty if it tends to 
‘move the particles in the same direction as in the given mode. The second factor is 
the closeness of the driving frequency to the free frequency of the mode, As a con- 
sequence af the denominators in Eg. (6.66), the closer « approaches to any a, the 
stronger will that mode be excited relative to the other modes. Indeed, Bq. (6.66) 
apparently predicts infinite amplitude when the driving frequency agrees exactly 
‘with one of the «'s— the familiar phenomenon oF resonance, Actually, of course, 
the theory behind Eq. (6.66) presomes only small oscitlations about equilibrium 
positions; when the amplitude predicted by the formate becomes large, this as- 
sumption breaks down and Eq. (6.66) is then no longer valid. Note that the 0s- 
ciilations are ia phase with the driving force when the frequency is Jess than the 
resonant frequency, but that there is a phase change of 2 in going through the 
resonance. 

‘Our discussion has been unrealistic in that the absence of dissipative or fic. 
tional forces as been assumed. in many physical systems, these forces, when 
‘Present, are proportional to the particle velocities and can therefore be derived 


“The free vibra ae csseaually he transects generwed by the applica of dhe drwang forces 
If we consuder the systems fo be milly in an equiibriwn contigaravon, and then slowly build up 
le dennag forces from 2ero, eve masses wil not appear. AKeraaiely, Gisipaive forces can be 
essuaied present (ste pages following) that wall damp out te fixe bration’ 
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from a dissipation function ¥ (cf. Section 1.5). Let us first consider the effects of 
frictional forces om the free modes of vibration. 

From its definition. F must be a homogeneous quadratic function of the veloc 
iti 


Fx Fyn. 6.61) 


‘The coefficients F,, are clearly symmeuic, F;, = Fj, and in general will be 
functions of the coordinates. Since we are concerned with oaly small vibrations 
bout equilibrium, itis suficfent to expand the coefficients about equilibriem and 
retain only the first, constant term, exactly as was done for the kinetic energy. 
1n furore applications of Eq. (6.67), we shall take 7, as denoting these constant 
factors. Recall that 2F is the rate of energy dissipation due (o the frictional forces, 
Gf. Eq. (2.60)). The dissipation function F therefore can never be negative. The 
complete set of Lagrange equations of motion now become (cf. Section 1.3) 


Ty fi) + Fy + Vm 29. (668) 


‘Clearly in order fo find norma? coordinates for which the equations of motion 
‘would be decoupled, it is necessary to find a principal axis transformation that 
simaltancously diagonalizes the three quadratic forms 7, V, and F-. A8 was shown 
above, this is not in general possible; normal modes cannot usually be found for 
any arbitrary dissipation function. 

‘There are however some exceptional cases when simultaneous diagonalization 
is possible, For exarupe, if the frictional force s proportional both to the particle's 
velocity and its mass, then F will be diagonal whenever T is, When such simul- 
taneous diagonalization is feasible, then the equations of motion are decoupled in 
the normal coordinates with the form 


G+AG +o, =0. (no summation) (6.69) 
Here the F; sare the nonnegative coefticients in the diugonalized fort of F when 
expressed in terms of ¢,. Being a set of linear differential equations with constant 
‘coefficients. Eqs. (6.69) may be solved by functions of the form 
ga cet, 
where oa, satisfies the quadratic equation 
wf? £ia,F, ~a% = 0. (no suramation) 6.70) 


Equation (6.70) has the two soluttons 


671) 
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‘The motion is therefore not a pure oscillation, for is complex. It is seen from 
Eg, (6.71) that the imaginary part of a results in a factor exp(~F,t/2), and by 
reason of the nonnegative aanire of of the F;’s, this is always an exponentially 
decreasing function of time.” The presence of a damping factor due to the friction 
is hardly unexpected. As the particles vibrate, they do work against the frictional 
forces, and the energy of the system (and hence the vibration amplitudes) must 
decrease with time, The real part of Eq. (6.71) corresponds to the oscillatory factor 
in the motion; note that the presence of friction also affects the frequency of the 
vibration, However, if the dissipation is small, the squared term in F, may be 
neglected, and the frequency of oscillation reduces to the friction-free value, The 
complete motion is then simply an exponential damping of the free modes of 
vibration: 


f= Gye Fiera, 67) 
If the dissipation fimetion cannot be disgonstized along with T and V, the 

solution is much more difficult ¢o obtain, The general nature of the sofution re- 
mains pretty much the same, however: an exponential damping factor times an 
oscillatory exponential function, Suppose we seek a solution to Eas. (6.68) of the 
form 

ny = Cae me Cae et, (6.73) 
‘With this sotution, Eqs, (6.68) become a set of simultaneous linear equations 

Via, ~ iwFjaj ~ 0" Ta, = 0. (6.74) 
It is convenient to write « as fy, so that 


y = nig = ~~ Qnty, 6.95) 


and thus ~« is the real part of y. In terms of the square tensors of V, 1, and F, 
the set of equations (6.74) become a coluran matrix equation involving 7: 


Va+ yFa+ y7la = 0. (6.76) 


‘The set of homogeneous equations (6.74} ot (6.76) can be solved for the a, only 
for certain values of @ or y- 

‘Without actually evaluating the corresponding secular equation, we can show 
that « must always be nonnegative. Conver the matrix equation (6.76) into @ 
scalar equation for y by moltiplying from the left with a’: 


a’Va+ya'fas y7a"fa = 0. 6 


*Some tut natal) Fs maybe zo whch pty weathers emo tonal eet in he coe- 
sponding uaneal moses. The inponst point i thatthe F, cana be patie 
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Equation (6.77) is a quadratic equation for y with coefficients that are matrix 
products of the same general type as those encountered in Eq. (6.19). By virae 
of the syrametry of V, F, and T, the matrix products are all real, as can be seen by 
expanding a as a + if (cf. Bq. (6.19)). Hence, if y is a solution of the quadratic 
equation, its complex conjugate y* must also be a sofution. Now, the sum of the 
two roots of a quadratic equation is the negative of the coefficient of the Hinear 
term divided by the coefficient of the square term 


(6.78) 


Hence, « can be expressed in terms of the real and imaginary parts of ay as 


1 Fleet, + Bs) 
“=F Tteaca + Ait)” ser) 


‘The dissipation function F must always be positive, and 7" is positive definite; 
hence « cannot be negative. The oscillations of the system may decrease exponen- 
tially with time, but they can never increase with time. Note that if F is positive 
definite, « rnest be different from zero (and positive), and all modes wall have an 
‘exponential damping factor. The frequencies of oxcillation. given by the real part 
of o», will of course be affected by the dissipative forces, hut the change will be 
small if the damping is not very large during a period of oscillation, 

FFinaly, we may consider forced sinusoidal oscillations in the presence of dis- 
sipative forces. Representing the variation of the diving force with tine by 


Fy = Feye™, 


‘where Fo, may be complex, the equations of motion are. 
Viynj + Fil + Tay = Foe. 689) 
‘Af we seek a particular solution to these equations of the form 
Ld Ac, 


‘we obtain the following set of inhomogeneous linear equations for the amplitudes 
Ay 


(Vy tok, ~@ EA, ~ Fr 6.81) 
‘The solution to these equations* may easily be obtained from Cramer’s rule: 


(6.82) 


‘They ae of course marty the homogeneous version of Bys, (5742 
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where Die} is the determinant of the coefficients of A, in Bq. (6.81) and 
D,(w) is the modification in D(qw resulting when the jth cofuran is replaced 
Dy Fut... For. Itis the denominator D(oo} that is of principal interest to us here, 
for the resonances arise essentially out of the algebraic form of the denominator, 
Now, D is the determinant appearing in the secular equation comesponding to the 
homogeneous equations (6.74), its roots are the complex frequencies of the free 
modes of vibration, The requirement that both y and y* are roots of Eq. (6.77) 
mans, on the basis of Eq, (6.75), that if ay is a root of D(a), then —el? is a root, 
For a system of n degrees of freedom, it is therefore possible to represent D(o) 
as 


D(@} = G(w — an) — ar)... {eo ~ ona + @} hw +.03)...(w + ah), 


‘where G is some constant. Using product notation, and denoting co by 2x, this 
representation can be written as 


Do) = GT] Axw—n) tig Qrwtutind. 683) 


‘When we rationalize Eq, (6.83) to separate A, into its real and imaginary parts, 
the denominator will be 


D*(o) D(o) = OG" F] Anu uy? +2 yan 2@w+u)? +43), (684) 


‘The amplitudes of the forced oscifiation thus exhibit typical resonance behav 
jor in the neighbothood of the frequencies of free oscillations -buy. As & result of 
the presence of the damping constants, the resonance denominators no tonger 
vanish atthe free mode frequencies, and the amplitudes remain finite, The driving 
frequency at which the amplitude peaks is no tonger exactly atthe free frequencies 
because of frequency dependence of terms in A, other than the particular reso- 
nance denominator. However, so long as the damping is small enough to preserve 
a recognizable resonant peak, the shift in the resonance frequencies is usually 
seoall, 

‘We have discussed the properties of small oscillations yolely in terms of me 
chanical systems. The reader however has undoubiedly noticed the similarity 
with the theory of the oscillations of electrical networks. The equations of mo- 
tion (6.68) become the circuit equations for coupled circuits if we read the V,, 
coefficients as reciprocal capacitances, the Fij’s as resistances, and the T's as 
inductances. Driving forces are replaced by generators of frequency « applied to 
‘one of more of the circuits, and the equations of forced vibration (6,80) reduce to 
the electrical circuit equations (2.42) mentioned in Chapter 2 

‘We have presented here only # fraction of the techniques that have been devised 
for handting small osciflstions, and of the genera theorems about the motion, For 
example, space does not permit a discussion of the powerful Laplace transform 
techniques to study the response of a Tinearly oscillating system to driving forces 
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with arbitrary time dependencies. Nor is it appropriate here to fully consider the 
extensive subject of noatinear osciflations, where the potential energy contains 
terms beyond the quadratic, and the motion is no longer simple harmonic. (Some 
relevant portions of this field will be introduced later when we treat chaos and 
perturbation theory). As mentioned earlier, a formal development of the theory 
of small oscillations about steady motion wil] be given later in connection with 
the Hamiltonian version of mechanics. Another generalization that will deserve 
‘our attention relates to the oscillation of systems with continously infinite wum- 
ders of degrees of freedom. The question is how we can construct a way of har 
ling continuous systems that is analogous to the classical mechanics of discrete 
systems. We shall postpone suck considerations of continuous systems to Chap- 
ter 13—after we have developed the canonica} formulation of discrete mechanics, 
and after we have seen how the structure of Newtonian mechanics must be modi- 
fied in the special theory of relativity. 


6.6 Mf BEYOND SMALL OSCILLATIONS: THE DAMPED DRIVEN PENDULUM. 
AND THE JOSEPHSON JUNCTION: 


As an example of forced vibrations with dissipative forces, we consider the mo- 
tion of the pendulum sketched in Fig. 6.6, which is subjected to an applied torque 
N. and is permitted to rotate through us full range of motion = << < x. In 
addition, the pendulum is subject to damping by the viscosity n ofthe mediurn in 
which it rotates. For simplicity, we will assume that the rod is massless, and that 
all of the pendulum mass is concentrated atthe end of the rod. 

Let us begin by recalling the dynamics of a simple penduluta of length K and 
mass m. The angular acceleration of the pendulum is produced by the restoring 


wae Nao 
=o one on oo" 
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FIGURE 66. Perdulom (@) with no applied torque, N= 0, (D) with the torque N= 
4mgR. aad (6) with the cotscal tongue applied, Ne = mg. Figures 6.6, 6.8, 6.10, and 6.11 
se adapted from C. P. Poole, fi. H. A. Farach and R. J. Creswick, “Supercondactivity” 
Wiley, NY. 1995, 
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gravitational torque mg R sin ¢ corresponding to the equation of motion 
ed +mgk sing = 0, (6.85) 


where J = mR? is the moment of inertia. For small angular displacements, the 
approximation sing ~ ¢ linearizes the problem by making the torque propar- 
tional to the displacement, and the motion is simple harmonic, g = dy sina with 
the characteristic frequency oy 


oo = (8) (6.86) 


1f 2 torque N is applied to a stationary pendulum, i will swing owt through an 
angie $. The force of gravity acting on the mass m provides the restoring torque 
‘mg sin d, 8 we noted above, and the pendulum assurnes an equilbriurn position 
atthe angle ¢ given by 
dg 
ra ) ‘ 687) 


as indicated in Fig. 6.60. The greater the torque, the larger the angle @. There is 
a critical torque N, indicated on Fig. 6.6(c) for which the angle g assumes the 
values 7/2: 


N= mgRsing ( 


Ne = mgR. (6.88) 


TEN exceeds this critical value, then the applied torque becomes larger than the 
festoring torque, W > mg sing, forall angles g. As a result, the pendulum will 
begin torotate beyond 4 = 1/2, und it will continue to rotate as fong as the torque 
N > Ne is applied. The motion wil take place at a variable angular speed 


ag 
ont, 6.29) 


and it can persist if the torque is tater removed. 
With these facts in mind, let us proceed to examine the case of the damped 
pendulum assuming that the damping force Faanp = 10 18 proportional to the 
angular velocity «. To write the differential equation of its motion, we add the 
restoring and damping torques mg R sin and n dé /dt, respectively, to Bg, (6.85): 
ae 
a 
AF we define a critical frequency «% comesponding to the angular speed at which 
the damping torque ja» equals the critical torque mg, 
mgh _ Ne 
a 8 


N= me 


4 
sat + mgRsing. 6.90) 


% 691) 


6.6 The Damped Driven Pendulum and the Josephson junction 267 


then we can write the pendulum equation (6.90) in the normalized form 


692) 


‘The solutions of this equation exhibit complex time variations of the angular po- 
sition $ (2. 

"When a constant torque is applied to the pendulum at rest, there will be a initial 
‘transient behavior that eventually seitles down to a dynamic steady state after the 
‘wansients die out, We shall examine several cases of this dynamic steady state, 


1. For low applied torques, N= N,, there is a static steady state 
N& Nesing, 693) 


jn which all time derivatives vanish after the initial oscillations have died. 
out. This is iustrased in Fig, 6.66 with the penduhun stationary at the 
angle 6. 

2. For undamped motion (7) = 0) with a constant applied torque, NY, Eg. (6.90) 


assumes the form 
A 206 

tongue = N~ mg Rsing = mRESE (6.94) 

50 we see that the acting torque is angularly dependent, This torque has 
special values at four particular angles: 

torgue = o=0 6.958) 

torque=N-N, 6 n/2 (6.98b) 

torque = N oan (6.9%) 

sorgue=N+Ne $= 3n/2 (6.950) 


{f the applied torque W exceeds the critica! targue N,, the motion witl be 
continuously accelerated rotation, and the pendulum increases its enlergy as 
‘ime goes on. The angular speed also increases with time, but with flucta- 
ations tbat repeat every cycle, as indicated in Fig. 6.7. Note that Fig. 6.7 
is drawn for the case where damping is present. The average over these 
oscillations provides the average angular speed 


6.96) 


‘which continvally increases linearly with the time. 
3. When damping is present with a, < ap and N > No, the angular speed 
continues to increase until the damping term yd¢/dé approaches the 
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FIGURE 67 Dependence of she angular velocity @ = d¢/at on the time for an apphed 
torque V > Ne. The average value (wo) increases linearly with time an the absence of 
damping (Lear region), and the overall curve applies to the ease we « any With damping, 


value of the applied torque. When this occurs. the average angular speed (a) 
approaches a limiting value (a), a8 shown in Fig. 6.7, and the acceleration 
ffuctuates around an average that is zeco: (d¢?/d1*) = 0. The penduluya 
undergoes what is called guasi-staric marion, rotating with an angular speed 
‘© that undergoes periodic variations but always remains close to the average 
{o)e. 

‘To obtain more insight into this quasi-static behavior, we neglect the ac: 
celeration term in the equation of motion (6.92), and write 


6.97) 


which is an equation that can be solved analytically with the solutions 


w)=0 for N < Ne (6.983) 
(eo) = we {(N (Ne) ~ 1]? for > (6.98) 
(w) = (N/Noae forN >No, (6.980) 


which aze plotted in Fig. 6.8. The actual cyclic variations in o for points 
A and B on this plot ate presented in Fig. 6.9. At point A, the applied 
torque has the valte N = 1.2, so from Eqs, (6.95) the net torque varies 
between 0.2V, and 2.2N, around the cycle, and the angular speed is fast at 
the bottom and slow at the top, with the variations shown at the lower patt of 
Fig. 6.9. For point B, we have N = 2, sothe net torquie varies between Ne 
and 3N.. producing the more regular variations in angular speed presented 
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a) 
FIGURE 68 Relationship berween the apped torque NV and the average angular veloc= 


Aty (a) for ae  t, We see that (a) m0 for N < N; and (a) mereases with increasing 
N> Ne, 
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FIGURE 69 Oscillations at points A (¥ = 1.2N.) and B(2N;) For a alg indicated 
‘0 Fig, 68 for the damped harmonic oscillator. Adapted from A. Barone and G. Paterno, 
“Physics and Applications of the Josephson Effect,” Wiley, NY, 1982. 
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‘at the top of Fig. 6.9. lu the mit N >> N,. meaning (w} >> we, the angular 
speed begins to approximaie a sinusoidal variation with time 
ot) * (0) +a singe, 699) 


which approximates point B in Fig. 6.8. 


. For the negligible damping case (7 > 0 and a, >> ay} the steady-state 


solution (6.982) can still occur for N < WN, with the pendulum held fixed 
at the angle $ defined by Eq. (6.93), which means that ao = {o) = 0, 
Tn addition, the solution, (6.98c). in which the torque balances the time 
averaged damping force, now applies for all values of N, both less than and 
‘greater than N, and so we have, 


@=0 for Ns Ne (6.100) 
(eo) =(N/Nowe for 0s N (6.1000) 


‘These solutions are plotted in Fig, 6.10. Note from the figure that the system, 
exhibits hysteresis, meaning that the behavior differs for increasing and de~ 
creasing torques. When the torque is increased for N < Ne, the pendulum is 
stabilized at the angle @ satisfying the relation V = N.sing of Bq, (6.87), 
$0 w = 0 vin Eq. (6.1003). When N reaches the critical torque Ne, the 
Angular speed jumps (0 the value w,, and then rises linearly with further 
increases in N, a8 shown in the figure. For decreasing torques, iq, (6.1000) 
applies, and (w} remains proportional to N all the way to the arigin, as 
shown, 


. Figure 6.8 shows the response for ae << cp, Fig. 6.10 presents it for 


2% wy, and the question arises as wm what is the behavior for an inter- 
mediate condition such as a, * ox? This requires solving the general 


FIGURE 6.10 Relationship between the applied torque N and the average angular \e- 
foorty (0) for wy 3 wy. There ss liysteresis for the behavior when (ee) < wo. 


6.6 The Damped Driven Pendulum and the Josephson junction ant 


2 we 


FIGURE 6.11 Relationship berween the average angular velocity of the pendulum {co} 
‘td the appiied torque 1. For low applied torques, the pendulum oscillates and the aV- 
‘erage velocity is zero, whereas af high rorques, NV > Ne, mouon i continuous with ta) 
‘Proportional to N. Note the hysteresis for increasing and decreasing torques, 


‘equation (6.92) since no approximations can be made, The NV versus (} 
Characteristic for the particular case «, = 2vy is plotted in Fig, 6.11. We 
‘see from the figure that for increasing torques there is the usual inital rise in 
N at zero frequency unt the critical value Nis reached, at which point the 
average angular speed jumps to w, a8 in the a. 2 ap case of Fig. 6.10. Por 
decreasing torques, there is hysteresis with zero average frequency reached 
ata torque N, which is tess than 


‘The damped-<driven pendulum equation (6.92) has a particularly important ap- 
plication in solid-state physics. When two superconductors are in close proximity 
‘with a thin tayer of insulating material between them, the arrangement consti= 
‘utes a Jasephson junction, which has the property that electric current 7 can flow 
across the junction with zero applied voltage, up to a certain critical value J. Cur- 
rent exceeding this value is accompanied by the presence of a vottage, and plots 
of current / versus voltage V for the junction exhibit hysteresis, The Josephson 
Junction satisfies the same differential equation (6.93) as the damped oscillator 
with the current playing the role of the torque, the voltage playing the role of the 
average angular speed, the capacitance acting like a moment of inertia, and the 
electrical conductance serving as the viscosity. The variable. which is the angle 
¢ fos the osciltatos, becomes the phase difference y across the Jovephsom junc- 
tion, Many physicists find it helpful to obtain an intuitive anderstanding of the 
operation of the Josephson junction by studying properties of the damped driven 
pendulsan that mimics its behavior. 
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DERIVATIONS 


4, The problem of the hnear trstomic molecule can he reduced to one of two degrees of 
freedom by introducing coordinates ¥1 3-22, and eliminating x2 by 
‘equurng that the center of mss remain at rest. Obtain the frequencies of the normal 
modes in these coordinates and show that they agree with the reolts of Seation 64 
‘The distances between the ators, 7p and pa, are Known as intemal coordinates, 


2 Obtain the frequencies of fongitudinal vibration of the molecule discussed in Sec~ 
‘non 6.4, except that now the center atom isto be considered bound to the origin by a 
spring of force constant k. Show that the translational mode disappears 


EXERCISES 


3: A bead of mass m is constrained to move on « hoop of radwus R. The hoop rotates 
‘with constant angular velocity c around a diameter of the hoop, which 1s & vertical 
axis (ine along which gravity acts). 

(a) setup the Lagrangian and obtain the equations of motion of the bead, 

(b) Find the critical angular velocity 9 below which the bottom ofthe hoop provides 
4 stable equibbritm for the bead. 

{©} Find the stable equitibrum position for w» > ©. 


4. Obiain the normal modes of vibration for the double pendotum shown in Fig. 1.4, 
assuming equal lengths, but aot equal masses. Show that when the lower mast is 
small conapared to the wpper one the wo resonant frequencies are almost equa If the 
pendula are sel in motion by palling the uppor mass slightly away from the verticat 
and then releasing , show that sebyequent motion is such thet af regular intervals one 
pendalara is at rest while the other has ts maxinoum stmplitade This is che feauliar 
Phenomenon of “beats.” 

5. (a) tn the Linear triatomic molecule, suppose the initin condition is that the center 
‘xom is a( rest bat displaced by an emount ag frot equilibrium, the other 10 
being at their equilibrium points. Find the amplitudes of the tongitudinad small 
‘oscillations about the center of mass. Give the amplitudes ofthe norma! modes 

(b) Repeat part (a) but with the center atom intially a its equilibrium position but 
‘with an inital speed ep. 

6. (4) A five-atom lmear molecule 1s sieslated by a configuration of masses and ideal 

springs that looks like the following diagram: 


2 g 4 
RED SCRE TROT TAT 
Tr eee mes peek: ae ie ce 5 


All force constants are equal. Find the eigentrequencies and normal mades for 
Jongituchal vibrations. [Aint: Transfonm che coordinates n, 0% defined by 


i 2 
wee BEE elise 
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‘wath symmetrical expressions for qz and 14. The secular determinant wil then 
factor into determunants of lower rank} 


{B) Solve this problera using computer techniques. 


7. Tn the Iuear tsistoruc molecule, suppose that motion in the y end x directions is 
governed by the potentisls 


é A 

¥ = 302-9? + 503 
rs £ 

Yom jaa + 503-2), 


Find the eigentiequencies for sm vibranons in three dimensions and describe the 
normal modes, What symmetries do the 2ero frequencies represent? You may Watt 10 
_use the kind of intermedate coordinates suggested in Exercise 6, 


8. The equilibrium configuration of a molecule is represented by chree atonns of equal 
‘mass at the vertices of a 45° right irangle connected by springs of equal force con 
stant. Obtain the secular detenunant for the modes of vibration m the plane aad show 
by rearrangement of the columns chat the secular equstion has a tnple root = 0, 
Reduce the determinant 10 one of third rank end obtain the nonvanishing frequencies 
of free vibration 


‘Show disectly that the equations of motion of the preceding problem are sanstied by 
(@) auniform translation of all atams along the x axis, (b) a uniform transtaton wong 
the » axis, and (c)a uniform rotation about the z axis 


10, (a) Three equal mass posnts bave equilibrium posiuons at the vertices of an equi> 
fateral angle. They are connected by equal springs that lie along the ares of 
the circle circumscribing the triangle. Mass points and springs are constrained t0 
move only on the circ. $0 that, for example, the potential energy of w spring 18 
‘etermined by the arc length covered Determine the exgenfrequencies and normal 
modes of smal! oscillations in the plane. Identify physically any zero frequencies, 

{b) Suppose one of the springs tas & change in force constant 5k the others rentaimng 
‘unchanged. To first order an Sk, what are the changes in the ebgenfrequencies and 
‘ormal modes? 

(©) Suppose what is changed is the mass of one of the particles by an amount di 
[Now how do the normal eigenfrequencies and normal modes change? 


HL. A uniforra bar of length J ad mass oss suspended by wo equal springs of equilibrium 
length b and force constant k. as shown in the diagram. 


Loca 


7 
Fred the nora modes of sonal osesilation m the plane. 
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12, Two pasticies move in one dumension at the sanction of tree springs, at shown 1n che 
‘igre, The springs all have unstretched lengths equal to a. and the fore constants and 
asses ae shows 


Find the eigenfrequenctes and normal modes of the system. 


13, Two mass points of equal mays m are connected (0 each other and to fixed points by 
tree equal springs of force constant X, as shown in the diagram. 


‘The equilibrium length of each spring is a. Bach mass pornt has a positive charge +4, 
and they repel each other according to the Conor law, Setup the secular equation 
for the eigenfrequencies, 


14. Find expressions for the eigentrequenteies of the following electrical coupled exeuit, 


1S. Ifthe generalized droving forces Q, ace not sinusoidal, show thatthe forced vibrations 
of the noeraal coordinates in the absence of damping are given by 


where G;(o) 1s the Fourier tansform of Q, defined by 


Lf 6 eye do, 
a0=Fef™ G(oye™ do. 


Sf the dissppaoon fonction is sumudtancously duxgonalized along with T and V, show 
‘hae the forosd vibewtions are given by 


2 f Ne? — wo + wF,) 
Via eat eee 


el ge 
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which has the typical resonance denominator form. These results are sieuple Wus- 
‘rations of the powerful technigue of the operational calewlus for handling transient 
vibrations. 


16. A mass particle moves in a constant vertical gravitational finid along the curve defined 
by > = ax*, where y is the vertical direction. Find the equation of motion for small 
oscillations about the pesition of equilibrium. 

17. A plane triatomic molecule consists of equal masses m at vertices of an equilateral 
rangle of sides a. Assume the molzcuie is held together by forces chat are harmonic 
for small oscillations and that the force constants are identical and equal to £, Allow 
motion onfy in the plane of the molecule, 

{@) Without wnting the equations of motion, justify your reasoning on the number of 
normal modes of the systems and how many of theve modes have zero frequency. 

{b) One of the normal modes corresponds to a symmesrical stetching of all three 
vertices of the molecule. Find the frequency of this mode. 


18, A panicle in an isotropic Uree-dimmensional harmonic oscillator potential has a natural 
frequency of op, Assume the particle is charged and that crossed static electric and 
snagnetic fields are applied. Find the vibration frequencies with these electromagnetic 
fields present, Discuss the results forthe limits of strong and weak fields, 


19, Show forte case Via > Yaz > Oand Viz Yan Oi Ba. (627) tha there ae 180 
normal modes with frequencies wy = (¥j,)!/2 and ay = (V39}!/2, Reintroduce the 
‘mass factor m and describe a physical system that Would show this behavior for small 
ceelations 


30, Write the Lagrangian for the case Vay <= Van e and V2 = V2) > O for the example 
discussed in Eqs. (6.27) to (6.30). Show there is one normal mode of simple hacmonta 
‘motion with the Frequency a = (¥12)!/7, und a second mode in which the particle 
ss unbound, receding exponcotially to infinity for long time ¢ > + in accordance with 
the expression ¢~!/*. where the parameter ¢ is given by x = (¥12)—!/?. For this 
vwabounded mode, how does the distance depend upon tae when ¢ < ¢ Wht is the 
ature of the post xy = 19 = 07 Restate your results with the mass parameter m 
‘chutes explicitly. 

‘Write the Lagrangian discussed in Eqs. (6.27) 10 (6.30) in polar cocrdinates for the 
‘case Vj) = Vag > Oand Vig & Vax = 0. Show that there is a radial normal mode r = 
ro costet) with teequeacy = (¥33)"/? when the angular momentum is zero. Show 
‘hatin the case of nonzero angular momenturt, the angular tomentuta is conserved 
and the particle casino longer reach r = 0, Wnt the fictitious potential energy W(r) 
(Chapter 3) for nonzero angular momentum. When finished, reintroduce the mass 
anamnetes m, into all equations. 

122, Repeat Exercise 21 with the conditions Vyq > V2 < 0 and Vig = Vay = and 

<iscuss your results in terms ofthe effective potential energy of Chapter 3. 


23, Make a full analysis of the example discussed in Bas. (6.27) (0 (6.30), 


2. 
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The Classical Mechanics of the 
Special Theory of Relativity 


At the end of the nineteenth century, the physics community had two incom 
patible descriptions of phenomena, Newtonian mechanics and Maxwellian elec 
tromagnetic theory. Newtonian mechanics assumed that all inertial frames were 
equivalent, while Maxwell's wave equations gave a universal speed of light thet 
was the same in all inertial frames. Albert Einstein developed the special theory 
of relativity to replace Newtonian mechanics with a theory that was consistent 
with electromagnetic theary. After a brief historical survey, we shall review the 
assumptions of the spectal theory and the consequences of these assumptions, We 
shal] then examine the formsfism of the geometric picture of spacetime that re 
sults. Lastly, we develop a Lagrangisn formalism and study stlempts to express 
the results in a proper relativistic form. 

{9 Newtonian mechanics, a set of well-verified laws applies in an inertial frame 
of reference defined by the first aw. Any frame moving at constant velocity with 
respect to an inertial frame is also an inertial frame. Consider two frames denoted 
by Sand 5 with (t,x. y, 2) and (x, ’. 2) the coordinates in $ and , respec- 
tively, Without loss of generality, we assume the coordinate axes are aligned, x 
along x’, and so on. Let 5° be moving relative to S in the +-x-direction at a speed 
as shown in Figure 7.1. 

Newtonian mechanics assumes the spacetime coontinates in S are related to 
‘those in S" by the simple expressions 


’ 


Yur-ut 


y= 


ay 


gaz 


‘Transformations of this type are called Galilean transformations. Under this as 
sumption, it follows that Newton's second Jaw, 


relating the applied force, F, and the momentum, p, remains invariant, and 


PF, and pap On 


7A Basic Postulstes ofthe Special Theory 27 


FIGURE7.L  Gahtean transformation from Sto 5" by a velocity v an the +-x-direction. 


‘The time in both the $ and $” frames is assumed to be (¢ = 1"). The Newto- 
sian world view is that the universe consists of three spatial directions and one 
time direction. Ail observers agree on the time direction up to a possible choice 
of units. Under these assumptions, there are no universal velocities. if w and w 
are the velocities of particle as measured in two frames moving with relative 
velocity v as defined by Figure 7.1, then 


w=any, (1.3) 


‘Maxwell's electromagnetic equations, on the other hand, have a universal cons 
stant (denoted by ¢), which is interpreted as the speed of tight. Since this is ineons 
sistent with Newtonian mechanics, either Newtonian or Maxwellian mechanics 
‘would bave to be modified. After carefully thinking about how the universe would 
appear to an observer traveling at the speed of light, Alhert Binstein decided that 
“Maxwell's equations are correct to all mertial observers and the assumed trans 
formations for Newtonian mechanics are incorrect. The correct transformations 
sake the speed of light the same to all inertial observers. 


7.4 Wt BASIC POSTULATES OF THE SPECIAL THEORY 
Einstein used two postulates to develop what became known as the special theory: 


1. The laws of physics are the same to all inertial observers, 
2. ‘The speed of light is the same to all inertial observers, 


A forraulation of physics that explicitly incorporates these two postulates is 
said to be covariant. Since the speed of light, c. is the same in all coordinate 
systems, it is reasonable to consider the numerical value of ¢ as a conversion 
factor between the units used in measuring space and the tnits used in measuring 
time. So, cdr is the time interval measured in the sarie units wed to measure 
space units, inthe St system of units, edt has dimensions of meters. Many hooks 
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and atticies on relativity set c = 1 and measure time and space in meters. In the 
‘materiel that follows, we shall show the explicit dependence upon c. 

To satisfy the two postulates. the space and time of the special theory consist 
of a single entity that we refer to as spacetime. This spacetime is the geometric 
framework within which we perform physics. We cannot assurne that all observers 
make the same division into time and space in the same way, The separation is 
‘unique to each inertial frame. The square of the distance in that spacetime, As?, 
between two points A and Bis given by 


(As)? = (time interval)? ~ (space interval)’, (14) 


where the interval is between the two points A and B. If the separation of the 
interval is assumed to be infinitesimal, the 4 is replaced by the differential symbol 
. Since a point in spacetime consists of a specification of three spatial coordinate 
values and one time value, the usual convention isto refer to a point in spacetime 
fas an event. The term event is used because such a point has a definite location 
and 2 definite time in any frame. 

‘The choice of opposite signs for the time and space intervals is intrinsic to 
the theory; however, the choice of a positive sign for (cdr)? ix arbitrary, Some 
authors define a (ds)?, which is the negative of the choice given in Bq. (7.4). Al 
sign choices makes (ds)? = 0 according to the definition in Eq. (7.4) for light, 
since the space interval is +(c x time interval). The choice made here for the 
relative signs used for space and time is such that real bodies moving at a velocity 
{ess than light have (4s)? > 0. This mikes ds real for bodies moving slower than 
light speed. if (ds)* > 0, the interval is called rimedike. If (ds)? < 0, the interval 
is called spacelike. Intervals for which (ds)? = 0 are called Lightlike or mull, 

Since, to all inertial observers, objects that travel on timelike paths move less 
‘than the speed of light, they are called rardyons. Hypothetical bodies that always 
move faster than fight are called sachyons, but such bodies will not concera ux 
here. Objects moving at the speed of light are called mut! of lightlite, 

Jn the limit of small displacements (differential displacements), Eq. (7.4) be- 
‘comes, in a Cartesian coordinate systern, 


fds)? = (edsy* ~ (dx4 + dy" 4 az"), a!) 


‘The four-dimensional space with an interval defined by Bgs. (7.4) or (7.4) 18 
often called Minkowski space to distinguish it from a four-dimensional Euclidean 
space for which there would be no minus sign in Egs. (7.4) or (7.4"). The idea 
‘of using ict for the time coordinate to make the space Euclidean is no longer 
useful since it obscures the non-Euclidean nature of spacetime and makes the 
_generatization to noninertiat frames more difficult, 

Since the interval between two events of spacetime is a geometric quantity, 
all inertial observers measure coordinates that preserve the value of the interval 
squared, (ds)". If S and S* are two different inertial frames, then 


ds? = ds? OS) 
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‘Thus, (ds)? is called the square of the invarlant spacetime interval. For this to 
be possible, the transformations between the coordinates in S° and those in 5, 
must involve the relative velocity between the frames in both the space and the 
tine parts; that is, the time coordinate can no Tonger stand independent of the 
‘ransformation. This means the relative splitting of spacetime into space and time 
‘will be different for different inertial observers. Since the time meafured int a lab- 
onatory frame is different from that messured hy an observer at rest with respect 
to the body onder study, we must distinguish these times, We distinguish them by 
calfing the time measured by clocks at rest with respect oa body the proper time, 
‘while the other inestiaf observer uses a time that is often called laboratory time. 

AS a special case of Eq. (7.4), consider the relation between the proper time, 1, 
measured by an observer at rest with respect to an object in frame SY with coordi- 
nates (x. x’, ¥’, 2’), which is moving at a velocity, v, with respect to a laboratory 
frame S with coordinates (2, x,y,z). In the rest frame of the object, there is no 
motion, so Eqs. (7.4°) and (7.5) give 


ary =e edsy — Ady? & Aan? ( ) 
om 
Pres (78) 
yi-g 
Since Eg. (7.6) makes dt < dt, this effect on dt is called “time dilation”: moving 
‘locks appear to run slower. 


‘The invariance of the interval expressed in Eq. (7.5), naturally divides space 
‘time into four regions, sketched in Fig. 7.2 relative to any event A at time 14 (A. 
is located at x = y = ¢ = O in Figore 7.2). If an event B at time tg is such that 
(ds.48)* > 0, thea all inertial observers Will agree on the time order of the events 
A and B. it is even possible to choose an inertial frarme where B has the sae 
space coordinates as A. If rg is less than #4 in one inertial frame, then 4p is less 
than £4 in afl inertial frames. We call this region the past. Likewise, there is a 
region called the ficure where for event C (shown in Figure 7.2), t¢ is greater than 
4 for all inertial observers. Both the past and the future could be causally related 
to the event A. For any event inside the light cone, there exists a frame in which 
that event and the origin have the same x, y, z coordinates. 

If (ds.4p) < 0, then there exist a set of inertial feames in which the relative 
onder of i.4 and tp can be reversed or even made equal, This region bas sometimes 
been referred to as the elsewhere, ot as the elsewhen. In the region in which event 
‘D is located, there exists an inertial frame 5° with its origin at event the A in 
which D is at the same time as A (but somewhere else). There also exist frames 
in which the time of D occurs before A and frames in which the time of D is after 
‘event A. Separating che past-fonure and the elsewhere is the null or light cone, 
where da? = 0, The null cone is the set of spacetime points from which emitted 
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FIGURE 7.2. The three dnensions (ct, x, andy) of the Light cone, The third spatial 
dimension has been suppressed. The event A referenced xn the text is Wocnted at x = y= 
1 = 0, The light cone is the set of (cr, x. 9) traced out by Fight ented trom cr = x = 
y= Oor by light that reaches x = y == O at time cé = 0. Te past and future lie inside the 
light cone, Thus fgare xs of necessity misleading because ai points on the light cone have 
zero separation in spaceti, 


fight could reach event A, and those points from which light emitted from event 
A could reach, Any interval between the origin and a point inside the light cone 
is timelike, and any interval between the origin to a point outside the light cone is 
spacelike. Understanding the implication of the division of spacetime by the light 
cone is usualy all that is needed t0 revolve the apparent paradoxes af the special 
theory. 


7.2 LORENTZ TRANSFORMATIONS 


‘The simplest set of transformations that preserve the invariance of the interval, 
s*, are called the Lorentz transformations. These transformations are simplest st 
the sense that they are linear inthe coordinates and as the relative velocity goes to 
zero, the transfosmations become identity transformations. If we consider parallel 


Cartesian coordinate systems, S and S*, whose origins coineide att 2 ¢” = 0, and 
whose relative velocity is v along the + axis as measured by Sand define 
1 
Bat md oy an 
then the following four equations relate the two sets of coondinates 
et Br 
=y(ct~ Bx) 8a 
Piper ¥{ct ~ B: 
fn FPS nye per) 8b 
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x (7.80) 
gan (78d) 


Here we are only interested in transformations for which « —> rand x’ + x as 
B ~ 0. Asmattices, these transformations appear as 


ct vy -¥B 0 O} fer 
¥|_f-ve y 0 alle , 
yl=[o 0 rolly 78) 
Zz @ 0 0 tiicy 


Jn the Jimit of 8 < 2, Eqs. (7.8) reduce to the Galilean transformations as ex- 
pected. 

‘The generalization to arbitrary orientation of the velocity relative to the axes 
is straightforward, Since we are considering spacetime a four-dimensionat en- 
lity, we would expect 10 deal with four-dimensional vectors. Using the notation 
(ctx, ¥.2) % (er, 7) allows the writing of the generalization of Egs.(7.8') to the 
‘case where v is not parallel to an axis, as 


ot = y(t ~ B +n) 

ry Be ney -) 
provided the two sets of axes are aligned. Another way 10 express this arbitrary 
velocity is to consider the Lorentz transformation between two inertiat coordi- 


nate systems with aligned axes, a5 a matrix transformation relating the two 4+ 
quantities, x = (ct, r) and x’ = (er', 7"), where 


r= ~ Bret, (7.9) 


x we ix (7.30) 

‘We treat x’ and x as column matrices and L as the symunetric matrix 
y 1B: Bs “YB 

ee oe @~ nage 

yi DAR +g -pe @— nae 

2 

~vb DAE gy - DAR ito -DR 


(7AM) 


This reduces to the results given in Eqs. (7.8') when f, = §, By = 8, = 0. 
‘These transformations map the origin of Sand the origin of Sto (0, 0,00). 

Hence the coordinates of both origins correspond to the same location in space- 

time. If this is not desired, there is » more general transformation of the form 


xatkta (7.42) 
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where Lis a spacetime rotation (boost) and a is a spacetime translation. This is the 
Poincaré transformation of the inhomogeneous Lorenta transformation. We shall 
‘consider only homogeneous transformations for which a of Eq, (7.12) is zero. 


7.3 Wt VELOCITY ADDITION AND THOMAS PRECESSION 


‘The most general homogeneous Lorentz transformation will involve bath a vetoc- 
ity change and a rotation of the coordinates. The velocity iransformation is termed 
‘a boost und has the form of Eq. (7.11). Any homogeneous Lorentz transformation, 
t can be written as 


L= Rly = UR 7.43) 


where R is a rotation matrix as discussed in Chapter 4, and ty, which is called 
a restricted or proper Lorentz transformation, corresponds to a pure boost. The 
restricted Lorentz transformations form a representation of the Lorentz group.” 
Since R is not symmetric and Lo is symmetric, L will, in general, Rave no sym- 
metry, Also, since Lp and R ase matrices, Rg # LoR. There will exist tvo other 
(tansformations Lj, and R such that RUg = £4. 

For any Lorentz transformation, L, there is an inverse transformation, L~', such 
that 


tebe t, dy 


hese 1 is the diagonal unit 4 x 4 matrix with elements S44. The existence of 
an inverse places four constraints on the diagonal element and six on the off 
diagona} elements for a total of ten constraints on the Lorentz transformation. 
‘There are then only six independent components. Three of these correspond to 
the components of the relative velocity vector and three correspond to the Euler 
angles of the rotation (see Section 44), 

Consider three inertial systems, St, So, and Ss. with x axes aligned, Let Sa be 
moving at a velocity v along the common x-direction with respect to S and let 
‘Sy be moving at velocity v' along the commion x-direction with respect to $2. The 
‘Lorentz transformation from S; to Ss is given by 


voip O Of x -yB 
onl? Yo ofl ¥ 
ant a o + Off 0 oO 
o 0 © ifLo o 


en-oo 
Hoes, 


y¥G+ 6B) -rvy'B+8) 0 oF 
-¥VBSB) vyU4+8p) 0 0 
cy) + 0 
1 


o 
0 o 0 


‘Group concepts ae dscassed in Appendix B, 
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where Ea. (7.7) detines 6 and y for x and 6 and 7 for v', Let 6 be the speed of 
3 relative to S, and y" the associated Factor, then since Ly_3 cast be written as a 
single Lorenta tunsformation with « velocity 8” with its associated y" as 


yw mye OO 


en 
dics o 0 i oy 
6 o 3 


and, since these two forms of Ly must be the same, we have 


a Pte 
14+ BR 


‘This is me relativistic addition of velocity formula for parallel velocities. 

‘The product of any (wo transformations, Ly and Ly is itself a Lorentz trans- 
formation, L. Such a Lorentz transformation will, in general, involve not only a 
boost, but may also include a rotation of coordinate axes. If both Ly and ty are 
pure boosts but their two velocities are riot paraftel, Ly will involve a rotation in 
addition to a boost. This rotation is called the Thomas precession rotation, The 
usual form for the Thomas precession assumes the second boost, Ly has a vo~ 
{ocity small compared to the first boost, Ly and also that itis small compared to 
the speed of hght. For example, the Thomas precession can be observed for a 
gyroscope orbiting the Earth or for electrons in atoms. 

‘Consider three inertial frames S), Sz, and Ss, with Sz moving at a velocity B 
with respect to Sy and Sy moving at a velocity of f with respect to S2. Without 
toss of generality, we can arrange the axes of $ so that f is along the + axis of 
5) amd Bt lies in the x’y’ plane of So: that is, ff define the x’y" plane of $2. Let 
‘Lrepresent the transformation from Sj to 53 and 1 the transformation from Si 10 
Ss with y and y’ associated with B and f. Then from Eq. (7.11), 


a (has) 


| ae Le 
~yB y 0 0 
‘=[9 9 1 0 7.6) 
09 09 9 1 
and 
Yr “Be ~7'By 
1 yh 
ve aay 


e 

—h 40-0 VEE 0 

1 gt nite rent ol 

“YR, DBE ity GE 0 
o Oo a 1 

‘We assume that the components of @" are small and only need be retained to first 

ocder giving via matrix multiplications of Eq, (7.16) and Bq. (7.17) 
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yy -yy'B my'f, 0 

vette] 78, 7, 0° 8 

Petts —ryBy yBYB, ov 0 oe) 
0 a a L 


Since Lis not symmetric, it must coespond to a rotation and a boost. We shall 
write the velocity of $3 as observed by 5 as 8". 

Since the off-diagonal elements corresponding to the t axis are zero. this t0- 
tation ig about an axis perpendicular to the xy plane. The boost from Sy 10 Sy is 
denoted by A, and we assume that B' is sinall compared to and also small 
compared to the speed of light (y’ * 1). Then, to first order, the nonvanishing 
components of 6” are (Since the velocity perpendicular 10 x is small we can 4g- 
nore to firs onder the distinction among y. y', atid y") 


Bap, Brat, pt ap and yey (1.19) 


and Bq, (7.18) becomes 


Np UR “VBE oO 

CP tc o 98 

wm eae thee 18] (748) 
0 o o 1 

In this approximation, a pure Lorente transformation from 3 10 Sy {the inverse 

transformation) Would correspond to a large boost in the x" axis of =A and a 

smal} boost in the »” axis of —8. The Lorentz boost for that transformation 


a ed er) 
a dr 2 


YR "OB 1 
oO o o é 


a= (7.20) 


° 


Finally, the rotation matrix induced by the rotation from S} to Ss, after some 
algebraic simplification and the dropping of higher-order tesms in 8", is found 
tobe 


1 0 oo 
e 
o 4 ~nh o 
RaULs grea ety 
o-y-n€ 1 0 
0 0 9 4 


‘Comparison with Eq, (4.443 shows that R implies Ss is rotated with respect to S) 
about the z axis through an infinitesimal angle: 
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AQely— vf w(t *). (7.22) 


‘The spatial eotation resulting from the successive application of two nonparallel 
Lorentz transformations has been declared every bit as paridoxical ag the more 
Frequently discussed apparent violations of common sense, such as the so-called 
“swin paradox.” But the present apparent paradox has important applications, es- 
pecially in atomic physics, and therefore has been abundantly verified expesimen- 
tally. 

Consider a particle moving in the laboratory system with a velocity v that is 
‘not constant. Since the system in which the particle is at rest is accelerated with 
respect to the laboratory, the two systems should not be connected by 1 Lorentz 
‘wansformation. We can circumvent this difficulty by a frequently used stratagem 
‘(Clevaied by some to the status of an additional postulate of relativity). We imagine 
an infinite number of inertial sysiems moving uniformly relative to the laboratory 
system, one of which instantaneously matches the velocity of the particle. The 
particle is thus instantaneously at rest in an inertial system that can be connected to 
the laboratory system by a Lorentz transformation. It is assumed that this Lorentz 
transformation will also describe the properties of the particle and its truc rest 
system as seen from the Isboratory system, 

Suppose now that S; is the laboratory system, while Sp and Ss are 1Wo of the 
instantaneous rest systems atime Ar apart in the particle's motion. By Eq. (7.22), 
the laboratory observer will see a change in the particle's velocity in this time, 
Aw, which has only a y-component A%c = Av. Since the initial x axis has been 
chosen along the direction of ¥ = fi, the vector of the infinitesimal rotation in. 
this time can be written as 


ae yy (1.23) 


Hence, if the particle has some specific direction attached (o it (such as a spin 
vector), it will be observed from the laboratory system that this direction precesses 
with an angular velocity 


aa 


a 


vxa 


“YD (7.24) 


‘where ais the particle's acceleration as seen from S;. Equation (7.24) is frequency 
encountered in the form it takes when v is stall enough that y can be approxi= 
mated (using y ~ 1+ $87} as 


on jaxn. (728) 


In eithes form, a is known as the Thomas precession frequency, 
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7.4 Wt VECTORS AND THE METRIC TENSOR 


‘We will use the notation that the coordinates, which need not be Cartesian, are 
written as x" whese x° = cf is the time coordinate, and x1, x7. x are the space 
‘coordinates. This change ist notation is needed to be consistent with the develop- 
sments in the following sections. 

Consider an arbitrary one-dimensional curve in 4-dimenstonal spacetime, P, 
described by a parameter 2, where for a given 2 the coordinates of « point of 
the curve can be written as 2°(A), x!(A), x2(), 23(A), In introductory texts 9 4 
‘vector, v, is defined by this curve as an arrow whose tail is focated at an event A 
on the curve and whose head is at an event B on the curve where vag = Pa~P.4, 
However, instead of defining the vector st two points, we can use the parameter 
A, which is a measure of the length along the curve from A to B, by writing 


wo (2, vo 


Such a 4-vector is « tangent vector to the curve. We adopt the notation that the 
components of vectors are written with superscripts such as v®, v’, »°, v. In spite 
of the way we draw tangent vectors, they do not have any extension in spacetime, 
‘The arrows we draw simply help us visualize the vector. At each point along the 
‘curve, the tangent vector has a direction and a mogoitade. For curves that are 
timelike, the proper time, x is usually chosen asthe parameter i. The laborsory 
coordinates are then x? = ct(t}, x/ m= x(t), x7 = y(t), x? se 2(r), and the 
tangent to the curve is the four-velocity, u, of & particle traveling along the curve 
‘P. Equation (7.26) becomes 


2p 


where v' s dx! /dt is the normal three-velocity with 7? = (v")? + (uv)? + (v2)? 
We shall assume that Greek letters can take on the values 0-3 and Latin fetter 
the values 1-3. Repeated indices are summed. Since the 4-velocity of a particle is 
defined over a range of the parameter 4, there is an infinite set of 4-velocities for 
the particle, one for each value of A. Such s set of vectors is termed a vector field. 
Some common examples of vector fields are given in Table 7.1. 

‘We assume that the components of any 4-vector can be expressed by the val- 
ues of the vector's projections along a set of basis vectors, ey, ¢1. €2, €3, and that 
the coordinates are measured along the direction given by the basis vectors. Such 
a system is called a coordinates basis.* Cartesian, spherical, and cylindrical ca- 
otdinate systems, among many possible systems, can have such a basis set. The 
position of point on the curve P(r} can be written os 


Pe) = =e. 7.28) 


“The choice of « coonknate basis is cbxoary bo evoids sume complications, For tis mtroduorory 
‘hopter we wal essuane tet cack basis vectors inthe drecton of ts toreasing connate. 
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ABLE 7 Examples of Vector Fields 


Twme | Space 
Name Porton Porioa ‘Qdagnawde)? type 
‘Coordinate # 5 Peat | spacelike al or umebie 
Velocty ve ” a mek 
“Momentus 3 P we ‘ase 
Force EE | yB=yF | —Prewema™ spacelike 
‘Curentdensy | yee yd we | teh 


where repeated Greck indices, one raised and one lowered, are summed from 0 
03. in particular, the 4-velocity given in Eq. (7.27) becomes 
dP dx* 
wes ate 7.29) 
“The magninude of the 4-velocity is « scalar whose values can vary as we 
change X. This set of magnitudes is an example of a scalar field. To convert 
4-vector field to a scalar field, we need what is called 4 functionsl,* which can 
convert # pair of vectors into a scalar function at each point in spacetime. in other 
‘words, we wish to define the scalar product of two vectors or vector fields. This 
conversion of a 4-vector field (or two different vector fields) to a scalar field is 
an example of a mapping. if both the vectors are the same, then this scalar would 
be the square of the length of the vector, and when the vectors are different, it 
is called the scalar product of the vectors. Such a functional is called the met- 
ric tensor, g." The mettic tensor functional can be considered as a machine with 
two slots into which you can insert two vectors to produce a scalar (cea!valued 
function). That is, 


(Ht, V) = gC, u) =v, «7.30) 
is the scalar product. In particular if the basis vectors are inserted into the mettic, 
Rap * Blase p) la ep. (731) 


‘The gag are the components of the metric tensor associated with the basis vec- 
(ors éa. For example, consider two-dimensional Minkowski space with coordi- 
nates ct and x and a vector » = (a,b). Then g(v,v) = a? — b? and gog = 1, 
an =o1 

“The form of the gay is defined by the form for the interval. This suggests that 
‘we consider small displacements, If the relative displacement vector between (wo 


“7A twnctiona «fonction whose argument ae themeelves functions, 
* We use te ssa notation for tensors in space as we do for d- vectors 
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points is small, it can be written a5 
a = Ae, a3 


Recasting Bq. (7.32) in the language of Eq. (7.4'), we see for Minkowski coordi- 
aes 


(Bs)? = dtd = Ax" Ax eq ep = gophs" Ax? 
= (cA)? ~ (Ax)? ~ (ay)? = (2)? 
in the limit of infinitesimal displacements this can be written as 
ds? = gupdx"dx?, (7.32) 
which holds for any metric tensor. The metric tensor for a Minkowski coordinate 


system, using the +~—~ sign convention, ss the following tensor representa 
tion* 


10 0 0 
s= : - 2 4 (7.33) 
8 0 0 =t, 
‘The scalar product of two Vectors in this coordinate system is 
tery se UP gag a uly? mm tat mm Py? = «v9, (7.34) 


1c is straightforward to show that in any coordinate system, the square of the 
magnitude of the four-velocity is 


ae (7.33) 
‘The d-momentum can be defined from Eq. (7.27) 
p= mu, 7.36) 


‘where the mass, m, isa scalar. So the length squared of the four-momentumm is 
popamc, (137) 
or from Bgs. (7.27) and (7.34), 


2 
pe pam? amy —mvty? = 5 = 7.38) 


“Fhe woranon used for the dsplay of « mstnx i |, whale for teasors { ) wil De used as # ws 
sm Chapter 5. Mativos ace ase for seating cifferest coordinate frames while tensors ae physical 
geometric objects, 
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where p is the length of the 3-momentum, This last form of Eq. (7.38) is often 
written 38 


Bamict+pic*. (7.38') 
‘The relativistic kinetic energy, T. is defined as 


Ts E~me = mcty ~1) (7.39) 


w= onc??? + pre? ~ me’. (7239) 


For 8 < E, a power seties expansion gives 
T = bv? +018). (7.40) 


Since p » my, Eq. (7.39) shows thatthe kinetic energy of a body with finite rest 
‘mass tends to infinity as the speed approaches that of light (as > 1, y > 02). 
{n other words, it takes an infinite amount of energy to increase the speed of 
‘mass particle (or a space ship) from any velocity less than ¢ t0 ¢ itself. This is 
another proof that itis impossible to attain or exceed the speed of light starting 
from any finite speed tess than c. 


7.5 @ 1-FORMS AND TENSORS* 


Suppose we insert only one 4-vector into the metric tenvor in Bq. (7.30). We 
would produce an object that could be written aS ta = gapu*, For example, in 
the two-dirensional Minkowski space, if u* bas components (2, 6}, then wo bas 
components (a, ~6). This geometric object, tay is called « f-form or, in an olde 
notation, a covariant vector. In the older notation the vector itself was called a 
contravariant vector. ifthe vector is thought of as a directed line, the t-form is a 
setof numbered surfaces throtigh which the vector passes as is shown in Fig. 7.3, 
tis another functional (machine) similar to g, except it converts a Vector to a 
‘Hinear real-valued scalar function. That is, if 7 is a 1-form (field) and v is some 
vector (field), the quantity denoted fy (9p, ¥) is a number that tells us how many 
surfaces of 7 are pierced by v. For each vector field V, there is an associated 1- 
form. Vp such that (V,, V} = ¥. V is the scalar contraction or the square of the 
magnitude of V. 

The gradient is an example of a L-form since, if we consider a curve P, param 
terized by }, where 4 = 0 at Pp and take a scalar function, f, defined along the 


car, 
oP pen) ofa tls 
aS = POD in ae G4hy 


“The maternal we Seonoms 75 and 7.6 sot edd Fot Section 2.7 The Section ander has been chosee 
for comity of dems. 
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positive 
ots 


FIGURE 73. A vector v between two neighbonng points and a 1-fonn 7, The prcing 
of by v produces a number given by (n,»}, the number (cluding fractions) of surfaces 
rereed 


So 
nase 71.42) 
Oa = Oe, = (7.42) 
‘We often write either 3, or d to indicate the gradient of « scalar, Several ex- 
amples of vectors, I-forms, scalar prodtcis and metrics from relativity and other 
tareas of physics are given in Table 7.2. 
‘The gradient of the coordinates, a, defined as 


oF =x’, 71.43) 
provides a set of basis I-forms since 
eo". ep) = 33, 44) 
‘TABLE 7.2, Examples of Vectors and t-forms 
SYSTEM | _Yecon: ‘ons. Seal Mowe 
(Contras arant (Coverrant ‘Contraction 
Components) | Components) 


edy.dy [dx +437 4427 


1 
0 
0 

Eucidean | (drd@.de) | (dnetde, | dr? r?do? 0 

‘Sphedcal Pastede) | +Asitaag?| 0 2 
2 

Sohé-vete | rQuince vector] krecpprocat ecan| rk 

Quansse sdeory |p beth Cre ee 

Specie tbeory of | Gees ct} tedt.—dry | Pata? 

relive 


7.5 1-forms and Tensors 291 


and any {form n can be written as 


n= 16 (14s) 
‘it follows that 
(1.60) =e (7.46) 
and for any vector, » 
(1,0) = nev ary 


‘This gives us two ways to calculate the scalar product of two vectors v and w, 
If we define the inverse metric by 


85, = 8% 7.48) 
or in index-free notation by 


agg =}, (7.48) 


‘we can convert vectors (i) to L-forms (ig) and conversely as 
tn = gop? and ut = guy, (7.49) 
‘We can therefore write for two 4-vectors u and v (or they could be two I-forms), 
wee we Btu) = Bap wg natpg, 34) 
‘Since each 1-form has a unique associated vector, we could use the same vyrnba} 
for both, The difference is important onty when considering components, 

In terms of the two-dimensional example that we previcusly considered 
(Minkowski spacetime) with et and x as the coordinates). if the vector u fhas 
‘components (, 6) and the vector u has components (c, d), the last three terms of 
the preceding equation can be written as 


gape? = (IMa)c) + (-DOMA) = ac ~ bd, 
U8 uy & (a\{c} + (bY ~d) = ac — bd, 


uqvpa™ = (a){cK3) + (oMd)(—1) = ac — hd. 


Jt may help to consider the relationship between a vector and a L-fonn from a 
more general point of view using the Minkowski two-dimensional space as an 
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example. A vector V in two-dimensional space with basis vectors ey and ¢2 can 
‘be written as. 


VeVi + Ve 
tn general, itis not necessary that any of the basis vectors be normalized (¢)-€) # 
1, 2: €2 # 1) or that they be orthogonal (e; + ez # 0), This means that the 


magnitude of the scalar product is not conveniently obtained from a simple sim 
of squares 


2 
Vive SO VV? @ Ver 0) + VIV%(0y +02 He7 81) + (Ve + ey 
f= 


2 
ev, 
ist 
and it does not have the value V(V1}? + (V3)4, One way to obtain the magnic 
tude of the vector is 19 define the dual space with basis vectors «a! and a? (cf, 
Bq. (7.43)), which have the properties 


eyo! = oo! eo; 07+ oe ep mt 
bad ero? = we; ep -eo! = a! ep =O, 
‘We say thatthe vector basis, eis orthonormal to the I-form basis #. The 1-form, 
», corresponding to the vector V may be written as 


v= ve! + me, 
‘This vector has a (magnitude)? of 
(magnitude)? & v ¥ 2 Vey ae be + Vpn. 


‘When we want to require an object to be expressed in terms of its coordinate basis 
vectors we will write with a Roman letter (e.g., x) and use Greek letters when it 
{s to be expressed in terms of the basis I-fonns (e.g., 1). This same approach 
provides the scalar product of two vectors V and U in terms of their associated 
I-forms v and x as 


scalar product = V-u = y-U = u-V¥ = Uy = Vay + ¥%g = ml pall? 


‘These results are easily generalized to more dimensions, to spaces that have 
an indefinite metric, and even to mote general spaces, such as those discussed in 
Section 7.1. For example, in 2 four-dimensional Minkowski space, the I-form, 
v, associated with the vector ¥, is uy == V8, = V4 up = ~¥?, 03 V3, 
so the squared length of the vector V is 


Vout Vio + Vu + Wry = vov? — viv yey? viy3 
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‘The Lorentz transformations can be expressed in terms of the basis vectors. If 
we tet x”, x4, x2, x be the coordinates ia a frame Sand x = x* (x9, x*, x2, x3) 
bbe the transformed coordinates in the frame S', then the Lorentz, transformation 
‘can be written as 


exh nd 


inverse transformation of L*g. The basis vectors transform as 


siya, (7.50) 


ee = Uyeg and ey = FP geye (7.51) 


Any vector transforms as v = ue, = vf ep, $0 (0,0) = fav = nyt. This 
‘meuns that I-forms transform as 1) = tt, 63* = nero", and it follows that 


=Ep0* and wo = Reo”, (7.52) 
el yt and ot we poh, (7.83) 

and 
nar Vang and me =P any, (7.54) 


‘To convent vectors, sum on the second (lowered) index of the transformation ma- 
Aix. To convert 1-forms, sue on the first (raised) index. in tensor notation, vectors 
are columns, while {forms are rows. 

Scalars, vectors and I-forras ae simple examples of geomettic objects called 
tensors. & tensor is a fanctional into which we insert p vectors and 7 1-forms 
to produce a mapping onto a scatac. We describe a tensor by saying that it has w 
rank given by the aumbers n and p, where n is the nomber of -forms insestions 
possible and p is the number of possible vector insertions. A tensor, Q, with 
I-form stots and p vector stots is written as Q of rank (°). A tensor H of rank 
(5) is a functional into which we can insert m I-forms 0, A.....8 and p veo- 
tors u.v,..., w to produce a scalar. For exaruple, the energy momentum vector 
(8 /c, p) is a tensor of rank ([). since contracting it with a I-form produces a 
mee ‘example of an ordinary second-rank tensor is the quadrupole tensor of 
rank 

Although the components of I-forms are written with their indices down, the 
number of t-form slots is written as the upper of the two numbers uted (0 give the 
sank of 2 tensor. This is because in component notation the object generated will 
have that number of indices to be contracted with I-forms. For example, if S is a 
tensor of rank G), 


S(rqo™. dpe? oY ey) = oghgv" Slo? a8 c,) = S#,oghgv”, (7.55) 
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where the 5°, are called the components of the tensor S in the chosen coordinate 
frame, The outpst of 5 is a scalar (see Eq. (7.55)}, 80 if we repeat this calcula. 
‘don in another Loreutz frame, we obtain the transformation law for the tensor 
components under a coordinate transformation, 


SEF = SAE AE gy, (1.36) 


‘The metric tensor can be used to convert indices from vector to I-form or 1-form 
t vector; for example, 


Spy = EpeS™y. as 


Hence, any tensor of rank (7) can be converted by the metric tensor, without 
Joss of information, to any arrangement of tensor and I-form indices desired a 
Jong as the total number of indices (m + p) is conserved. Al! of these objects are 
different coordinate forms of the same geometric object (tensor), 

Consider our two-dimensional example with a vector, «, whose components 
are (a, b) and a I-form, ¢, with components (c, d). If we examine a teusot W of 
rank (}), thea, from Eq. (7.55), 


WOo.u) = W yogi = Wea + Wycb + Woda + Whdd. 


Physically, by using sets of vectors, w’s, and I-forms, os, and measuring the 
value of the scalar field W(o, a), the values of the components of Wy can be 
detersnined in one frame. And from Eq. (7.56), specialized to the number and 
type of components, the values in all inertial frames are known. In a Minkowski 
pe ‘with pseudo-Cartesian coordinates, the components of the tensor W of rank 

(j) can be converted to a corresponding tensor of rank (2) using the metric tensor 
in Eq, (7.33) {800 = bs giz = gaz = gas = —1} and the expression in Eq, (7.57) 
to give the following relations: 


Woo = gooWs = Wp, Wor = goo, = W,, 
WiosgnWlo= Wie, and Wi say Why = Why, 
Given any two vectors, we can construct a second-rank tensor by the operation 
called tensor product, T = u @ v. The tensor product is a machine whose output 
is a number when the two vectors and the two 1-forms are inserted 
(@@V(e, A) = (0,0), ) 7.58) 
‘The components of the tensor product are 
TH yh, 7.39) 


In our two-dimensional example of vector x with components (a, b) and vector 
1 with components (c, @), Eq. (7.59) becomes written in tensor form 
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‘This process can be continued and cogld inchide {forms as well as vectors; for 
example, two vectors (u, v) and a 1-form (7) would be written as 1 V8 o. 

‘Other useful operations include the gradient, contraction, the divergence, and 
the wedge product. First, let us consider the gradient operation. We used d for 
the gradient operation on scalars. For a higher-rank tensor, the gradient is often 
denoted by V. fa three-dimensionsl Cartesian space, V is the operator 


which may also be written as 
amass tags tags 


Retuming to 4-dimensions, an example of » more general cave, let $ be a (3) rank 
tensor, then by definition, PS(w, v, w, £) = dgS(, v, w) with the vectors iv, W 
held fixed, and 


VK, vw, &) = Be (Sapp vw?) eo SS veeh oy = Sapy.a@utvw”, 
(7.60) 
“That is, the gradient operates only on the coefficients in the definition of the tensor, 
not on the included vector fields. Since the vectors and 1-forms in Eq. (7.60) are 
arbitrary and constant, we can revrite the preceding as, 


@: 
(Sapp) = SLES w Saar at®, 0) 


where the &* define the direction of the gradient, and the last equality shows 
clearly that the derivative does not operate on the vector given by &*., 

In Minkowski spacetime, contracting the energy momentum vector (E/c, p) 
with the charge-current F-form (pc, ~J) produces the scalar (Eo ~ p - J). This 
idea can be extended to reduce the rank of a tensor by a process called contraction. 
“The contraction operation can be performed on any tensor whose total rank (sam 
of vector and {-form indices) is equal to or greater than 2, To do this, enter a basis, 
vector in one slat and the corresponding I-form basis in another slot and sum 
over the basis, thereby producing a lower-rank tensor. For example, consider the 
4-index tensor whose componenis art Ray ®y. We can form a two-index teusor 
by the inserting a basis t-form into the first slot of the tensor definition, and the 
related basis vector in the third slot, and sumuning over the basis set, Formally, 


Rex. 4,979) = Mt, 0), 761) 
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or in component form. 
Myo 0® = Ray* ye”, (7.62) 
which can be written as 
Myy = Rap*y. 7.62) 


Tn three-dimensiouat Cartesisn space, the divergence of a vector W is the scalar 
quantity V«V = $5 42% + 2%, while in 4.dimenstonal space the 4-divergence 
is 42. In Minkowski spacetime the 4-divergence operator is often denoted by the 


same symbol, V, in italics, or by CI whose components are 
act 
Oy = My wwe 
with cof the 1-form basic components. For example, the continuity equation in 
clectromagnene theory is 


aye Hoc) 
Fn Oe Ve BU je ety. 0. 


et 
‘The operator V* (sometimes written as CJ*) is called the d' Afembertian and is, 


Pee, et eo e FF 
PaVad- Vag mb-bb-(S+B+8 
where the last equatity is the expression in Minkowski space with Cartesian co- 
‘ordinates. The 4-divergenice operator on tensors reduces the rank of the tensor by 
1. For spacetime tensors, the divergence is written as V - § and, considering as an 
example a tensor S with a stot fora I-form and three vector stots, 


(B+ Stu, v») = V+ Stee, v) = V+ So, u,v, eg 


ST pyauu", (7.63) 
‘That is, the gradient of Eq. (7.60) is taken along a basis direction, and then a 
‘coutraction is formed between this direction and one of the {-form slots in the 
tensor. In component form. this reduces to 

VaS%py = Spy. (7.63) 


‘The final tensor operator we need is the wedge product, also called the brvector 
co biform, which is 


uAVEuBV~VOy, 1.64 


where the tensor product, @, was defined in Bg. (7.58). The wedge product is an 
antisymimetiic vector product. In component form, Eq. (7.64) becomes 
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UA De sate? — yuh 1.64) 


Successive A operations can be strung together just like the @ operator. The 
wedge product is useful whenever we deal with antisymmetric expressions. tn 
particular, when we look at the electromagnetic fiekd in the next section, we will 
discover that the flundamental field tensor, called Faraday, can be expressed in 
terms of the wedge product. 

Consider the two-dimensional example used previously, where w= wey + 
wre2 and v = v'e; + vez, The wedge product in Eq. (7.64’) has components 
W eu avegivenby 

whet — uly? 
° }: 


we (0h utad aby? ate! 
= (na BET ER) = (eu 
Although the examples given above assumed a certain combination of 1-form 


slots and vector slots, we must stress that the metric tensor can be used to produce 
a tensor with indices in any desired position, 


7.6 M9 FORCES IN THE SPECIAL THEORY; ELECTROMAGNETISM 


‘The preceding material hat been concemed with the kinematics of the special 
theory. The dynamics of the theory follows from the assumption that Newton's 
Jaws are correct for objects at rest in the rest frame of the observer, nearly correct 
for objects moving slowly relative to the speed of light, and require generaliza- 
tious to covariant equations. The correct generalization of the three-velacity to the 
four-velocity was given in Bg. (7.27). So we must generalize the force law, 


dint) 


Fe 


(7.65) 
0 a covariant form. 

Since Maxwell's equations are assuined to be a correct description, we shatl 
briefly consider a covariant reformolation of electromagnetic theory as a guide 
for the correct form of the force taws of mechanics. The vector and scalar elec- 
‘womagnetic potentials form a four-vector AM = (¢/c.A). If the potentials satisfy 
the Lorentz condition (in SE units), which is the vanishing of the four-divergence 
of the electromagnetic potential 4-vector, 


ae 


V-A4 nosoae 0.66) 
they separately satisfy the wave equations ofthe form {where jigea = 1/e*) 
2, 
maavasto4 vast 1619) 


oe 
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for the space components and for the time component 
Dye vgn EEF _ wy 2 (1670) 
3 


In terms of ¢ and A, the Lorentz force is F = {06 +444 + fv x (Vx A))}. 
‘This suggests that we should generalize the Lorentz force faw to 


aon Qe Ae) day 
ste. ( Ae). dw), 768) 
For the three- momentum, ps, and three-velocity, », Eq. (7.68) becomes 
ww, q 
Fo B+ x By, (71.68) 


with E the electric field, B the magnetic field, and e the electric charge. The geo- 
metsic approach isto define a tensor F, named Faraday, whose components will 
be the electromagnetic field tensor and write, with u the 4-velocity, 


dp 
ap term. (7.69) 
In component notation, this becomes 
Lap f 
aoe ePt 1.70) 


‘This produces Maxwell’s equations, provided (according to Eq, (7.68)) F%q is 
given by 

Oo & B & 
E, 0 cB, ~cBy 


E, ~cB 9 CBr On, 


In Minkowski space, the indices are raised and lowered by the metric tensor 
(Eq, (7.33)}.80 


any 


and 


OY 
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‘The Faraday tensor can be written in at least two different ways using either the 
tensor product, Bg. {7.58}, or the wedge product, Bq. (7.64}, 26 


Fs Fogdx" dx! = } Fagdx™ ndx? 


‘The latter expression explicitly shows the antisymmetry, 
‘We can write Maxwell’s equation in their normal component form using geo 
metric notation: 


VF=0 and V-F=J, (7.72) 


where J is the 4-curreat density with components (pc, j), where o is the charge 
density and j is the diree-current density. The first of these equations produces 
(using three- dimensional notation) V- B = Gand aB/9r +V x £ = 0, while the 
second gives V - E = p/eo and (1/c?) 38/91 ~ V x Bo — jaf. 

Following the guide provided by the covariamt formulation of electromaguetic 
theory, the proper generalization of Newton's second law, Bq, (7.65), is 

tet ke 

oe a KH, 179) 
where &! is a 4-vector force, known as the Murkowski force. The spatial compo- 
nents of K# are aot the components of the force in Eq, (7.65), but rather they are 
‘quantities that reduce to the F* ax 6 ~» 0. The exact form clearly results from 
the Lorentz transformation properties of the forces present. Some aspects of the 
4-force are listed in Table 7.1. 

“The genera! question (which cannot be uniquely resolved) is, How do we find 
the proper relativistic expression for force? Electromagnetism is used to justify the 
special theory, so we should expect no probiera with it. As we saw in the previons 
parugraphs, this is trivial for electromagnetic farces because the special theory and 
the Lorentz transformations are constricted to make Maxwell's electromagnetic 
theory covariant. For example, the electromagnetic force is given by Bq, (7.68) as 


Ky=nq (% te) : (7.74) 


ox “Ge 
with @ the charge on the particles and 4, the components of the four potential 
given by (@/c,A), Note that @ is the scalar potential and A is the three- 
dimensional electromagnetic vector poteatial, So the ordinary force, F), and 
the spatial consponent of the Minkowski electromagnetic force, Kare related by 


Rakyi- 2, (7.73) 


‘What about ather forces? Two methods are commonly used 10 deduce acceptable 
‘cansformation properties of forces and bence the comect relativistic fort of the 
forces. 

The Srst method is to argue chat there are only four fundamentat forces in 
nature—gravitational, weak nuclear, electromagnetic, and strong nuclear. A cor- 
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rect relativistic theory must provide valid expressions for these four forces. These 
‘expressions, if stated in covariant form, will automatically provide the transfor- 
‘mation properties of the forces. in this approach, since we understand electro- 
magnetic forces, it remains to find expressions for the other three fundamental 
‘orces in a covariant form in some Frame and assume this is coerect io afl inertial 
frames. It is assumed the transformations involve no terms that vanish in the cho- 
sen frame: for example, there is no need to arbitrarily add terms proportional to 
(w/e). This program has been carried out for two of the remaining three forces. 
(weak wuclear and strong nuclear) and for weak gravitational forces. It fails com- 
pletely for strong gravitational effects. It is beyond the scope of the present text 
to probe more deeply in to this question. 

‘The second approach of determining the correct relativistic force is to simply. 
define force as being the time rate of change of the mnomentum, Then we write 


Sek (7.76) 


where the p, in Eg. (7.76) is some relativistic generalization of the Newtonian 
‘momentum that reduces to my in the limit of small 8. The simplest generalization 
is the one given in Bq, (7.36). This second approach has thas far filed to produce 
any results other than those predicted by the first approach, 


7.7 RELATIVISTIC KINEMATICS OF COLLISIONS 


AND MANY-PARTICLE SYSTEMS 


‘The formulations of the previous sections enable us to generalize relativisticully 
the discussion of Section 3.11 on the transformation of collision phenomena be- 
‘ween various systems. The subject is of considerable interest in experimental 
‘high-energy physics. While the forces between elementary particles are only in 
perfectly Known, and are certainly far from classical, xo Long as the particles in- 
volved in a reaction are outside the region of mutual interaction theis mean mation. 
ccan be described by classical mechanics. Further, the main principle involved in 
the transformations—conservation of the four-vector of momentum—fp valid in 
Doth classical and quantum mechanics. The actual collision ot reaction is taken as 
‘occurring at a poini—or inside a very smait black box—and we look onty al the 
‘behavior of the particles before and after, 

Because of the importance to high-energy physics, this aspect of relanvistic 
kinematics has become au elaborately developed field, 1 is impossible 10 give a 
comprehensive discussion here. All that we can do is provide somte of the im- 
portant tools, and cite a few simple examples that may iffustrate the Savor of 
the techniques employed Although many collision experiments involve collidiag 
beams, we shall, for simplicity, confine our attentions so problems where one of 
the particles is at rest in the laboratory frame. The generalization to both particles 
‘moving in the laborstory frame is straightforward. 
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‘The notion of a point designated as the center of mass obviously presents dif- 
ficulties in a Lorentz-invariant theory. Bu‘ the center-of-mass system can be sult- 
ably generalized as the Lorentz frasie of reference in which the total spatial linear 
‘omentum of all particles is zero. That suck a Lorentz frame can always be found 
fotlows from the theorem that the toral momentom 4-vector is timelike for a sys 
tem of mass points. 

One such frame is the center-of-momentum frame. This is a frame in which 
the components of the spatial momentum of the initial particles add to zero, Such 
a frame obviously exists. Let us define E and p in Eq, (7.36) to be 


and p= op o.97) 


ai 


where the sum is over the particles involved. The left-tand side of Bq, (7.38) 
becomes 
Soom 


‘This clearly is positive (hint: separate the negative terms in which r = 2). $0 
it is possible to find a frame in which the three-momentum, p, equals zero, The 
Lorentz system, in which the spatial compouents of the total momentum are 2210, 
fy termed the center-ofsmomentum system. or more loosely, and somewhat incor 
rectly, as the center-of-mass system, and will be desiguated by the abbreviation 
“C-O-M system." 

As an example, fet us consider a particle of mass m and momentum p! in the. 
sedirection, which suffers a head-on coltision with a partite of mass mz at rest in 
n experimenter's frame (called the laboratory frame). "The initial 4-momennum is 


Loremr yale). (2.78) 


pe = (lay + mae, miyv!, 0.0). 1.79) 
“The fength squared of momentum has the magnitude 

PM Pa = (ony + mt} + Umyyena 119") 
‘When components are given, we shall follow the practice of denoting the primed 
frame by primes on the indices. The two particles are denoted by subscripts 1 
and 2 respectively. 

in the C-O-M system, the total momentum is 
{lmsy{ + maysle. 9,9, 0), (7.80) 

since by defisition the space part of the momentum vanishes, 


may{fhe + mayiByo =0, ma 
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where Bi and Bi are the velocities of my and mz, respectively, in the C-O-M 
frame. 

“The boost, ’, needed to go frum the Isboratory to the C-O-M frame, has the 
value 


Bla -6. 7.819 


Since all velocities are parallel, the velocity addition formuta Eq, (7.15) gives 
the velocity Bi of mass m in the C-O-M system in terms of i’ and its velocity 
B = ¥/c in the laboratory frame, 


an Boe, 


(7:82) 


The total squared momentum in the C-O-M frame given in Eq. (7.80) can be 
rewritten using the results of Eqs, (7.81) and (7.82) as 
eG - 8) 

B-R 
Equating Eqs. (7.79) and (7.83) gives a single equation that can be solved for 
the boost velocity f. There are two real roots, one of which corresponds to the 
physically meaningful case of B’ < 1 

‘Since the spatial momentum in the C-O-M frame is 2er0, thore is clearly more 
energy, p®, in this frame than in the laboratory frame.* The excess energy in the 
C-O-M frame, AE, is obtained by subtracting the time component of Eq, (7.79) 
from the time component of Eq. (7.80). 

“The total momentum four vector is conserved, which automatically implies 
doth conservation of spatia linear momentum and conservation of total energy 
(Gncluding rest mass energy). Our major tools for making use of the conserva 
tion principle are Loreatz transformations fo and from the C-O-M system, and 
the formation of Lorentz invariants (world scalars) having the same value in all 
Lorentz frames. Since energy and momentum are combined into one conservation 
lave the retativistic results are more easily obtained than the nonrelativistic rests 
of previous chapters. The transformations between laboratory system and C-O-M 
system are merely special cases of the Lorentz transformation, 

‘As an example of the use of Lorentz invariants, let us consider a reaction ini- 
tiated by two particles that produces another set of particles with masses mt, 
r= 3,4,5,....IntheC-O-M system, the transformed total momentum is 


PH = (Etc, 0, 0,9). (7.84) 
{tis often convenient to look ou the C-O-M system as the proper (or rest) system 
of a composite mass particle of mass Af = E'/c*.? The square of the magnitude of 


“For a sngle paruct, the energy Sas a munsmoen vate. mc7, su the test ame The C-O-M frame 15 
ot the rest frame of exer particle. 

“Tatihough a s costcoary ix igh-eneagy physics to se uns in ach ¢ = 1, seems more elpfa 
rm at inwedactory exposition sach as is p rain the powers of thoughout, 


Py (7.83) 
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P must be invariant in all Lorentz systems and conserved in the reaction. Hence, 
we have 


127 
PaPh ae Pg PH we Bo Meet, 788) 


But for the initia particles, F, P#* can be evalusted as 
PPP cx (mh + m3? — 2ry wh. (7.86) 


‘The energy in the C-O-M system, or equivalent mass M, is therefore given in 
terms of the incident particles as 


BP x Mich wm (nd + mde + (Es Ba ~ ops + Pad. (187) 


Suppose now that, one particle, say 2, was initially stationary in the laboratory 
system, Since then pp = 0 and Fy <= mzc?, the C-O-M energy becomes 


B? we MBCA ws (mt + mic! + Imac? EY. (7.88) 


If the excess of Z; over the rest mass energy be denoted by Ty, fof. Eg. (7.39)) 
that is, che kinetic energy, this cam be written 


£7 aa MP8 (my + ma)%c* + ImgPT}. (7.89) 


{vis clear that the available energy in the C-O-M system increases only slowly 
with incident kinetic energy. Even in the “ultrarelativistic” region, where the ki- 
netic energy of motion is very lange compared to the rest mass energy,” increases 
‘only as the square root of Tj. 

‘The effect of the proportionally small amount of incident energy available in 
the C-O-M system is shown dramatically in terms of the threshold energies. It is 
obvious thatthe lowest energy at which a reaction (other than elastic scattering) is 
possible is when the reaction products are at rest in the C-O-M system. Any finite 
Kinetic energy requices & higher £’ or equivalently higher incident energy. The 
total four-momentum in the C-O-M system after the reaction, denoted by P#"” 
has the magnitede at threshold given by 

2 
( ») . (7.90) 


‘which, by conservation of momentum, must be the same as Bg. (7.85). For & 
stationary target, the incident energy of motion as threshold is then given as a 
consequence of fig. (7.89) by 


Pye PM ae 
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2 
(f=) my tay 
sg A a 


myc? 2mm 
If the Q value of the reaction is defined as* 


Q= [= ~ (my + ~| ra any 


(7.92) 


A common illustration of the application of Eq, (7.92) is the historie production 
of an antipcoton, p, by the reaction, involving a proton p, 


P+o+ptntptp, 


where nis a nucleon, either neutron or proton. The masses of all particles involved 
‘are neatly equal at 938 MeV equivalent rest mass energy and we select Q = 2me?, 
Equation (7.92) then says that the incident particle kinetic energy at threshold 
ust be 


Ti = Gmc? = 5.63 GeV, 


which is 3 times the energy represented by Q! If, however, the reaction was ini~ 
tiated by two mucleons incident on each other with equal and opposite velocity, 
then the laboratory system is the samme as the C-O-M system. All of the kinetic 
energy is available in this case to go into production of the proton—artiproton pair, 
and each of the incident particles at threshold need have a kinetic energy of mo- 
tion equivalent to only the mass of one proton, 938 Mev. ft is no wonder so much 
effort has been put into constructing colliding beam machines! 

Another instructive example of a threshold calculation is photomeson produc- 
tion, say, by the reaction 


y+p=E4Kt (793) 


where y stands for an incoming photon. For the purposes of classical mechanics, 
2 photon is @ zero-mass particle with spatial momentom p and energy “pe.* Tn 
calculating @. the mass m; of the photon is zeto: 


= (mgs + mgs — myc? = 749 MeV. 


"(here has the open siga tothe comention adopted in 8 LNT, 
‘The square of die magminde of the photon momentum fout-vester 36 zero, 80 the vector cas be 
deseribed as ‘hghthike” The C-O-M thoonesn a: mpeied only if @l of the paroles are photons and 
‘een thon only ifthe photons are going i be seine dinectcn, 
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Equation (7.92) is rewritten for a reaction involving an incident photon as 


th 


From the value of Q and the rest mass energy my of the proton, the threshold 
energy for the reaction Eq. (7.93} is then 


Tj = 1.05 GeV, 


‘which is only slightly higher than Q. 

‘We can also easily find the energy of the reaction products in the laboratory 
system at threshold. The C-O-M system is the rest system for the mass Mf, with 
P"' == Mc. In any other system, the zeroth component of the 4-vector is P? = 
My. But in the laboratory system 


Pm Ey 4 By = LE +m2), 


‘where the last form holds only for a stationary target particle. Hence, the C-O-M 
syslem moves relative to the laboratory system such that 


Ey time 
Me 


But at threshold all the reaction products are at rest in the C-O-M system so that 
M = Sm, and therefore 


ye 


(7.94) 


2 
= RA tre neshotds. (7.98) 
En 


‘The kinetic energy of the sth reaction product in the laboratory system is then 
T= my =I. (1.96) 


‘Thus, the antiproton at threshold has 4 Kinetic energy Ty = mc? = 938 MeV, in 
contrast, the K+ meson emerges at threshold with 494 MeV, 

In Section 3.11, the kinematic transformations of « two-body nonrelativistic 
collision were investigated. Eq, (3.117°) gives the reduction in energy of an inci- 
dent particle after elastic scattering from a stationary target, ay a function of the 
scattering angle in the C-O-M system. The derivation of the relativistic analog 
provides another interesting example of the methods of relativistic kinematics 
Use of Lorentz invatiants here is not particularly helpful; instead direct Lorentz 
transformations are made between the laboratory and C-O-M systems, Figure 7.4 
illustrates the relations of the incident and scattered spatial momentum vectors in 
‘both systems. The incident and scattered momentum vectors define 2 plane, ir 
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(2) Centerotmomentum system (0) Laboratory system 


FIGURE 7.4 Momentum vectors for relativistic elastic scattering in C-O-M and labora 
tory Lorentz frames. 


‘variant in orientation under Lorentz transformation, here taken to be the xz plane 
with the incident direction along che z axis. Because the collision ip elastic, the 
‘masses of the incident particle, m), and of the stationary target, ma, remain un- 
changed: thats, m3 = my,mg = m2. Primes on the vectors denote C-O-M vafues, 
unprimed vectors are in the laboratory system. To distinguish cleerly between be> 
fore and after the scattering, the indexes 3 and 4 will be retained for the vectors 
after scattering. We have only (o remember that 3 denotes the scattered incident 
particle, and 4 the recoiling tanget particle. Components of the separate particle 
vectors will always have two indices: the first forthe particle, the second for the 
component. 

‘The Lorentz transformation from the laboratory 10 the C-OM system is de- 
fined by the y of Eq. (7.94) with Mf given by Hq. (7.89): 


Ey emgc? Tht 4my + mp)? 


yo = » (797) 
ama + mk met Pm + my + may 


‘The quantity 8 can be found from y, ox more directly by arguments similar to 
those wsed to obtain y. In the C-O-M system, the spatial part of the fotal momen- 
tum four-vector is zero: in any other systems, the spatial part iy McBiy. However, 


im the laboratory system the spatial part is pi. Hence, by Eg. (7.94) & must be. 
given as 


ia Pic 
ng = ee eey 7.98) 

B= Smad ~ Hem tmabe tes 
Because ft is along the z axis, the Lorentz transformation takes (with By = By = 
0) the form given by Eq. (7.11), and the components of pj" in the C-O-M system 
are given by 
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4 E 
Sim far (2 sn). 799) 


After the collision, p is no longer along the z axis, but since the collision is 
elastic, its magnitude is the same as that of p;. If @ is the angle between pi and 
the incident direction, 3s in Section 3.11, then the components of ps in the C-O-M 
system are 
Y ex of sit 2 = ph oe AL 
PS = pisin@, = pS = PESO, py = PY == (7.100) 


“The transformation back to the laboratory system is the same LLorent transfor 
‘mation but with relative velocity ~B.. Hence, the components of py are 


Phe pl! = pine 
a ES 
A= rtni'~ p08) = (nomes 2) 
, Eo 
ariel tertinr(E+ pene). cuon 


FE, and pace substituted inthe last of Eqs. (7.201), from Bags. 7.99} we obtain, 
after a lite simplification, an expression for the energy of the scattered particle 
in terms ofits incident properties: 


Es = By ~ 7 BG ~ cos @)(pic ~ BEs). (7.102) 


in Eq, (7.192) y and 8 mast be expressed terms of the incident quantities through 
Eqs. (7.97) and (7.98), resulting in the relation 
map 


2B rc — BE 3) 2 me, 
Pil ~ BED = ee a 


(7.103) 


‘With the help of the relation between p, and Ey, Eq. (7.38"), this can be written 


maT, + 2mic% 
Bmx + ny F may 


Some further algebraic manipulation then enables us to rewrite Eg, (7.102) as 


h 2p ~ Ey/2} 
G+ oF +208; 


v7 B(pic~ BED (7.104) 


{I — cos @}, 7.108} 
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where p = ms/mz, as in Section 3.11 for elastic scattering, and Ej is the kinetic 
energy of the incident particle in units of the rest mass energy, 


f=. 7.106), 


Equation (7.105) is the relativistic counterpart of Bq. (3.117") It is easy to see 
that Eq. (7.105) reduces to the nonrelativistic case as & —+ 0, and that if p == 1 
{equal masses), the relativistic corrections cancel completely. Equation (7.105) 
‘noplies that the minimum energy after scattering, in units of mic, is given by 


it 
+ pF + 208" 
{In the nonrelativistic limit, the minimum fractional energy after scattering is 


( 


which is a well-known result, easily obtained from Bq, (3.117), Equation (7.108) 
says that in the nonrelativistic region 2 particle of mass my cannot tose such ki- 
netic energy through scattering from a much heavier particle, that is, when «1, 
which clearly agrees with common sense. However, in the ultraelativitic region, 
when o&) >> 1, the mininwam energy after scattering is independent of €: 


2 


Eamun = Ex 7.107) 


(Es}oin 


& 


2 
iz) Beh (7.108) 


mz =m Pr 


Tsun 
(3), Sa 


pb > N, 7.109) 
Since the condition on &, is equivalent to requiring Tj > m2c?, it follows from 
Eg. (7.109) that such a particle can lose a large fraction of its energy even when 
scattered by a much heavier particle. This behavior is unexpected, but it should be 
emesnbered that for particles at these energies, taveling very close to the speed 
of light. even a slight change in velocity corresponds to @ large change in energy. 

Finally, we may easily obtain the relation between the scattering angles in the 
C-O-M and faboratory system by noting that (first index particle, second compa- 
nen) 


(7.310) 


By Eg. (7.36), 


rare 
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sin@ 
o= 442) 
td = 87 BD ole 
‘tn terms of initial quantities, Eqs. (7.99} show that 
(7.3) 
(Lay 
malrny tmaye! 4 mac?7 
Bh BP made eT ale) 
‘The final expression for tan 9 can then be written as 
tad : (1.116) 
where g(p, £1) is the function 
1+ 0 +&) 
= TE iy 
and y. by Bg. (7.97), takes the form 
V0.6) = 7.118) 


VO py + Ei 


Again, in the nonrelativistic region, y and g tend to unity, and Eq, (7.116) re- 
duces to Eq. (3.107). The correction function g(o, &) never really amounts to 
touch, approaching the consiant limit a as E, becomes very large, The important 
factor affecting the wansformed angle is y. which of course increnses indefinitely 
as £; increases, {t does not affect the bounds of the angular distribution, when 
© = O or x, but its presence means that at other angles ¢ is always smaller than 
it would be nonrelativistically. The Lorentz transformation from C-O-M to the 
Jaboratory system, which does not affect the transverse component of the mo- 
‘mentum, thus always tends to distort the scattered angular distribution into the 
forward direction. 


7.8 WE RELATIVISTIC ANGULAR MOMENTUM, 


To Chaptec 1, it was proven that the nonrelativistic angular mornentuna obeys an 
‘equation of motion much like that for the Tinear momentum, bot with torques 


310 


‘Chapter 7 The Classicat Mechanles of the Speciat Theory of Relativity 


seplacing forces. It was shown that for an isolated system obeying the law of 
action and reaction the total angular momentum is conserved, and that in the 
C-O-M system itis independent of the point of reference, Al! of these statements 
have their relativistic counterparts, at times involving some additional restrictions. 

For « single particle, let us define an antisymmetric tensor of rank (7) in 
Minkowski space using the formalism of Eq. (7.64) 


maxap (7.449) 
whose elements would be 
me =a xp — 2° pF, (7.120) 


‘The 3 x 3 subtensor m" clearly comesponds, as was seen in Section 5.1, with 
the spatial angular momentum of the particle, An equation of motion for m* can 
be found by taking its derivative with respect to the particle's proper time and 
making wse of Eq, (7.73) giving 


Meuaptrakaxak, (raa) 


‘where the first erm vanishes by the antisymmetry of the wedge product and K is 
the Minkowski force. In component notation, Eq. (7.121) becomes 


Sr a INKY = aK, (7.422) 
dt 


‘This suggests we define the relativistic generalization of the torque by 


Nwxak, (7.423) 
‘whose components are 
NAY a aR KY KM, (1.424) 
‘Thus, m obeys the equations of motion 
dm 
= (1.128) 
‘whose component form is 
dmv? 
= Ne, (7. 
Geo = (7.126) 


with Bq, (1.11) as the nonrelativistic limiting form. 
For a system involving a collection of panicles, ¢ total angular momentum 
4-tensor can be defined (analogously to the total near momentum 4-vector) as 


M= Som, an 
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oF in component form, 
Mt = Smt, (7.128) 


where the index 5 denotes the sth particle. It is more difficult to form an equation 
‘of motion for M because each particte has its own proper time. (For the same rea- 
son, we did not attempt it even for P.) Nevertheless, plausible arguments can be 
given for the conservation of M under certain circumstances. if the system is com> 
pletely isolated and the particles do not interact with each other or with the ontside 
‘world (including flelds), then mi for each particle is conserved by Bq. (7.126), and 
therefore Mf is also conserved. Even if the particles interact, but the interaction 
takes place only through binary collisions at a point, there still could be conser- 
‘vation as can be seen from the following argument. Instantaneously when the two 
particles collide they are traveling together and have the same proper time. In 
‘other words, their world lines crass and they share the same event, One can there- 
fore write an equatioa of motion of the form of Eq, (7.126) for the sur of their 
angular momenta. If the impulsive forces of contact are equal and Opposite-as 
‘we would expect from conservation of linear momentum in the collision—thert 
the sum of the impulsive torques cancel. Hence relativistic angutar momentum is 
also conserved through such colfisions. Note that unlike the nonrelativistic case 
covariance requices that the interactions are assumed to be instantaneous point 
collisions. 

‘The relativistic angular momentum obeys the same kind of theorem regarding 
(ceaslation of the reference point as does its nonrelativistic counterpart. In the def- 
inition, Bq, (7.120) o Eq. (7.128), the reference point (really reference “event”) 
i the arbitrary origin of the Lorentz system. With respect to some other reference 
event ay, the total angular momentum is 


Meas) = ine) A pe (7.129) 
7 
= M(Q)—a, AP (7.430) 


As in the nonrelativistic case, the change in the angalar momentum components 
is equat to the angular momentum, relative to the origin, that the whole system 
would have if it were located at a. 

{in Chapter 1, ove particular reference point played an important role—the cen- 
ter of rnass. We can find something similar here, at least in one Lorentz frame, by 
‘examining the nanure of the mixed time and space components of Mf”, namely, 
Af?! = ~M?°. By definition, in some particular Lorentz frame, these components 
are given by 


BM = GLpl —x ois) 


aE (0-8E 


7.132) 


esr) 
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Tn the C-O-M frame, the total linear momentum p = J) p, vanishes, and M™ in 
this frame has the form 


(7.333) 


Af the system is such that the total angular momentum is conserved, us described 
above, then along with other components Mf 1 conserved and hence 


SOE, = constant. 


‘Conservation of total linear momentura means that E == J) E, is also conserved. 
Wis therefore possible to define a sparial point R,, 


(7.134) 


associated with the system, which is stationary in the C-O-M coordinaie frame. 
In the nonrelativistic limit, where to first approximation E, = myc”, Bq. (7.134) 
reduces (0 the usual definition, Eq. (1.21), Thus, a meaningful center of mass 
(sometimes called center of energy) can be defined in special relativity only in 
terms of the angutlar-momentum tensor, and only for a particular frame of refer- 
ence. Finally, it should be noted that by Bq. (7.130) the spatia part of the angular 
‘momenttrm tensor, Mf, is independent of reference point in the C-O-M system, 
‘exactly as in the nonrelativistic case, 

Except for the special case of point collisions. we have so far curefully skirted 
the problem of finding the motion of a relativistic particle given the Minkowski 
forces. To this more general problem we address ourselves in the next section, 
within the nominal framework of the Lagrangian formulation, 


‘THE LAGRANGIAN FORMULATION OF RELATIVISTIC MECHANICS. 

‘Having established the appropriate generalization of Newton's equation of motion 
for special relativity, we can now seek to establish a Lagrangian formulation of the. 
resulting relativistic mechanics. Generally speaking, there are two ways in which 
this has been attempted. One method makes no pretense at a manifestly covariant 
formulation and instead concentrates on reproducing, for some particular Lorentz 
frame, the spatial part of the equation of motion, Eq, (7.76). The forces F, may or 
may not be suitably related to a covariant Minkowski force. The other method sets, 
cout to obtarn a covaviant Hamilton's principle and ensuing Lagrange's equations 
in which space and time are treated in common fashion as coordinates in a four- 
dimensional configuration space. The basis for the first method is at times quite 
shaky, especially when the forces are not relativistically well formulated. Most of 
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the time. however, the equations of motion so obtained, while not manifestly co- 
variant, are relativistically comect for some particular Lorentz fame. The second 
‘method, oo the other hand, scems clearly ta be the proper approach, but it quickly 
‘uns into difficulties that require skitiful handling if they are to be solvable, even 
for a single particle. For a system of more than one particle, it breaks down almost 
‘from the start, No satisfactory formulation for an interacting muttiparticle systern 
exists in classical relativistic mechanics except for some few special cases. 

‘This section follows the first method, seeking to find a Lagrangian that leads to 
the relativistic equations of motion in terms of the coordinates of some particular 
Inertial system. Within these limitations there is no great difficulty in construct- 
ing a suitable Lagrangian. It is trve that the method of Section (1.4), deriving the 
Lagrangias from D’ Alember’s principle, will not work here. White the principte 
itself remains valid in aay given Lorentz frame, the derivation there is based on 
P= m,¥,, which is no longer valid telativistically. But we may also approach the 
Lagrangian formulation from the alternative route of Hamilton's principle (Sec- 
tion 2.1) and attempt simply to find a function L. for which the Euler-Lagrange 
equations, as obtained from the variational principte 


ans f Lai w0. (7.133) 


agrée with the known relativistic equations of motion, Eq, (7.76). 
‘A suitable relativistic Lagrangian for a single particle acted on by conservative 
forces independent of velocity would be* 


L=-mefi-p-v, (7.136) 


where V is the potential. depending only upon position, and 6? = v4/c?, with v 
the speed of the particle in the Lorentz frame under consideration, That this és the 
comrect Lagrangian can be shown by demonstrating that the resultant Lagrange 


equations, 
4 ( 
dt \av 


agree with Bq, (7.76). Since the potential is velocity independent v occurs only 
jn the first erm of (7.136) and therefore 


aL my 
wR 


‘The equations of motion derived from the Lagrangian (7.136) are then 


7.137) 


“he do se cbonse L = me2fi = Ja ~ v because we want in Ei (7.199) e heal 
oer 
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d mv av i 


dt ji—pe ax! ~ 


which agree with (7.76). Note that the Lagrangian is no longer L = T ~ V but that 
the partial derivative of L with velocity is still the momentum. Indeed, it is this 
last fact that ensures the correctness of the Lagrange equations, and we could have 
worked backward from Eq. (7.137) to supply at least the velocity dependence of 
the Lagrangian. 

We can readily extend the Lagrangian (7.136) to systems of many particles 
and change from Cartesian to any desired set of generalized coordinates q. The 
canonical momenta, P, will still be defined by 


aL 


= agi’ (7.138) 


Pi 


so that the connection between cyclic coordinates and conservation of the corre- 
sponding momenta remains just as in the nonrelativistic theory. Further, just as in 
Section (2.7), if L does not contain the time explicitly, there exists a constant of 
the motion 


h=q' P-L. (7.139) 


However, the identification of with the energy for, say, a Lagrangian of the form 
of Eq. (7.136) cannot proceed along the same route as in Section (2.7). Note that 
L in Eq. (7.136) is not at all a homogeneous function of the velocity components, 
Nonetheless, direct evaluation of Eq. (7.139) from Eq. (7.136) shows that in this 
case h is indeed the total energy: 


which, on collecting terms, reduces to 


me? 


vi-B 


The quantity / is thus again seen to be the total energy E, which is therefore a 
constant of the motion under these conditions. 

The introduction of velocity-dependent potentials produces no particular diffi- 
culty here and can be performed in exactly the same manner as in Section 1.5 for 
nonrelativistic mechanics, Thus, the Lagrangian for a single particle of charge, q, 
in an electromagnetic field is 


L=—me*/1—p2-q¢+qA-v. (7.141) 


st Velev 4 mc = E. (7.140) 
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Note that the canonical momentum is no longer mu; there are now additional 
terms arising from the velocity dependent part of the potential: 


Pi smu + gAl. (7.142) 


This phenomenon is not a relativistic one of course; exactly the same additional 
term was found in the earlier treatment (cf. Eq. (2.47)). The formulation of 
Eq. (7.141) is not manifestly covariant. But we can confidently expect that the 
results will hold in all Lorentz frames as a consequence of the relativistic co- 
variance of the Lorentz force derivable from the velocity dependent potential in 
Eq. (7.141). 

Almost all of the procedures devised previously for the solution of specific 
mechanical problems thus can be carried over into relativistic mechanics. A few 
simple examples will be considered here by way of illustration. 


1, Motion under a constant force; hyperbolic motion. It will be no loss of gener- 
ality to take the x axis as the direction of the constant force. The Lagrangian is 


therefore 
L = ~mc*,/1— B? — max, (7.143) 


where f is x/c and a is the constant magnitude of the force per unit mass. Either 
from Eq. (7.143) or directly on the basis of Eq. (7.76), the equation of motion is 
easily found to be 


The first integration leads to 


B _ at+a 


vi-B 


or 
at+a 


barat 


where a is a constant of integration. A second integration over ¢ from 0 to t and 
x from xg to x, 


t (at! +adt’ 
c+ (at' +a) 


X—Xg=c 


leads to the complete solution 
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[vAF er oi ~ Va Fat ¥y (7.144) 


Af the particle starts at rest from the origin so that x9 = O and vy = 0 = a. then 
Eg, (7.144) can be written as 


which is the equation of a hyperbola in the x, r plane. (Under the same conditions 
the nonrelativistic motion is of course a parabols in the x, ¢ plane). The nonrela- 
Aivistic limit is obtained from Eq, (7.144) by considering (af +-a) small compared 
to ¢; the usual fresbman-physics formula for x es a function of tis then easily 
obtained, recognizing that in this limit a + ug. 

‘The motion described in this example arises in reasonsbly realistic situations, 
Tecorresponds, for example, 40 the acceleration of electrons to relativistic speeds 
in the faboratory system by means of a constant and uniform electric field. The 
illustration considered next is mose academic, but is of interest as an example of 
Ge wehniques employed. 

2. The relativistic one-dimensional harmonic oscillaror. The Lagrangian in this 
‘case is of the form of Eq. (7.136) with 


Vex) = fx? (7.445) 


Since L is then not explicitly » function of time and V is not velocity depen- 
dent, the total energy £ is constant. Equation (7.140) may now be solved for the 


velocity x as 
L(ey 
ala} ~ 


For the moment, we shall postpone substituting in the particular form of ¥(x) 
and generalize the problem slightly to include any potential sharing the qualita- 
tive characteristics of Eq. (7.145). Thus, let us suppose that V(x) is any poten 
tial function symmetric about the origin and possessing a minimum at that point, 
‘Then providing E lies between V (0) and the maximum of V, the motion will be 
oscillatory between limits x = ~# and.x = +b, determined by 


% 


V(kb) = E. 
‘The period of the oscillatory motion is, by Eq. (7.146), to be obtained from 


7 dx 


irs 
Vi" Eva 


eae) 
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Equation (7.167), when specialized to the pesticular Hooke's law form (7.145) 
for V(x), can de expressed in terms of eiptic integrals. We shall instead examine 
the first order relativistic corrections when the potential energy is always sinall 
‘compared to lhe rest mass energy mc*. A change of notation is helpful. The ensrgy 
£ can be written as 


Exmet+é) 
so that here 


E-V@) 
me 


me bE xx? we bb? = 4, (7.448) 
where 


(7.449) 


Fo the order (xb*)?, the period, Eq. (7.147) then reduces to 


af dx Woe | 
x4 1 tea], : 
‘f ems sy 1.490) 


“The intergral in Eq, (7.150) can be evaluated by elementary means, most simply 
by changing variable through x == b sin ¢; the final result is 


eB pe) =a fF (t- 234). 


‘Note that the expression in front of the bracket is 1p, the nonrelativistic period of 
the harmonic oscifistor. {a special relativity, the period of the harmonic oscillator 
is thus not independent of the amplitude; instead, there is an amplitude dependent 
ccortection given approximately by 
boot 2 8 
» % ~ 16me? 

3. Motion of a charged porticle in a constant magnetic field. Yn principle, we. 
should start from a Lagrangian of the form of Eq. (7.141) with the scalar potential 
@ = 0 and A appropriate to a constant magnetic field (Eq, 5.106), But we know 
such a Lagrangian corresponds to the Lorentz force on the charged particle of 
charge q, given by 


(7.451) 


F=glyxB) 7.182) 
(cf. Eq, 1.60). Hence, the equation of motion must be 


2 Lax B= 
ap ae SE haves (7.433) 


ane 
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‘The nature of the force, Eq. (7.152), is clearly such that the magnetic field does 
no work on the particle: F+v = 0. Hence, E nyust be a constant, as also p 
and y by Eq. (7.38'}, Farther, by Eq. (7.152), there is no component of the force 
parallel to B, and the momentam component along that direction must remeia 
constant. It is therefore no loss of generality to consider the motion only in the 
plane perpendicular to B and to let p represent the projection of the total linear 
‘momentum on to that plane. Fiquation (7.153) then say’s that the vector p (whose 
magnitade is constant) is precessing around the direction of the magnetic field 
with a frequency 


en (7.154) 
ny 


seferred to as the cyclotron frequency. in the nonrelativistic Himit y —» 1. This 
grees with te cyclotron resonance expression found in solid state physics texts 
Because y is constant, the velocity vector in the plane is also of consteat mag 
situde and rotating with the same frequency. The particle must therefore move 
uniformly ina circular orbit in the plane with angular speed 2. Since che centrifu- 
gol force, F, equals mu?/r, it follows that the magnitude of the linear momentum, 
in the plane must be given by 


pemyk. 


Combining this expression with Eq. (7.154) leads to the relation between the cit- 
cle radius and the momentum: 


P 

rr (7.155) 
‘The radius of curvature into which the particle motion is bent depends only upon 
the particle properties through the ratio p/g (= Hr). which is sometimes called 
the magnetic rigidity of the particle. Note that while Q (Eq, (7.154)) shows rela 
Aivistic corrections through the presence of y. the relation between r und p is the 
same both relativistically and nongelativistically. Recall that in both Bas, (7.154) 
and (7.155) p is the magnitude of the momentum perpendicular to 8. but in calou- 
lating y we most use both the perpendicular and parallel components to find 6.* 


COVARIANT LAGRANGIAN FORMULATIONS 


‘The Lagrangian procedure as given above certainly predicts the correct relativistic 
equations of motion, Yet it is a relativistic formulation only “in a certain sense.” 


“The Larmor precession teguency oof By. (5 40H) hasan exe fue of 2, and sarespoods to be 
precession ofa magoetic moment fas Sonstant magnetic Held This a physisally diferent oe fos 
that ofthe cyctowea resonance of schargod particle moving ss coustat speed in «anagnetic field 
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[No effort has been nade to keep fo the ideal of a covariant four-dimpensional form 
for all the laws of mechanics. Thus, the time ¢ has been treated as a parameter 
entirely distinct from the spatial cootdinates, while a covariant formulation would 
require that space and time be considered ax entirely similar coordinates in world 
space. Clearly some invariant parameter should be used, instead of ¢, ro trave the 
progress of the system point in configuration space. Further, the examples of Lar 
‘tangian functions discussed in the previous section do not have any particilar 
Lorentz transformation properties. Hamilton's principle must itself be manifestly 
‘covariant, which can only mean in this case thatthe action integral maust be a world 
If the parameter of fotegration is a Lorentz invariant, then the Lagrangian 
function itself must be a world scalar in any covariant formulation. Finally, in- 
stead of being 8 function of x, and x,, the Lagrangian should be a function of 
the coordinates in Minkowski space and of their derivatives with respect to the 
‘invariant parameter. 

‘We shalt consider primarily « system of only one particle, The natural choice 
cof the invariant parameter in such a system would seem to be the particle's proper 
time x. But the various components of the generalized velocity, u*, must then 
‘obey the relation 


tee ayn? =, (7.33) 
which shows they are not independent. Therefore, we shall instead assume the 
choice of some Lorentz-invariant quamity # with no further specification than that 
‘it be a monotonic function of the progress of the world point along the particle's 
‘world line. For the purpose of this discussion, a superscript prime will be used to 
denote differentiation with respect to 6: 

et 
ar 
while a dot over the letter indicates differentiation with respect to ¢. A suitably 
covasiant Hamilton’s principle must therefors appear a 


at 


f AC, 2") 6, (7.136) 
lo, 


where the Lagrangian function A must be a world scalar and the (x, x’) means 
‘function of al or any of these. Note that this formulation inctudes what would 
have ordinarily been calted “time-dependent Lagrangians,” because A is consid- 
ered @ function of x°. The Euler-Lagrange equations corresponding to Eq, (7.156) 


are 
afar) aa 
WBE} Be 
‘The problem is to find the form of A such that Eqs. {7.157} are equivalent to the 
‘equations of motion, Eq. (7.73). 
‘One way of seeking A is to transform the action integral from the usual integral 
‘over ¢ to. one over &, and to treat the time ¢ appearing explicitly in the Lagrangian 


157) 
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‘ot as a parameter but as an additional generalized coordinate. Since 4 must be a 
‘monotonic function of t as measured in seme Lorentz frame, we have 


(7.138) 


(7.159) 


‘The Lagrangian obtained this way is however a strange creature, unfike any 
Lagrangian we have so far met. Note that a0 matter what the functional form of 
L, the new Lagrangian A is a homogeneous function of the generalized velocities 
in the first degree: 


AG ax) = ana", x), (7.160) 


This is nota phenomenon of relativistic physics per se; itis a mathematical conse. 
quence of enlarging configuration space to include ¢ as a dynamical variable and 
using some other parameter to mark the systern-point’s travel through the space. 
A Lagrangian obeying Eq. (7.160) is often called (somewhat misleadingly) 4 ho- 
‘mogeneous Lagrangian and the coresponding “homogenous” problem of the 
calculus of variations requires special treatrnent. The most serious of the resulting 
difficulties will arise in the Hamiltonian formulation, but we can glimpse some of 
them by noting that in consequence the energy function h, according to Eq. (2.53), 
is identicatiy zero. It follows from Euler's theorem on homogeneous functions that 
if 4 is homogeneous te first degree io x", then 
ve OR 

axe 
‘We can then show (¢f. Derivation 10 at the end of this chapter) that as a result the 
finetion A identically satisfies the relation 


4 (AA) AAT 
[g(f)-2 +0 x6 
‘Thus, if any three of the Lagrangian Eqs. (7.157) are satisfied it wil follow, solely 
a @ consequence of the homogencous property of A, that the fourth is satisfied 
identicatty. 
Being thus forewamed to tread carefully, so to speak, let us carry out this trans- 
formation for a free particle. From Eq, (7.136), the “relativistic” but “noncovasi- 


As 
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ant” Lagrangian for the free particle is 
omelet ER. 


‘By the transformation of Bq, (7.159), 4 possible covariant Lagrangian is then 


L 


Ammo re, (7.162) 


With this Lagrangian, the Euler-Lagrange equations are equivalent to 


ca peat 
@ \ fens, 


“The parameter 6 must be & monotonic function of the proper time r so thar deriva- 
lives with respect to @ are related to those in terms af r according (9 


apne 
a * a" 
Hence, the Lagrangian equations correspond to 


i (Fan) =P =o 


‘which are Eqs. (7.73) for a free particle. As we have seen above, the fourth of 
‘these equations says thatthe kinetic energy 7 is conserved, which iy indeed not 
new but can be derived from the other three equations. 

‘We have thus been led to @ covariant Lagrangian procedure that works, at least 
for a single free pacticle, but only in a vortuous fashion. The elaborate supersteuee 
‘ure can be greatly simplified however by a few bold pragmatic steps. First of all, 
‘we can avoid using # and work in tems of the proper time + directly by a proce- 
dure introduced ia a stighdly different context by Dirac. The constraint on the gen- 
‘eralized velocities in terms of r, Eq. (7.35), is not a true dynamical constraint on 
the motion; rather i is « geometric consequence of the way in which is defined. 
Equation (7.35) says in effect that we cannot roam over the full four-dimensional 
1 space; we are confined to a particular three-dimensional surface in the space. 
Dirac calls relations such as Eq. (7.35) weak equations. We can with impurity 
‘reat x” as unconstrained quantities, and only after all differentiation operations 
‘have been castied out, need the condition of Eq. (7.35) be imposed. Certainly the 
procedure would have worked above for the free particfs Lagrangian. There would 
have been no difference if @ were set equal to t from the start and Eq, (7.35) ap- 
plied only in the last step. The covariant Lagrange equations can with this proviso 
therefore be written directly in terms of +: 


x 


(7.163) 
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Secondly, it fs not a sacrosanct physical law that the action integral in Hamil 
ton’s principle must have the same value whether expressed in terms of ¢ or in 
terms of @ (or t). It needn’t be given by the prescription of Bq. (7.159), All that 
is required is that A be a world scalar (or function of 8 world scalar) that leads to 
the correct equations of motion. It doesn’t have to be homogencous to first degree 
in the generalized velocities. For example, a suitable A for a free panicle would 
clearly be the quadratic expression 


As dmuyu’. (7.164) 


‘Many other possibilities are available.* We shall use Eq. (7.162) for the “kinetic 
energy” part of the Lagrangian in all subsequent discussions; many present and 
future headaches will thereby be avoided. 

1f the particle is not free, but is acted on by extemal forces, then interaction 
terms have to be added to the Lagrangian of Eq, (7.164) that would lead to the 
corresponding Minkowski forces. Very little can be said at this time about the 
additional terms, other than they must be Lorentz-invariant, For example, if Ge 
were some (external) four-vectes, then G;,x** would be suitable interaction t 
If in some particular Lorenz frame G) = mu and all other components vanist 
then we would have an example of a constant force such as discussed in the pre= 
vious section. In geveral, these terns will represent the interaction of the particle 
‘with some external field. The specific form will depend upon the covuriant formu: 
lation of the feld theory. We have only one example of a field already expressod 
in & covariant way-—the electromagnetic ficid-—and itis instructive therefore to 
examine the Lagrangian for a particle in an electromagnetic field, 

‘A suitable Lagrangian can easily be seen to be 


BOM WH) se bmi + gut Al), (7.168) 


‘The corresponding Lagrange’s equations are then 


which are exactly the generalized equations of motion Bq. (7.73), with the 
‘Minkowski force K- on a charged particle, Bq. (7.74), Note that again the “me- 
chanical momentum” four-vector p* differs from the cunontcal momentum P* 


‘te general, & can have the fora mf (wea), where f{y) is eny funcvon of y such thet 


9B (160), we have wed ave?) fave" The chow 


Herts} = evi 


comesponts 1 Be (7 162} 
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PH Oo mt gat = ph tg ae 7.166) 
= py amt tga = pg ¢ 


by 2 term linear in the electromagnetic potential. The canonical momentum, P, 
‘conjugate to x° is now 


where £ is the mechanical energy and E is the total energy of the particle, E + 
‘46. Thus, the momenturn conjugate to the cime coordinate is proportional to the 
total energy. A similar conjugate connection between these tivo quantities will 
recur later in nonrelativistic theory. The connection between the magnitude of the 
spatial “mechanical” momentum and the energy & is still given by Eq, (7.38°), 
From. Eq, (7.166), it is seen that the canonical momenta conjugate to x form the 
components of a spatial Cartesian vector P related to p by 


Paptga. 7.167) 
Tn terms of P, Ea, (7.100) can be rewritten as 
Ba (P~ gah tmict, 7.168) 


which is a useful relation between the energy £ and the canonical momentum 
‘vector P. 

‘The interaction term in the Lagrangian of Eq. (7.165) is an example of a vector 
field interaction (as is also a term of the form G,.x#), We could also have a sim- 
ple scalar field interaction where the term added to the Lagrangian would be some 
world scalar ¥/(x). Or more complicated invariant interaction terms can be ere- 
ated involving ae extemal tensor field. The nature of such Lageangians properly 
stems from the physical field theory involved and cannot concern us further here, 

So far we have spoken only of systems comprising a single mass particle, Mul- 
tiparticte systems introduce sew complications. One obvious problem is finding 
an invariant parameter to describe the evolution of the system—each particle ia 
the system has its own proper time. With a litle thought, however. we could imag 
‘ine ways of solving this difficulty. Bor example, the proper time associated with 
the C-O-M system involves a symmetric treatmeat of all the particles and might 
rove suitable. We could also include in the picture interactions of the particles 
with external fields very mach as was done for a single particle. The great stum~ 
bling black however is the meatment of the type of interaction that is so natural 
and common ia nonrelativistic mechanies—direct interaction between particles, 
‘Ai first sight, it would seem indeed that such interactions are impossible in 
iativistic mechanics. To say that the force on a particle depends upon the po- 
ions or velocities of other particles at the same time implies propagation of 
effects with infinite velocity from one particie to another~—“action at a distance.” 
In special relativity, where signals cannot travel faster than the speed of ight, 
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action-at-a-distance seems ondlawed. And in a certain sense this seems to be the 
correct picture. It has been proven that if we require certain properties of the sys- 
teen to behave in the normal way {such as conservation of total linear momentum), 
then there can be no covariant direct interaction between particles except through 
contact forces. 

‘There have been many attempts in recent years to get around this “no- 
interaction” theorem. After all, we have seen that electromagnetic forces con 
be expressed covariantly, and a static electric field gives rise to the Coulomb 
Jaw of attraction, which has the same form as the supposedly banned Newtonian 
‘gravitational attraction. Some of these atternpts have led to approximately covari- 
‘ant Lagrangians, correct through orders of w?/c?. Others involve formulations of 
mechanics at variance with our normal structures; most for example cannot be 
stated in terms of a sisnple Hamilton's principle. 


7.11 @ INTRODUCTION TO THE GENERAL THEORY OF RELATIVITY 


‘Thus far we have been careful to use the term “special theory of relativity” and 
‘ot to introduce the term “special relativity:” by which we endeavored to make 
clear that it is the theory that is special, not the relativity. The special theory 
ses ideal inertial frames that are assumed to exist over all of spacetime, The 
_Reneral theory not only removes thet requicement, but also has a spacetime whose 
nature is part of the solution to the question of motion. To paraphrase John A, 
Wheeler: "Matter tells space how to bend, and space returns the compliment by 
selling matter how to move.” The general theory is often interpreted in terms of 
‘non-Buclidean geometry, so terms like geodesic (paths of shortest distance) and 
curvature of spacetime are often used. In this brief section we can only outline the 
formalism of the general theory to show how the full tensor notation is used. 
Five principtes guided Einstein in the development of the general theory: 


1. Mach's principle—the special theory used inertial frames. E. Mach ob- 
served that Newtonian inertial fraraes were not rotating with respect to the 
fixed stars. This suggests Mach’s principle, whereby inertia! properties are 
determined by the presence of other bodies in the universe. 

2. Principle of equivalence—whereby the gravitational mass for each body in 
the universe can be consistently and universally chosen to equal its inertial 
mass, To the best accuracy of all experiments performed to date, the ratio 
of the gravitational mass (the mass that appears in Newton's force law for 
-gavity) to the inertial mass (the mass that appears in the second Jaw) of 
any object is independent of both the total mass and of the composition of 
the object. This means that no local experiments can distinguish noarotat 
Jing free fall in 2 gravitational field from uniform motion in the absence of 
any gravitational fields. Likewise, focal experiments cannot distinguish be- 
‘tween being at rest in a uniform gravitational field and undergoing uniform 
acceleration in the absence of any gravitational field (that is, in a rocket). 
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3. Principle of covariance—in the special theory, all inertial observers are 
equivalent, The genera} theory extends this idea by postutating the principle 
of covariance, This principle is that all observers, inertial or not, observe the 
same laws of physics. That tieans the laws of physies can be expressed in 
terms of tensors, since tensors are geometric objects defined independent of 
any coordinate systers. 

4, Correspondence principle—in weak gravitational fields with velocities 
small compared to light, the general theory should make predictions that 
approximate the predictions of gravitational behavior in Newtonian me- 
chanics, As gravitational fields go to zero, the correspondence principle 
stites the predictions of the general theory should approach those of the 
special theory. 

S. Principle of minimal gravicational coupling-—shis principle postulates that 
‘no terns explicitly containing the curvatuse should be added in making the 
transition from the special theory to the general theory. 


Newton's first law tells us that in the absence of external force bodies move 
along straight lines without acceleration. The preceding guiding principles sug- 
‘Rest that inthe generat theory, objects will move along the geodesics of spacetime, 
For example, fet us consider a family of geodesics that start out parallel. If grav. 
itational effects in the region under consideration are uniform, the geodesics will 
remain parallel. If there is a nomuniform gravitational field, the geodesics should 
sxart to approach or recede. The change in separation, or geodesic deviation, is the 
proper measure of the gravitational field. Near Barth’s surface, we often assume 
the gravitational field is uniform over small regions. Thus, we assume two falling 
bodies released side by side fall paraltel. An experiment for larger separations of 
longer fall times measures the nonuniformity of Barth's gravitational field, 

‘To ibustrate this, let us consider an example of two balls separated horizontally 
by a distance, d, which are dropped at the same time from the same height high 
above Earth, Very close to either ball, and neglecting the gravitational mass of the 
balls, loca experiments will give results that allow us to treat the local regiom a8 
an inertial frame. Locally, gravity can be made to vanish by a choice of coordinate 
frame. Let us choose this focal free-falt frame for our observations, Locally this 
satisfies the conditions for an inertial frame. However, as the balls fall toward 
Earth, their separation, d, decreases. This chanige in separation, rather than the 
fall toward Earth, is the local measure of the gravitational effect of Barth since it 
can not be eliminated by a choice of frame. This is reflected by the general theory 
statement that only the tides (differential effects) are real gravitational effects. 
Any other gravitational effects can be locally eliminated by freely falling. 

Now consider two geodesics as shown in Figure 7.5. We can define two vector 
fields at any point. One field, denoted by x, gives the 4-velacity of motion along 
the geodesic, white the other field, denoted by &, gives the separation to the next 
geodesic, We assume at some time. x, there were test particles at the bead and tail 
of the & vector 
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é 


FIGURE 7.S Tangent vector, x, and deviation vector. §. 


‘We shall use the proper time at the tail of the deviation vector and have the 
hhead point to where the other test particle is at that time. In general, as the motion 
progresses, the proper time of the firs test particle will not be the same proper 
time for the other test particle. A straightforward calculation, in the Newtonian 
limit, for the example of two falling balls, gives for the space components of § 
perpendicular te the direction toward Barth's center, 


2, 
es om RE, (7.169) 


where & depends upon the distance to Earth's center and other physical constants, 
Equation (7.169) says the acceleration in the separation of two geodesics is pro- 
portional to their separation. A two-dimensicnal example is the geodesics on the 
surface of a sphere. Consider two initially parallel geodesics on a sphere. These 
geodesics will meet after they have traveled one-quarter of the circumference of 
the sphere. For this case, Eg. (7.169) has R = 1/a2, where a is the radivs of the 
sphere. 

1f we analyze this problem in three or more dimensions, the relative accelera- 
tion is written as D?g/ds? where ds is the length of the travel along the geodesic 
and we use a D for the derivative since our coordinate system is completely arbi- 
trary. The twists and tums ie the coordinate system can cause changes in the com> 
pomtents of § even if its magnitude is not changing. As he developed more of the 
theory, Binstein discovered that the mathematicians—in particular, Riemann—~ 
had already developed the mathematica! tools needed. The metric serves the role 
of potentials and derivatives of the metric give the geometric forces. Since the 
derivatives of the metric are not tensors, a combination of the derivatives and the 
metric must be used. There are also problems introduced by the freedom of using 
any coordinate system. Some of the changes are due to physical forces and others 
are due to the choice of the coordinate system in analogy to the Coriolis effect in 
a rotating coordinate system. The correct expression for the deviation of geodesic 
motion is provided by a tensor named Riemann. itis constructed of linear com- 
binations of second derivatives of the metric contracted with the mettic. Riemann 
‘has slots for three vectors and one slot for asingle one-form. If we put the tangent 
‘vector inte the second and fourth slots and the deviation vector inta the third slot. 
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(7.470) 


Any 


If we contract Riemann on slots 1 and 3, we produce a tensor called Ricci, 
defined as 


Ricci(u. v} = Riemann(w*,,€4, 0), (7.472) 
whose components are 
Rev = yay. (1.173) 
Another critical contraction produces the curvature scatar, called R 
Re Riccitw", eg) = Re. 0.174) 


Of all these possible contractions of Riemann, only one tensor of rank (2) retains 
all the diferental symmetries of Riemann. That tensors called Einstein (denoted 
by G) and is defined as 


G = Ricci ~ }yR, (1.175) 
with components 
Gav = Rus = FBR. (1.176) 


Using T to denote the stress-enorgy tensor, Einstein’ field equations make Bin 
stein proportional to T. 


Gat, Car 


‘These equations for weak gravitational fields and for speeds much less than 
light approach Newtonian gravitational theory. and for no gravitational fields pro- 
duce the results of the special theory. They also comrectly predict all the measured 
fiest- and second-order corrections to the special theory of relativity in experis 
‘ments thus far performed. In addition, the theory predicts the existerice of gravite- 
tional waves from moving masses. Although these waves have not, at this writiag, 
been directly observed. measured changes in the periods of seversl binary star 
systems are consistent with the existence of such radiation existing, 

‘Soon after Einsteia proposed Eqs. (7.177), astronomers pointed out that the 
solutions of these equations were not consistent with their observation of a static 
‘universe that was neither expanding nor comtracting, Binstein modified the equa- 
tions by adding a term that was proportional to the metric tensor. The constant of 
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proportionality, called the cosmological constant, was denoked by A giving 
G+ Ag=kT. 1.178) 


Soon after that, astronomers decided that the observational date showed Brat 
the universe was expanding and the cosmological constant was not needed, and 
most physicists dropped the term. Einstein said that the cosmological constant was 
his greatest mistake. However, the early 2st century observational data on distant 
galaxies suggests that the universe is accelerating as it expands. This would re- 
introduce the cosmological constant into the field equations. The current termino}- 
ogy, since this would bea A < 0, is to refer to the cosmological constant as “dark. 
energy,” since itis a positive contribution to the right-hand side of Eq. (7.178), 


DERIVATIONS 


1, Consider a mechanical system of n particles, with a conservative potential consisting 
‘of tera dependent only upon the scalar distance between pairs of particles. Show 
cexphcitly that the Lagrangian forthe system when expnissed in coordinates derived 
by s Galilean transformation differs in form from the original Lagrangian only by 
‘erm that is total ume derivative ofa function ofthe: position vectors, Thi sa spectal 
case of invariance under a poi transformation (cf. Derivation 10, Chapter). 


2 Obtain the Lorentz transformation in which the velocity is at an infinitesimal angle d@ 
counterclockwise from the x axis, by means of «similanty transformation applied to 
Bq (1.16). Show dusectly thatthe resulting matrix is orthogonal and that the inverse 
matex o obtained by substtuung ~v for v. 


3. The Eimstem addition law can also be obtained by remembering that the second ve- 
Aocity is related directly (© the space components of a four-velocity, wnioh may then 
be transformed back 10 the initial system by a Lorentz iransformation. If the second 
system is moving with a speed w’ relative to the first in the direction of thei z axes, 


‘whule a third system is moving relative tothe second with an arbirarty omtented ve- 
tocity ¥”, show by this procedure that the magnitude of the velocity ¥ between the 
{irs and third system is given by 


Here Bf = vf /e, snd vo forth. 


4. Show thet the magnitude of the velocity of the preceding exercise between the fst 
and the thied syst can be given m general by 
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. Show that the matrix R defined by Evy (7.28) has the fore ofa spa! rotauon by doing 
the matrix multiplication, and by exammning the properties ofthe 33 submatrix wish 
elements R,,. Prove thet there cannot be two rotation matrices such that Eq. (7.21) is 
satisfied; that is, Rts unique, Finally, show that £ cam similarly be uniquely factored 
‘mo a rotation and 2 pure Lorentz transformation in the form 


e 


t= 


R. 


{6 Show that to each plane wave there is associated covariant four-vectorxpvolving the 
frequency and the wave nurnber. rom the consequent sransformation equations of he 
‘components ofthe four-vector, deive the Dopplereffect equations. 


7. From the transformation properties of the world acceleration, show that the compo- 
rants of the acceleration a are given in terms of the transformed scceleraton a! in & 
system momentarify at rest with respect tothe particle by the formulas 


A ay u % 


1.8 is 
oS Grp OT TB 
the x axis being chosen in the direction of the relative velocity. 


' By expanding the equation of moon, By. (7.73), with Eq. (7.36) for the momentucy 
show that the force is parallel to the acceleration only when the velocity 16 exther 
parallet or perpendicular to the acceleration, Obtain expressions for the coefficients 
‘of the acceleration in these two cases, Inthe older Nitersture, these coefficients were 
known a5 the longitudinal and transverse masses, respectively. 


A generalized potentia suitable for use in covariant Lagrangian for a single partiole 


Um Ayo ta” 


where Aye stands for a symmetric world tensor of the second rank and ie” are the 
components of the world velocity. the Lagrangian is made up of Eq, (7.164) minus 
U, cbiain the Lagrange equations of motion, What is the Minkowskt force? Give the 
ccoraponents of the force as observed in some Lorentz fatoe. 


10, Shove that f A. satisfies the Lagrange equations, it identically sutisfies Eq. (7 161) 
fon the basis of she homogencty of A, by explicitly forming the total derivative with 
respect t0 6 that occurs m the equation, 

I. fis special relativity, i is not necessasity obvious thet the velocity of system B ax 
‘observed in system A is the negative of the velocity vector of system A observed in 
system B. From the orthogonality properues of L, prove that the two vectors have 
the same magnitude and are ip fact the negative of each ather, For simplicity, a pare 
Lorentz tansformaison may be assutned, although the condition is not necessnty for 
the proof, 

412, A set of transformations are seid to have she group property if thay possess the fol 
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+» The ansformation equivalent to two suceessive wensformations (‘product" of 
wansforrmations) is a memnber of the set. 
‘= The product operation obeys the associative law, 
‘# The identity ransformation is 3 member of the set. 
‘+ The snverse of each transformation in the set is also a member of the set 


Prove that the sets of full Lorentz transformations and of restncted Lorente transfor 
imation have (separately) the group property. 


EXERCISES 
13, Show by duect muitplcation of the vector form of the Lorentx, ransformation, 
Eqs. 7.9), that 


Pade 2. Ap 


JA. A rocker of length fp n its reat system is moving with constant speed along the 2 
axis of an inertial system. AB observer at the origin of this system observes the ap- 
‘parent length of the rocket at any ttme by noting the 2 coordinates that can be seen 
for the head aad tart of the rocket How docs this apparent length vary asthe rocket 
‘moves from the extreme left of the observer (o the extreme right? How do these re~ 
sui compare with measurements in the rest frame of the observer? (Note: abserve, 
‘ot measure). 


15, A beam of particles moving with uniform velocity collides with a collection of target 
particles thet are at rest in a particular systemn. Let op be the collision cross section 
‘observed in thes system. In another system, the indent parucles have a normalized 
velocity By and the target particles a normalized velocity Bp. If @ Is the observed 
«ross section this ystems, show that 


Br x fa)? 


0 = 09, 


Remeraber that collision rate must be invanant under a Lorentz transformation, 


16, Por s “close” sateltte of Earth (seeimuajor axis approximately the radius of Eanh) 
‘aleulate numencally the vaiue of the Thomas precession rate. Compare the result 
With the precession rate induced inthe orbit because of the oblate figure of Earth, 
-Assomne the satelite orbital plane is incimed at 30° tothe equator. 


17. Two paructes with est masses my and mz sre observed to move along the observer's 
an toward each other with speeds vy and vo, respectively. Upon collision, they are 
observed to coulesce into one particle of rest mass m3 moving wth speed vs relative 
fo the observer. Find 73 ad vs in terms of mz, mz, vi.and vp. Would it be possible 
forthe resultant partite tobe photon, thatis, ry = 0, f neither my nor mg ate 22102? 


18. In dhe £ disintegration considered in Exeresse 17, Chapter 1. the electron has a amass 
‘equivalent to 2 rex energy of ©.511 Me, while the neutrino has essentilly no muss 
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‘What ae the total energies cared away by the electron and neutrino? What fraction of 
‘the nuclear mass is converted into kinetic energy (unchadig the electron rest energy)? 


19, A meson of mass my at rest disintegrates into a meson of muss mj and a neutrino of 
effectively zero mass Show that the kanetc energy of motion of the j: meson & 


(ng = md? 

Te oe 2. 

20, Arr* meson of rest mass 139:6 MeV collides with x neutron (rest mitss 939.6 MeV) 
slationary in the boraory system to produce aK" meson (rest snass 494 MeV} and 
8A hyperon (rest mass 1116 MeV}, What isthe threshold energy for this reaction in 
the laboratory system? 

24, A photon may be described classically as a particte of zero mass possessing never= 
theless a momentum h/2 = hv/c, and therefore a kinetic energy Av. If the photon 
‘collides with an eleccron of mass mat rest, it will be scatered at some angle 8 with & 
‘new energy hv’. Show that the change in energy is related tothe sewttering angle by 
the formula 

8 

mA me Dh sin? 5, 

he Hil? 

where iy A/c, 18 known as the Compton wavelength. Show also thatthe kinetic 

energy of the recoil motion ofthe electron ss 


2% sin? § 
342(%)amn? 


22, A photon of encray € collides at angle # with another photon of energy £. Prove that 
the mrnimvum value of € permitting formation of 2 pair of particles of roms otis 


Tahy 


amrct 

Sn = Fin eed 
23, The theory of rocket motion developed in Exercise 13, Chapter 1. no onger applies int 
the relativistic region, in part because thete 1s n0 longer conservation of mass. Instead, 
all the conservation laws are combrned ints the conservation of the world momentum; 
the change in each componest of the rocket's world momentum in an infinitesimal 
fume dr musc be motched by the velue of the seme component of pe for the gases 
jected by the rocket in that time interval. Showr thats there are no external forces 
‘acting on the rocket, the differential equation for its velocity as « function of the muss 


where ais the constant velocity ofthe exaust gases relative fo the rocket. Verify that 
the solution can be put in the fore, 
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_mg being the initial mass ofthe rocket. Since muss xs oot conserved, what happens 9 
the mass that is lost? 

24. A puticfe in hyperbohe motion stars from the ongin att = 6. Find the time ty such 
that if photon is emisted from the origin after to, it will never catch up with the 
partite. 

25. A pasicle of rest mass m, charge @, and initia} velocity ¥g enters a uniform electric 
field E perpendiculur to vo. Find the subsequent trajectory of the particle and show 
that it reduces to a parabola as the limit c becomes snfine 

26, Show that the relativistic mobon of a particle in an antactwe viverse-square law of 

orce 18 a processing ellipse. Compute the precession of the perihelion of Mercury 

resulting from this effect. (The answer, about 7” per century, is much smaller than 
he actual precession of 43” per century that can be accounted for correctly only by 
general relativity, The other planets produce a precession greater than 5.000!” per 

‘cootury.) 

Stanting from the equation of motion (7.73), derive the relativistic analog of the virial 

‘theoret, which state that for motions bounded in space and such thatthe velocities 

Involved do not approach indefinitely close toc, then 


+t =F, 


‘where Lo isthe foram the Lagrangian takes in the absence of exieral force, Note that 
although nevther Lp nos T corresponds exaetly 10 the kintic energy in nonrelativistic 
mechanics, heit som, £ + 7, plays the same role as twice the Kinetic energy in the 
nonretativitte vin theorem, £4. (3.26). 

2B, Let ey and e2 be the basis vectors for a Cartesian coordinate system m a (wor 
dimensional Euclidean space that contains a crystal whose Iitice vectors are = 
and b = €) +7, Use the underlying Euchdean geometry to determine thatthe recip- 
rocal lattice vectors ase A <= €, — €2 and B x €2. Using the a, b paie as basis vectors, 
determine the metric tensor g necessary for A and B to be the 1-forms as defined by 
qs. (7:38) and (7.49). 

19. Using Maple oc Mathematica calculate the Lorentz transformation mateix in Bq. (7.37), 
then without assuming that the velocities in the frame 5° are small, ind the exact 
Lorente boost frou $ fo 5”. (gevershration of Eq. (7.20}} and the rotation (generals 
ization of Ba. (7.21)). Show that your resol reduce to Eqs. (7.20) and (7.21). 

30, Using Maple or Mathernatice oa similar progresa calculate the Einstein felt equa 
tions for sphencal coordinates sesuming Tw = 0 everywhere except possibly tor 
1 = 0, where the cootdiaste system is undefined. The most generat spherical slave 
metric cosresponds 10 an mtcrval given by 

ag? MO AP MP gy? ~ 52046? + in? dg), 


where r, 0, and $ corespond to the usual three-dimensional spherical coordinates 
Solve these equations using sa integration constant» to obtain the Schwarzchild $o- 


n. 
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lation for a point source of mass m. AS you wil discover, these coordinates have a 
angulasty afr = 2m. Show that this is a coordinate singularity (a singularity deter- 
mined by the choice of coordinates) rether than « physical singularly by examining 
the components of Riemant as r crosses 2m. 


31. "To show that the word “refadity” in the specil theory of relativity does wot have tes 
ordinary meaning, consider a disk rotating in ea inertia! frame about an anis fixed at 
‘ts center and perpendicular to the disk. Mounted on the edge of the isk aro mirrors 
scranged so that light emurted tangentially from 9 point on the disk is reflected tan 
_geauilly around the disk back fo the starting Tocation, Compare the behavior of light 
‘emitted 10 the direction of rotation (assumed clockwise} tothe behavior of ight erit~ 
ted in the opposite darection. Now considera pulse of light emitted by a source on the 
axis und used to nynchroarze the clocks on the perimeter. Since clocks are commonly 
synchronized by ight and distance in the special theory (elapsed time w=. distance/c), 
‘what does this say about the absotute sense of rotation the special theory” 


32. Show that the space components of Eq, (7.68) are identical ro the components in tho 
‘equation on the preceding tine. 
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ate 


The Hamilton Equations 
of Motion 


‘The Lagrangian formulation of mechanics was developed largely in the first two 
chapters, and most of the subsequent discussion has been in the nature of appli- 
cation, but still within the framework of the Lagrangian procedure. In this chap~ 
ter we resuine the formal development of mchanics, (uring our attention fo an 
alternative statement af the structure of the theory known as the Hamaitonian for- 
mulation. Nothing new is added to the physics involved; we sitmply gain another 
{and more powerful) method of working with the physical principles already es- 
tablished. The Hamiltonian methods are not particularly superior to Lagrangian 
techniques for the direct solution of mechanical problems. Rather, the usefulness, 
of the Hamiltonian viewpoint ties in providing a framework for theoretical exten- 
sions in many areas of physics. Within classical mechanics it forms the basis for 
futher developments, such as Hamilton-Jacobi theory, perturbation approaches 
and chaos. Outside classical mechanics, the Hamiltonian formulation provides 
‘much of the language with which present-day statistical mechanics and quanturn 
mechanics is constructed. We shall assume in the following chapters thatthe me~ 
chanical systems are holonomic and that the forces are monogenic, that is, derived 
either from a potential dependent upon position only, or front velocity-dependent 
generalized potentials of the type discussed in Section 1.5. 


LEGENDRE TRANSFORMATIONS AND THE 
HAMILTON EQUATIONS OF MOTION 


In the Lagrangian formulation (nonrelativistic), a system with n degrees of free- 
dom possesses n equations of motion of the form 


1) 


‘As the equations are of second order, the motion of the system is determined for 
all time only when 2n initial values are specified, for example, the n q's and nt 
4's at a particular time 4, or then @ 9;°s at two times, tr and 1. We fepresent 
the state of the system by a point in an n-dimensional configuration space whose 
coordinates are the n generalized coordinates q; and follow the motion of the 
system point in me as it wraverses its path in configuration space. Physically, in 
the Lagrangian viewpoint a system with n independent degreos of freedom is a 
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problem in n independent variables qi(t), and d, appears only as a shorthand for 
the time detivative of g,. All n coordinates must be independent, In the Hamit- 
‘tonian formulation there can be no constraint equations among the coordinates. 
If the n coordinates are not independent, a reduced set of m coordinates, with 
‘m <n, inust be used for the formulation of the problem before proceeding with 
the following steps. 

‘The Hamiltonian formulation is based on a fundamentally different picture, 
‘We seek to describe the motion in terms of first-order equations of motion. Since 
‘the number of initial conditions determining the motion must of course still be 2n, 
‘there must be 2n independent first-order equations expressed in torms of 2n inde 
pendent variables. Hence, the 2n equations of the motion describe the behavior 
of the system point in a phase space whose coordinates are the 2n independent 
variables. (n thus doubling our set of independent quamtties, itis natural (though 
‘ot inevitable) to choose half of them to bo the n generalized coordinates qi, As 
we shall see, the formulation is nearly symmetric if we chooso the other half of 
the set to be the generalized or conjugate momenta p, already introduced by the 
definition (ef. Eq. (2.44)): 


p= ayia (no sum on J) 8.2) 
where the j index sbows the set of g's and 4's. The quantities (9. p) are known 
as the canonical variables.* 

From the mathematical viewpoint, it can however be claimed thar the q's and 
4's have been treated as distinct variables. In Lagrange’s equations, Eq. (8.1), the 
partial derivative of. with respect to gr means a derivative taken with all other q°s 
and all j’s coustamt. Similarly, in the partial derivatives with respect to g, the q's 
aro kept constant. Treated strictly as # mathematical problem, the transition from 
Lagrangian to Hamiftonisn formulation corresponds to changing the variables in 
‘our mechanical functions from (q, 4.1) to (g. p, 1), where p is telated to g and 
4 by Eqs. (8.2). The procedure for switching variables in this manner is provided 
by the Legendre transformation, which is tailored for just this type of change of 
variable. 

Consider a function of only two variables f(x,y), so that a differential of f 
‘has the form 


df =udz+vdy, (8.3) 
where 
of 
ad (84) 


‘Unless otherwise specifica, in ths and subsequent chaptex the symbol p walt be usod anly for the 
‘conjugate cr canonica merocantm. When the forces ae velomy dependent, tbe canonical momenta 
‘wil differ from the comecponding mechanical momenaum (ef. Bg. (2479, 
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We wish now to change the basis of description from x, y to a new distinct set of 
variables u, y, so that differentia! quantities are expressed in terms of the differ. 
centials du and dy, Let g be a function of u and y defined by the equation 

gefaux. (8.5) 
A differential of g is then given as 

dg = df —udx~xda, 
of, by (8.3), as 
dg =vdy—xdu, 


which is exactly in the form desired. The quantities x and y are now functions of 
the variables u and y given by the relations 
on a 


* vas, 8.6) 


which are the analogues of Eqs. (8.4). 

‘The Legendre transformation so defined is used frequently in thermodynamics, 
“The first law of thermodynamics relates the differential change in energy, dU, to 
‘the corresponding change in heat content, dQ, and the work done, dW: 


dU =dQ~ dw. 18.7) 
For a gas undergoing a reversible process, Bq. (8.7) can be written as 
aU = Tas ~ Pav, 6.8) 


where (5, V) is written as 9 function of the entropy, S, and the volume, ¥, 
where the temperature, T, and the gas pressure, P, are given by 


au 


Tess ad (8.9) 
‘The enthalpy. H(S, P) is generated by the Legendre transformation 
HaU+tPY, (8.10) 
which gives 
aH =TdS+¥aP. BID 
where 
wt vn 
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Additional Legendre transformations, 


Ful~TS 
12) 
G=H-~-TS, 


generate the Helmholtz free energy, F(T, V), and the Gibbs free energy, G(T, P). 

‘The transfortnation from (9, 4, 1) to (g, p, t} differs from the type considered 
in Eqs. (8.3) to (8.12) only in that more than one variable is to be wansformed. 
‘We begin by writing the differential of the Lagrangian, £.(g, 4, 13, a8 


aL, , ob 
+ aja + apt (8.13) 


‘The canonical momentum was defined in Eq, (2.44) as pj = 81./84); substituting 
this imto the Lagrange equation (8.1), we obtain 


. 4 
a= a (8.14) 
s0 Eq, (8.13) can be written as 
dh = p.dgi + pidge Sar. 8.13) 


‘The Harnittonian H(g, p, 1) is generated by the Legendre transformation 


FG, Pit) = dP LQG, (8.15) 
which bas the differentist 
‘ ab 
aH = ada ~ pda: ~ S. (8.16) 


where the term p; dé; is removed by the Legendre transformation, Since dH can 
also be written as 


aH an an 


= py tse 7 
dH = Fda + do. + ed. (8.17) 

‘we obrain the 2n + 1 relations 
(8.18) 


(8.19) 
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Equations (8.18) are known as the canonical equations of Hamilton; they consti- 
(aie the desired set of 2n first-order equations of motion replacing the m second- 
order Lagrange equations. * 

‘The first half of Hamilton's equations give the g,'s as functions of (g, p. ©). 
‘They form therefore the inverse of the constitutive equations (8.2), which define 
the momenta p, 4s functions of (g, 4, ). Itmay therefore be said that they provide 
‘no new information. In terms of solving mechanical problems by means of the 
canonical equations, the statement is correct. But within the framework of the 
Hamiltonian picture, where H(q, p. 1 is some given function obtained no matter 
how, the two halves of the set of Hamiltonian equations are equally independent 
and meaningful. The frst half says how g depends on g, p, and r; the second says 
the same thing for ji. 

‘Of course, the Hamiltonian H is constructed in the same manner, and has iden- 
tically the same value, as h, the energy function defined in Eq, (2.53), But they 
are functions of different varisbles: Like the Lagrangian, fis a function of q, ¢ 
{and possibly 7), while H must always be expressed as a function of q, p (and 
possibly 1). itis to emphasize this difference in functional behavior that differ- 
nt symbols have been given to the quantities even though they have the same 
numerical values. 

‘Nominally, the Hamiltonian for each problem must be constructed via the Li 
‘grangian formulation. The formal procedure calls for a lengthy sequence of ste 


With a chosen set of generalized coordinates, gj, the Lagrangian L(qy. dy, ) 
T ~ V is constructed. 

2. The conjagate momenta are defined as functions of @, 4,, and 1 by 
Eqs. (82) 

3. Equation (8.15) is used to form the Hamiltonian. At this stage we have somo 
amixed function of gy. de. Pe» and 1. 

4, Equations (8.2) are then inverted to obtain g, as functions of (g, pt). Pos 
sible difficulties in the inversion will be discussed below. 

5. The results of the previous step are then applied to eliminate g from H $0 

‘as to express if solely as a function of (g, 9,1). 


‘Now we ure ready to use the Hamiltonian in the canonical equations of motion, 
For many physical systems it is possible to shorten this drawn-out sequence 

quite appreciably. As has been described in Section 2.7, in many problems the 

‘Lagrangian is the sum of functions each homogeneous in the generalized veloc- 


=Conomea! 5 used Bere presumably 1 the seme of designating a sraple, general set of santa 
‘equates. fr eppears atthe tern was rt sotroduced by C. G. Jacobi 1837 (Comps rendas de 
V cadémie des Scences de Pars, 5.p 61) bat na slighty differet context referring oan sppliation 
‘of Hamilton's cquations of motion fo perturbation theory. Although the term rapidly gtined bamman, 
‘usage, the reason for is iawduction appaieaty essamed obscure oxen to eomtemporaties, By 1879, 
‘oniy 43 years after Humsioa exphicaly euredaced ins equenons, Thomson {Lond Kelvin) aod Tast 
\wene moved by the adjective “canonical” so exclaion “Why s has bean so called would be hard 10 
say” 
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ities of degree 0, 1, and 2, respectively. In that case, H by the prescription of 
Ea. (8.15) is given by (ef. Bgs. 2.53) and (2.55)) 


Hedy — b= dip, — (Lol. + Liq. tbe + Loge Madm) (8.20) 


{a0 sum on # in the square brackets) where Lg is the part of the Lagrangian that is 
‘independent of the generalized velocities, Ly represents the coefficients of the part 
of the Lagrangian thar is homogeneous in 4, in the first degree, and L is the part 
that is homogeneous in g, in the second degree. Further, if the equations defining, 
the generalized coordinates don’t depend on time explicitly, then Laden = T 
(the kinetic energy), and if the forces are derivable from a conservative potential 
V (Ghat is, work is independent of the path), then Lg = ~V, When both these 
conditions are satisfied, the Hamiltonian is automatically the total energy: 


H=T4+V=E. (8.21) 


If either Eq. (8.20) or (8.21) holds, then much of the algebra in steps 3 and 4 above 
is eliminated. 

‘We can at times go further. in large classes of probiems, it happens that £9 is a 
quadratic function of the generalized velocities and Ly is a linear function of the 
same vatiables with the following specific functional dependencies: 


LAs G48) 109.04 GAlQs 0) + GTQ ts (8.22) 


where the a; 's and the 7;’s are functions of the q's and 1. 

‘The algebraic manipulations required in steps 2~5 can then be carried out, at 
least formally, once and for all. To show this, let us form the dj's into a single 
‘colurnn matrix . Under the given assumptions the Lageangian can be written as 


14.6.1) = Lo(g.t) + Gat 3qT4, (8.23) 
where the single row matrix @ has been written explicitly as the transpose of a 
single column matrix, @, Here a isa column matrix, and T is a square n x mvattix 
(much like the corresponding matrix introduced in Section 6.2). The elements of 


both are in general functions of g and r, To illustrate this formalism, let us consider 
the special case where g = (x. y. 2} and T is diagonal. We would then write 


m 0 OTF] 
Om OL spa Terr eey (8.24a) 
0 0 mile 


+t. (8.24b) 


1s pes 
50g = 5% 


and 
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‘Tn thus notation the Hamiltonian, H = Gp ~ L, becomes 
FH =G(p~ a) ~ $8TG~ Lo. {8.24e) 


‘The conjugate momenta, considered as a column matrix p, is then, by Bq, (8.2), 
given as 


patyta, 8.25) 
which can be inverted (step 4) to the column vector @ 
q=Tl(p—ay. (8.26a) 
‘This step presupposes that T-} exists, which it normally does by virtue of the 
positive definite property of kinetic energy. 
‘The corresponding equation for @ is 
q= pear! (8.26b) 


‘To obtain the correct functional form for the Hamiltonian, Eqs. (8.26) must be 
used to replace g and , yielding the fina! form for the Hamiltonian: 
HGq, pot) = $B ~ aT Up — a) ~ Logs. (8.27) 


Af the Lagrangian can be written in the form of Bq. (8.23), then we cam imme- 
Giately skip the intervening steps and write the Hamiltonian as Eq. (8.27). The 
inverse matrix T~' can usually most easily be obtained straightforwardly as 


The s, (8.28) 


where T. is the cofactor matrix whose elements (Ta),x are (~1)/** dimes the 
determinant of the matrix obtained by striking out the jth row and the Ath column 
of T. 

In the example Ba, (8.249), these three matrices are given explicitly by 


m 0 0 2 
T=/0 moj, held + and 
0 0 mm. o 


oe 
Bee e 


diagonal, then T~' is also diagonal with elements that are just the reciprocals of 
the corresponding elements of T. 
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A number of exercises in applying this formalism to various mechanical sys- 
tems will be found in the problems at the end of the chapter. Two very simple 
examples are considered here because they ilstrate some important aspects of 
the technique. First consider the spatial motion of # particle in a central force 
field, using spherical polar coordinates (r, 8, 6) for the generalized coordinates. 
"The potential energy is some function V(r) and the Kinetic energy is 

T= oe = ce +7 sin? og? + 17H), (8.28) 
‘Clearly the Hamiltonian has the form of Eq. (8.21) and corresponds to the total 
energy T + V. Since Tis diagonal the form of H is, by inspection, 


: 2 
HU9, Bry Des Pe) = 5 ( +3 +385) +Vir). (8.29) 


Note that the Hamiltonian would have a different functional form if the gener~ 
alized coordinates were chosen to be the Cartesian coordinates 2, of the particle 
If we make that choice, then the kinetic energy has the form 


so that the Havailtonian is now 


HG) = SP + ven, 8.30) 
tis sometimes convenient to form the canonical momenta p, conjugate 0 x, into 


8 vector p such that the Hamihonian can be written as 
Hes) = BP 4 Velnx. 831) 


We can of course take the components of p relative to any coordinate system 
wwe desire, curvitinear spherical coordinates, for example. But itis important not 10 
confuse, say. pe with the @ component of p, designated as (p}o. The Former is the 
canonical momentum conjugate to the coordinate 0: the later is the @ component 
of the momentum vector conjugate to the Cartesian coordinates. Dimensionally. 
itis clear they are quite separate quantities; pg is an angular momentum, (p)g is a 
linear momentum. Whenever a vector is used from here of (0 represent canonical 
momenta it will refer to the momenca conjugate to Cartesian position coordinates, 

For a second example, let us consider a single (nonrelativistic) particle of mass 
1m and charge ¢ moving in an electromagnetic field, By Ea. (1.63), the Lagrangian 
for this system is 


L=T-V= jm -gotga-y. 


where the scalar potential term. ~@@. is the Lo term of the Lagrangian a5 ex- 
pressed in Eq. (8.22) and the vector potential term, gA « ¥, is the Zi erm. 
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‘Using Cartesian position coordinates as generalized coordinates, the La- 

angian can also be written as 
= SE alas 06, 832) 

where the potentisis @ and A are in general functions of x, and the time. 

“There is now a linear term in the generalized velocities such that the mattix 
a has the elements ¢,. Because of this linear term in V, the Hamiltonian is nor 
T+V. However, it is sit in this case the total energy since the “potential” enecgy 
jn an electromagnetic field is determined by @ alone. The canonical momenta, 
either by Eq. (8.2) or Bq. (8.25), are 


pix mi tGAy, 6.33) 
and the Hamiltonian (cf. Eq. (8.27) is 


= PR GAP ~ 9A) 
2m 

Which is the toual energy of the particle. Again, the momenta p, can be formed 

into a vector p and H written as 


a +90, (8.34) 


u 2 
Hs @— gay +46, (8.38) 


and remembering that p refers only to momenta conjugate to 4. 

{1s clear that Hamilton's equations of motion do not treat the coordinates and 
momenta in a completely symmetric fashion. The equation for 7 bas a minus sign 
that is absent in the equation for ¢. Considerable ingenuity has been exercised 
in devising nomenclature schemes that result in entirely symmetric: equations, 
‘or combine the two sets into one. Most of these schemes have only curiosity 
value, but one has proved co be an elegant and powerful tool for manipulating the 
canonicat equations and allied expressions. 

For a system of n degrees of freedom, we constract a column matrix 1p with 2n 
elements such that 


UA Mane ESM 8.36) 
‘Similarly. the column matrix 3H /3% has the elements 
e) aH 24) . 
an/, aa" OR Si4n 


Finally, let} be the 2n x 2 square matrix composed of four n x n 2er0 and untt 
matrices according to the scheme 


isa, 3, 


HI (8.382) 


a2 
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with the following transpose matrix, which is its inverse 


ral . (8.386) 
which means 
(6.38) 
so 
(8.388) 
and 
Pat, (8.386) 
and the determinant is 
Wet (8.380) 


Here 0 is the m x 1 matrix all of whose elements is zero, and 1 is the standard 
‘nn unit matrix, Hamilton's equations of motion can then be written in compact 
form as 


qe ig (8.39) 
For two coordinate variables, this has the expanded form 
aH] fo 
are ; (840) 


where use was made of Eqs. (8.37) and (8.18). This method of displaying the 
canonical equations of motion willbe referred to as Hamilton's equations in ma- 
ix ot symplectic* notation. In subsequent chapters we shall frequently employ 
(his matrix form of the equations. 


CYCLIC COORDINATES AND CONSERVATION THEOREMS: 


According to the definition given in Section 2.6, a cyclic coordinate g, is one that 
does not appear explicitly in the Lagrangian; by virtue of Lagrange’s equations 
‘Tre erm symplectic comes fromthe Gre for “imertsaned”partieatrly appropiate fr Hamaoa’s 
‘aqaatons where i matched sh a decieatve with repectio p and seat withthe epative of 
‘bg deewative H. Weyl festinmoduced te term en 1939 i his book Fhe Classi! Groups 
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its conjugate momentum p, is then a constant. But comparison of Bg, (8.14) with 
Eq. (8.16) has already told us that 


A coordinate that is cyclic will thus also be absent from the Hamiltonian.* Con- 
versely if a generalized coordinate does not occur in H, the conjugate momentum 
is conserved. The momentum conservation theorems of Section 2.6 can thus be 
transferred to the Hamiltonian formulation with no more than a substitution of H 
for £.. In particular, the connection between the invariance or symunetry proper: 
ties of the physical system and the constants of the motion can also be derived in 
terms of the Hamiltonian. For example, if system is completely self-contained, 
‘with only internal forces between the particles, then the system can be moved as 
4 rigid ensemble without affectmg the forces or subsequent motion, The system 
is said to be invariant under a rigid displacement, Hence, a generalized coordinate 
descnbing such a rigid motion will not appear exphicily in the Hamiltonian, and 
the corresponding conjugate momentum sill be conserved. Ifthe rigid motion is 
a tanslation along some particular direction, then the conserved momentum is the 
corresponding Cartesian component of the total linear (canonical) momentum of 
the system. Since the direction is arbitrary, the total vector linear momentum is 
conserved, The rigid displacement may be a rotation, from whence it follows that 
the total angular momentum vector is conserved. Even if the system interacts with 
‘external forces, there may be a symmetry in the situation that leads fo a conserved 
canonical momentum. Suppose the system is symmetrical about a given axis so 
hat A is invariant under rotation about that axis, Then A obviously cannot in- 
volve the rotation angle about the axis and the particular angle variable must be a 
cyclic coordinate. ft follows, as in Section 2.6, that the component of the angular 
‘momentum about that axis is conserved? 

‘The considerations concerning f in Section 2.7 have already shown that it £ 
{and in consequence of Eq. (8.15), also H) is not an explicit function of #, then 
His a constant of motion. This can also be seen directly from the equations of 
motion (8.18) by writing the total time derivative of the Hamiltonian as 


cL pe oa eed 
at 8g, * ap, + ay 
{in consequence of the equations of motion (8.18), the first two sums on the right 
cance! each other, and it therefore follows that 


dH aH 8b 
a ee 
"The conchusyon also foo ftom the detinnon of Bq (8.15) foe H afers from —L only by Psd 
which does ant involve 9, explcty, 
‘The retsuon berween conservation iuws, yinmetry of the Lagrangian, (snd she Haraltoran} of the 
system is called Noesher’s theorem. Te focal pron i given in Section 137, 


(8.41) 
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“Thus if ¢ doesn’t appear explicitly in Z, it will also not be present in H, and Hl 
‘will be constant in time. 

Further, it was proved in Section 2.7 that if the equations of transformation that, 
define the generalized coordinates (1.38), 


Bee Emde Gai 


o not depend explicitly upon the time, and if the potential is velocity indepen- 
dent, then H is the total energy, T + V, The identification of H as a constant of the 
motion and as the total energy are two separate matters, and the conditions sui 
cient for the one are not enough for the other. Jt can happen that the Eqs. (1.38) 
do involve time explicitly but that H does not. In this case, H is a constant of 
the motion but it is nor the total energy. As was also emphasized in Section (2.6), 
‘the Hamiltonian is dependent both in magnitude and in functional form upon the 
initial choice of generalized coordinates, For the Lagrangian, we have a specific 
prescription, £ = T ~ V, and a change of generalized coordinates within that 
prescription may change the functional sppearance of £ but cannot alter its mag 
nitude. On the other hand, use of a different set of generalized coordinates in the 
definition forthe Hamiltonian, Eq, (8.15), may lead to an entirely diferent quan- 
tity for the Hamiltonian, lt may be that for ane set of generalized coordinates H 
‘is conserved, but that for another it varies in time. 

“To ilustrate some of these points in a simple example, we may consider & 
somewhat artificial one-dimensional system. Suppose a point mass m is attached 
toa spring, of force constant k, the otter end of which is fined an a messless cart 
that is being moved uniformly by an extemal device with speed uy (f. Fig, 8.1). 
If we take as generalized coordinate the position x of the mass particle in the 
stationary system, shen the Lagrangian of the system is obviously 

2 
Lak. = TV ~ Gur wa? (8.42) 
(For simplicity, the origin has been chosen so that the cart passes through it at 
1 = 0} The corresponding equution of motion is clearly 


mi = ~KEx ~ vot). 


FIGURE RI A harmonic oscillator fixed toa uniformly moving cart. 
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An obvious way of solving this equation is to change the unknown to x’(0) 
defined as 


(8.43) 


, the equation of motion becomes 


mi! = =k, 4a 


From Eq. (8.43), x’ is the displacement of the particle relative to the cart; 
Eg. (8.44) says that to an observer on the cart the particle exhibits simple har- 
‘monic motion, as would be expected on the principle of equivalence in Galilean 
relativity. 

Having looked at the nature of the motion, tet us consider the Hamiltonian 
formutation. Since x is the Cartesian coordinate of the particle, and the potential 
does not involve generalized velocities, the Hamiltonian relative to x is the sum 
of the kinetic and potential energies, that is, the total energy. In functional form 
the Hamiltonian is given by 


an 
2m 
‘The Hamiltonian is the total energy of the system, but since it is explicitly a func 
tion of t, iis nor conserved. Physically this is understandable; energy must flow 
into and out of the “extemal physical device” to keep the cart moving uniformly 
against the reaction of the oscillating panticle,* 

‘Suppose now we formulated the Lagrangian from the startin terms of the rel- 
ative coordinate x’. The same prescription gives the Lagrangian as 


A(x, phe TV a +}e- wo? (8.45) 


a 
Lee, 34 = + mf'oo 4 ee — (8.46) 


{tn setting up the comesponding Hamiltonian, we note there is now a term linear 
in ¥/, with the single component of a being mt. The new Hamiltonian is now 


(p - mm) 


ae, p= 


ayy 


Note that the last term is a constant involving neither x’ nor p's it could, if we 
wished, be dropped from H” without affecting the resultant equations of motion, 
Now # is not the total eacrgy of the system, but it és conserved. Except for the 
last term, it cant be easily identified as the total energy of motion of the particle 
relative to the moving cart. The two Hamiltonian’s are different in magnitude, 


veut another way, the mong cart constitutes 4 tne Jependent const oo the patie, td the 
force ofthe constrsiat Joes do wok an acta (not vntsl) placement ofthe syst 


a3 @ 
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FIGURE 82 Vibrating dumbbell under two conditions: (0) freely oscillating, and (b) oF- 
cutting with mass mg kept at a constant velocity 


time dependence, and functions! behavior. But the reader can easily verify that 
both lead to the same motion for the particle, 

‘Additional insight into the problem of the mass cart previously discussed can 
be gained by considering @ dumbbell of two masses connected by a spring of 
constant &. We shalt consider the case where the center of mass of the dumbbell 
is in constant motion at a speed vp along the direction determined by the spring 
and allow oscillations of the masses only along this direction, This ix shown in 
Fig. 8.2, where C-O-M denotes the center of mass. 

“The dumbbelt is made to vibrate while its center of mass has an initial velocity 
vg. St will continue with this velocity with uniform transtanonat motion, This 
translational motion will have no effect on the oscillations. The motion of the 
center of mass and the motion relative to the center of mass separate as they do 
in the Kepler problem. Once the motion is started, energy is conserved and the 
Hamiltonian is the total conserved energy. The situation is different if the mass 
onz moves at the constant speed vw since a periodic force is applied. The center 
‘of mass and the mass my then oscillate relative to mz. Since a changing external 
force must be applied to the system to Keep my at the constant velocity up, the 
‘Hamiltonian is n0 longer conserved, nor isthe Hamiitonian the total energy. 


ROUTH’S PROCEDURE 


IT ehas been remarked that the Hamihisnian formulation is not particularly helpfal 
in the direct solution of mechanical problems. Often we can solve the 2 first- 
order equations only by eliminating some of the variables, for example, the p 
vatiables, which speedily leads back to the second-order Lagrangian equations of 
motion. But an important exception should be noted. The Hamiltonian procedure 
is especially adapted to the treatment of problems involving cyctic coordinates. 
Let ns consider the situation in Lagrangian formulation when some coordinate, 
Say gn, is cyclic. The Lagrangian as a function of g and g can then be written 


2. 
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All the generalized velocities still occur in the Lagrangian and in general will be 
functions of the time. We still have to solve a problem of m degrees of freedom, 
even though one degree of freedom corresponds f0 a cyclic conndinate. A cyctic 
coordinate in the Hamiltonian formulation, on the other hand, truly deserves its al- 
ternative description as “ignorable,” for in the same situation py is some constant 
and Hf has the form 


FBG Grok Pheer Pat HO) 


In effect, the Hamittonian now describes a problem involving only 1 ~ 1 coordi- 
nates, which may be solved completely ignoring the cyclic coordinate except as 
it is manifested in the constant of integration a, to be determined from the initial 
conditions. The behavior of the eyclic coordinate itself with time is then found by 
integrating the equation of motion 

ry aH 

ty = 

‘The advantages of the Hamiltonian formulation in handling cyclic coordinates 

may be combined with the Lagrangian conveniences for noncyctic coordinates by 
12 method devised by Routh, Essentially, we carry out a mathematical transforma 
sion from the g. 4 basis to the q, p basis only for those coordinates that are cyclic, 
obtaining their equations of motion in the Hamiltonism form, while the remaine 
ing coordinates are governed by Lagrange equations. Ifthe cyclic coordinates are 
abeled qi41,.-..gn, then & new function & (known as the Routhian) may be 
introduced, defined as 


G6 Petters Pa D@ YY Pedr —Le (B48) 
ah 


REQ. Gui ieee 


which is equivalent to writing 
Ry, ---. 
Heseth Paths oo» Pa) ~ EnoncyetlGis 005 Qo vesds), (B49) 
{tis easy to show for the s sonignorable coordinates, the Lagcange equations 
ae (®) aah 
aq)” Ba 
are satisfied, while for the x —s ignorable coordinates, Hamilton's equations apply 
as 


a Patiesses Pas 


pat (8.50) 


aR, aR 
Rte ® nd edt 
A simple, almost trivial, example may clarify Routh's procedure and the phys- 
ical significance of the quantities involved. Consider she Kepler problem investi- 


Fim 5D 
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sated in Section 3.7, thet of a single particle moving in a plane under the influence 
of the inverse-square central force f(r) derived from the potential V(r) = =k /e* 
‘The Lagrangian is then 


= Mtg yeh 
= r 


As noted before, the ignorable coordinate is 8, and if the constant conjugate mo- 
mentum is denoted by pa, the cormesponding Routhisn (8.49) is 


Physically we see that the Routhian is the equivalent one-dimensional potential 
V(r) minus the kinetic energy of radial motion. 

Applying the Lagrange equation (8.50) to the noncyclic radial coordinate r, 
‘we obiain the equation of motion (3.11) 


ak 
J+ Reo (6.82) 


Applying Hamilton's equation (8.51) to the cyclic variable @. we obtain the pair 
of equations 


Bee and em 6. (8.53) 
whose solution is the same as Eq. (3.8), 
po = mr36 wx = constant. 


‘Typically, Routh's procedure does not add to the physics of the analysis pre~ 
sented earlier in Chapter 3, but it makes the analysis mote automatic, Tn compti- 
cated problems with many degrees of freedom, this Feature can be a considerable 
advantage. it is not surprising therefore that Routh’s procedure finds its greatest 
usefulness in the direct solution of problems relating to engineering applications. 
But as a findamentat entity, the Routhian is a sterile hybrid, combining some of 
the features of both the Lagrangian and the Hamiltonian pictures. For the devel- 
opment of various formalisms of classical mechanics, the complete Hamniltonian 
formulation is more fruitful. 


‘THE HAMILTONIAN FORMULATION OF RELATIVISTIC MECHANICS, 


‘As with the Lagrangian picture in special relativity, two attinades can be taken 10 
the Hamiltonian formulation of relativistic mechanics. The first makes no pretense 
‘at 8 covariant description but instead works in some specific Lorentz or inertial 
frame. Time as measured in the particular Lorentz frame is then not treated on 
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‘commen basis with other coordinates but serves, as in nonrelativistic mechanics, 
a8 a parameter describing the evolution of the system. Nonetheless, if the La- 
‘Srangian that leads to the Hamilionian is itself based on a selativistically invariant 
physical theory (for example, Maxwell's equations and the Lorentz force), then 
the resultant Hamiltonian picture will be reletivistically correct. The second ap- 
proach of course attempts a fully covariant description of the Hamiltonian pictare, 
but the difficulties that plagued the comesponding Lagrangian approach (cf, Sec- 
tion 7.9) are even fiercer here. We shall consider the noncovariant method frst, 
For a single-particle Lagrangian of the form of Bq. (7.136), 


Lame} - pt ~ vy, 


‘ve have already shown that the Hamiltonian (in the guise of the energy function 
‘AY is the totat energy of the system: 


Hels. 


‘The energy T can be expressed in terms of the canonical momenta p, (Eq. 7.139) 
through Bq, (7.38):* 


Ts pict + met, 


80 that a suitable form for the Hamiktonian is 


Hm yf prc? 4 mict + V. (B54) 


‘When the system consists of a single particle moving in an electromagnetic 
field, the Lagrangian has been given as (cf. Bq. (7.14) 
L=nme Ji B+gh-¥~ 9d. 


‘The term in L linear inthe velocities does not appear explicitly in the Hamiltonian 
(cf. Eq, (8.54), as we have seen, whereas the first term leads to the appearance of 
T in the Hamittonian. Thus, the Hamiltonian is sgain the total particle energy: 

H=T +99. 8.55) 
For this system, the canonical momenta conjugate (o the Cartesian coordinates of 
the particle are defined by (ef. Eq. (7.1429) 

paul + aA". 

+0 that the relation between F and p’ is given by Bq. (7.168), and the Hamiltonian 
has the final form 


‘tn this ccoon we ose T er thercton suey (pi) ple reat ery ic) and onto it 
vet the oat enersy 7 + 
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Vie~ gaye? + mich + 99. {8.56} 


Itshould be emphasized again that p heze is the vector of the canonical moments 
conjugate 10 the Cartesian position coordinates of the particle, We may also note 
shat (H — 4@)/c is the zeroth component of the 4-vector 


ma ga" 


(ef. Eqs. (7.27), (7.38'}, and (7.166). While the Hamiltonian (8.56) is not ex- 
pressed in covariant fashion, it does have a definite transformation behavior under 
@ Lorentz transformation as being, in some Lorentz form, the zeroth component 
of a 4-vector. 

na covariant approach to the Hamiltonian formulation, time must be treated in 
the same fashion as the space coordinates; that is, time must be taken as one of the 
canonical coordinates having an sssociated conjugate momentum. The fonda 
tions of such an extension of the dimensionality of phase space can in fact be con- 
structed even in nonrelativistic mechanics. Following the pattern of Section 7.10, 
the progress of the system point along its trajectory in phase space can be masked 
by some parameter 4, and ¢ “released,” so to speak, to serve as an additional co- 
ordinate. If derivatives with respect to @ are denoted by a superscript prime, the 
Lagrangian in the (gy... qai ) configuration space is (cf. Eq. (7.159)) 


Aga nyerh ( (8.57) 


‘The momentum conjugate to ¢ is then, 


58) 


‘The momentum conjugate lo the time “coordinate” is therefore the negative of the 
ordinary Hamittonian.* While the framework of this derivation is completely non- 
telativistic, the result is consistent with the identification of the time component of 
the 4-vector momentum with E/c. As can be seen from the definition, Eq. (6.2), 
if q is mukiplied by a constant a, then the conjugate momentum is divided by a. 
Hence, the canonical momentum conjugate to ct is He. 
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“Thus, there seems to be # nanaral route available for constructing a relativis- 
tically covariant Hamiltonian, But the roate tars out t0 be mined with booby 
traps, It will be recalled that the covariant Lagrangian used to start the process, 
Eg. (7.159) or Eg. (8.57), is homogeneous in first degree in the generalized ve- 
locities g’, and for such 2 Lagrangian the recipe deseribed above for constructing, 
the Hamiltonian formulation breaks down irreparably. If L is of type Ly, the cor 
responding Hamiltonian, call it H.(q,1, p. pz). in identically zero! 

Fostunately, there does not seera to be any compelling reason why the covari- 
ant Lagrangian has to be homogeneous in the first degree, at least for classical 
‘relativistic mechanics. It has already been seen that for a single free particle the 
covariant Lagrangian 


AGH uP) = fameyae* 


leads to the correct equations of motion. OF course the four-velocity components, 
1, are still not all independent, but the constraint can be treated as a “weak con- 
dition” to be imposed only afterall the differentiations have been carried through. 
‘There is now no difficulty in obtaining a Hamiltonian from this Lagrangian, by 
the same route as in nonrelativistic mechanics; the result is clearly 


Hi Pat (8.59) 


For a single particle wn an electromagnetic field, a covariant Lagrangian has been 
found previously: (f. Eq. (7.165))* 
AGH, aA) = fnaya! + gu" Ag (xy), (any 
‘with the canonicat momenta (ef. Eq. (7.167)), 
Pp = Muy + GAy. (7.449) 


In the corresponding Hamittonian, the term lineas in uy does not appear ex 
plicitly in the Hamnitonian, and the remaining Lz part in terms of the canonical 
momenta is 


ELI 
mn 


‘Both Hamiltonians, Eqs. (8.59) and (8.60), are constant, with the same value, 
~mic?/2, but to obtain the equations of motion itis the fanctional dependence on 
the 4-vectors of position and momenta that is important, With a system of one 
ppatticle. the covariant Hamiltonian leads to eight first-order equations of motion 


AM 


H, 860) 


"The Legeatie transformation process 1s reversible: Given 4 Hamvkcoaten Ws ean obtan tis coe- 
sconding Lagrangian (cf Dervation 1) But the dificulues also anse un liber direction Jf 2 gen 
Hiaraltonan ts postulated to be homogeneous ip fst Gegros in the mrment then itis cor powibiow 
‘nd ae equivalent Lagrangien 
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LSPA ee 
de ap’ de x” 


8.61) 


‘We know that these equations cannot be all independent. Tae space parts of 
Eqs. (8.61) obviously lead to the spatial equations of motion, We should expect 
therefore that the remaining two equations tell us nothing new, exactly as in the 
Lagrangian case. This can be verified by examining the v = 0 equations in some 
particular Lorentz frame. One of them is the constitutive equation for p®; 


6 oe aa’) 


pat aft, 
Pat +ag)= (8.62) 


44 general conclusion that has been noted before. The other can be written as 


or 
dH aH. 
wee fi peat 
7 1- P=. (8.63) 


‘As with the covariant Lagrangian formulation, we have the problem of finding 
suitable covariant potential terms in the Lagrangian to describe the forces other 
than electromagnetic, In multiparticfe systems we are confronted in full measure 
‘with the critical difficulties of including interactions other than with fields. Tn 
‘Hamiltonian language. the “no-interaction” theorem already referred to in Sec. 
‘gon 7.10 says that only in the absence of direct particle interactions can Lorentz: 
‘invariant systerns be described in terms of the usual position coordinates and cor 
responding canonical momenta. The scope of the relativistic Hamiltonian frame- 
work is therefore quite limited and so for the most part we shall confine ourvelves 
to vonselativistic mechanics. 


8.5 M DERIVATION OF HAMILTON'S EQUATIONS FROM 
A VARIATIONAL PRINCIPLE 


Lagrange's equations have been shown to be the consequence of a variational 
principle, namely, the Hamilton's principe of Section 2.1. Indeed, the variational 
method is often the preferable one for deriving Lagrange’s equations, for it is 
applicable to types of systems not usually include within the scope of mechanics. 
1s would be similarly advantageous if a variational principle could be found that 
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leads directly to the Hamilton's equations of motion. Hasniton’s principle, 
bbe f° Ldt=0, (8.64) 
a 


lends itself to this purpose, but as formolated originally it refers to paths in con- 
figuration space. The first modification therefore is thet the integral must be evals 
nated over the trajectory of the system point in phase space, and the varied paths 
must be in the neighborhood of this phass space trajectory. fn the spirit of the 
‘Hamiltonian formulation, both g and p must be treated as independent coordi- 
nates of phase space, to be varied independently, To this end the integrand in the 
action integral, Eq. (8.64), must be expressed as a function of both g and p, and 
their time derivatives, through Eq. (8.15), Equation (8.64) then appears as 


al= if" (Pde ~ HQ, pO) dt = 0. (8.65) 


‘As a variational principle in phase space, Eq, (8.65) is sometimes referred (0 as, 
the modified Hamilion’s principle. Akhough it will be used most frequently in 
connection with transformation theory (see Chapter 9), the ain interest init here 
is to show thatthe principle leads to Hamilton’s canonical equations of motion, 
‘The modified Hamilion’s principle is exactly of the form of the variational 
problem in a space of 2x dimensions considered in Section 2.3 (ef. Eq. (2.14)): 


2 
was f SG.d Ds Pett 0, 6.66} 
In 
for which the 2n Euler-Lagrange equations are 
4 /af\ af 
eet oe he ee Bhi (8.67) 
GG) ate dst hae 
$(#)-# 8.68) 
dt \ap, ‘ap; 


‘The integrand f as given in Eq. (8.65) contains g; only through the p,g, term, 
and gj only in H. Hence, Eqs. (8.67) lead to 


(8.69) 


On the other hand, there is ao explicit dependence of the integrand in Ba. (8.65) 
on #. Equations (8.68) therefore reduce simply to 


(8.70) 
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Equations (8.69) and (8.70) arc exactly Hamilton's equations of motion, Bags. 
(8.18). The Euler-Lagrange equations of the modified Hamilton's principle are 
thus the desired canonical equations of motion, 

‘This derivation of Hamilton's equations from the variational principle is so 
brief as to give the appearance of a sleight-of-hand trick. One wonders whether 
something extra has been sneaked in while We were being mnisdirected by the 
‘magician’s patter. Is the modified Hamilton’s principle equivalent to Hamifton's 
principle, or does it contain some additional physics? The question is Targely ir- 
relevant; the primary justification for the modified Hamilton's principle is that it 
leads to the canonical equstions of motion in phase space. After all, no further 
argument was given for the validity of Hamilton's principle than that Ht come- 
sponded to the Lagrangian equations of motion. So long as Hamiltonian can be 
constructed, the Legendre transformation procedure shows that the Lagrangian 
and Hamiltonian formulations, and therefore their respective variational prinei- 
ples, have the sarue physical conteat. 

‘One question that can be raised however is whether the derivation puts limita 
tions on the variation of the trajectory that are not present in Huannilton’s principle, 
‘The variational principle leading to the Euler-Lagrange equations is formulated, 
4s in Section 2.2, such that the variations of the independent variables vanish at 
the end points. in phase space, that would require 5q, = O and 5m, 2 0 at the 
‘end points, whereas Hamilton's principle requires only the vanishing of Sgy uns 
der the same circumstances, A look at the derivation as spelled out in Section 2.2 
‘will show however that the variation is required to be zero at the end points only 
in order to get rid of the integrated terms arising from the variations in the time 
derivatives of the independent variables. While the f function in Eq. (8,66) that 
coresponds to the modified Hamilton's principle, Eq, (8.65), is indeed a func 
tuon of ¢,, there is no explicit appearance of j,. Equations (8.68) and therefore 
(8.70) follow from Eq. (8.65) without stipulating the variations of 7, at the end 
points. The modified Hamilton's principfe, with the integrand L. defined in terms 
of the Hamiltonian by Eq. (8.19), leads to Hamilton's equations under che same 
variation conditions as those in Hamilton's principle.* 

Nonetheless. there are advantages to requiring that the varied paths in the mod 
iffed Hamilton's principle return to the same end points in both g and p, for we 
then have 4 more generalized condition for Hamilton's equations of motion. Ay 
‘with Hamilton's principte, if thece is no variation at the end points we cun add a 
total time derivative of any arbitrary (twice differentiable) function F(q, p, 1) to 
the integrand without affecting the validity of the variational principle, Suppose, 
for example. we subtract from the integrand of Bq, (8.65) the quantity 


“Hernay be objected that g and p cannot be varied mnependenty, because the defiang figs (8:2) link 
Pweg and g We could aot then have 2 variation ot g (and g} wehowt 3 comesponding variation of 
'p- Bot his cate objection « completety at vatance with the matent anil the spt ot the Hamslronusn 
picture Once the Hurmbiosian formatalion hasbeen setup. Eqs (8.2)form no part oft The moments 
have been elevated so th satus of mdepcadet vanbles, on an equal basis wat the coondnates and 
‘connected with thom and the tone only trough the mech of the equations of motion thentselves and 
at by any a prion defrag relationship 
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‘The modified Hamilion’s principle would then read 
af hh ~ Hq. 2,0) dt = 0. 8.7 


Here the f integrand of Eq. (8.66) is a fonction of 5, and it is easily verified that 
the Buler-Lagrange equations (8.67) and (8.68) with this f again correspond to 
‘Hamilton's equations of motion, Eqs. (8.18), Yet the integrand in Eq. (8.71) is 
‘not the Lagrangian nor can it in general be simply retated to the Lagrangian by a 
point transformation in configuration space. By restricting the variation of both g 
and p to be zero at the end points, the modified Hamilton's principle provides an 
independent and general way of setting wp Hamilton's equations of motion with- 
out @ prior Lagrangian formulation. If you will, it does away with the necessity 
of & tinkage between the Hamiltonian canonical variables and a comesponding 
Lagrangian set of generalized coordinates and velocities. This will be very impor- 
‘ant to us in the next chapter where we examine transformations of phase space 
variables that presecve the Hamiltonian form of the equations of motion, 

‘The requirement of independent variation of q and p, so essential for the above 
derivation, highlights the fundamental difference between the Lagrangian and 
Hamiltonian formulations. Neither the coordinates q aor the momenta p, are 
to be considered there as the more fundamental set of variables; both are equally 
independent, Only by broadening the field of independent variables from n to 2n 
quantities are we enabled to obtain equations of motion that are of first ordet. In 
a sense, the uamies “coordinates” and “momenta” are unfortunate, for they bring 
to mind pictures of spatial coordinates and linear, or at most, angular momenta. A 
‘wider meaning must now be given to the terms. The division into coordinates and 
momenta corresponds to no more than a separation of the independent variables 
describing the motion into two groups having an almost symmetrical relationship 
tw each other through Hamilton's equations. 


‘THE PRINCIPLE OF LEAST ACTION 


Another variational principle associated with the Hamiltonian formulation is 
known as the principle of least action, 1 involves a new type of variation, which 
wwe shall call the A-variation, requiring detailed explanation. In the 8-vatiation 
process used in the discussion of Hamilton's principle in Chapter 2, the varied 
path in configuration space always terminated at end points representing the 
system configuration at the seme time 1 and f as the comrect path. Tb obtain 
Lagrange’s equations of motion, we also required chat the varied path ret 
(© the same end points in configuration space, that is, 8%) = 89,(%) = 0. 
‘The A-vatiation is less constrained; in general, the varied path over which an 
imegral is evaluated ay end at different times than the correct path, and there 
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may be a variation in the coordinates at the end points, We can however use the 
same parameterization of the varied path as in the S-variation. In the notation 
of Section 2.3, a family of possible varied paths is defined by functions (cf. Bq. 
Q15)} 


Go) = G(t,0) ant, (8.72) 


where a is an infinitesimal parameter that goes to zero for the correct path, Here 
the fonctions 7, do not necessasily have to vanish at the end points, either the orig- 
inal or the varied. All that is required is that they be continuous and differentiable, 
Figure 8.3 lustrates the correct and varied path for a A-variation in configuration 
space. 

Let us evaluate the A-variation of the action integral: 


a ty ‘0 
af tam uiayar~ f" Lora, Dy 
A Inean s 
where L(c) means the integral is evaluated along the varied path and 1.(0) corre- 
spondingly refers to the actuat path of motion, The variation is clearly composed 
of two parts. One arises from the change in the limits of the integral; to first-order 
infinitesimals, this part is simply the integrand on the actual path times the differ 
‘ence in the fimits in time. The second part is caused by the change in the integrand 
con the varied path, but now between the same time lirats as the original integral, 
‘We may therefore write the A-variation of the action integral as 


" a 
af Ldt = Lpdn~ L(y)dy+ falar. (8.74) 
Ih, " 


“Here the variation in the second integral can be carried oot through  paramme- 
terization of the varied path, exactly as for Hamilton’s principle except that the 


4 


FIGURE 8.3 The A-variation in configuration space. 
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vatiation in g does sot vanish at the end points. The end point terms arising in 
‘he integration by parts must be retained, and the integral term on the right appours 


ws 
Pan d (aL ah 
uar= f [2-5 (#) asa 
£ L, Lig de VBR IPR? ag OF, 
‘By Lagrange's equations the quantities in the square brackets vanish, and the A- 
variation therefore takes the form 


2 


a free = (LAr + pdqolt. (8.75) 
In 


In Eq. (8.75), 54, refers to the variation in q, at the original end point times 1 and 
2. We would like to express the A-vuriation in terms of the change Ag, between 
4 at the end points of the actual path and g, atthe end points of the varied path, 
including the change in end point times. It is clear from Fig, 8.3 that these (wo 
variations are connected by the relstion? 


bg = 5a + G.t- (8.76) 
Hence, Eq. (8.75) can be rewrittsn as 


7 
af’ cere dar niaet nsanh 


af Lids = (dq — HDR. 877 
I, 


“To obtain the principle of least action, we restrict our further considerations by 
three important qualifications: 


1. Onty systems are considered for which L. and therefore H, are not explicit 
functions of time, and in consequence 1 is conserved. 

2. The variation is such that is conserved on the varied path as well as on 
the actual path. 

3. The varied paths are further limited by requiring that Ag; vanish atthe end 
points (but not A, 


‘Ezquation (8 76) say be denved formally froma the pasametee fom, Bq, (8.72). ofthe vaned path 
‘Tas, atte upper end pomt we have 


a.) = aylta + Ang.) ~ gpa. O) = lta + At.) ~ 9,002.0) Hat + Bia). 
wvfuch fest onder in smal quantives and Ary 22 
29.2) = GA +5R.0), 
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‘The nature of the resultant variation may be illustrated by noting that the varied 
path satisfying these conditions eaight very well describe che same curve in con- 
figuration space as the actual path. The difference will be the speed with which 
the system point traverses this curve; that is. the Functions g,(¢) will be altered in 
the varied path. In ander then to preserve the same value of the Hamiltonian at all 
points on the varied path, the times of the end points must be changed. With these 
thuee qualifications satisfied, the A-variation of the action integral, Eq, (8.77), 
reduces to 


af” Ldt =—H(An ~ At). (3.78) 
But under the same conditions, tbe action integral itself becomes: 
foram [nite team), 
h hn 
the A-variation of which is 
af edema f nirde~ Hean~ an). (8.79) 
Compurison of Eqs. (8.78) and (8.79) finally gives the principle of least action:* 


2 
nN f Prdedt = 0. (880) 
By way of caution, note that the modified Hamilton's principle can be written 
in a form with a superficial reserablance to Eq. (8.80). ifthe trajectory of the sys- 
tem point is described by a parameter @, as in Sections 7.10 and 8.4, the modified 
Hamilton's principle appears as 
1 
Bf (ph — By do 20. (B81) 
% 


kc will be recalled (cf. footnote on p. 351) that the moments p, do not change 
‘under the shift from / to @, and that Git" = q/. Further, the momentum conjugate 
toris ~H. Hence, Bq, (8.81) can be rewritten as 


(8.82) 


Where £ has been denoted by gy. There should however be no confusion be- 
‘tween Bq, (8.82) and the principle of least action. Equations (8.82) involve phase 


“Tse mtegmat in Bq (8-50) usually referred to fa the older Meratare asthe wchon, of achon rlegra, 
snd the fin edition of Ui book fotlewed the same practice. His now customary to refer 0 the integral 
ln Haculion’s pnciple as the acon, and we have aconpted this usage hese. Sometimes the mega in 
9. (€ 80) is designated as the abbrevicted action 
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space of Qn + 2} dimensions, as is indicated by the explicit summation to ¢ = 
n+ 5, whereas Bg, (8.80) is in the usual configuration space, But most important, 
the principle of least action is in terms of a A-variation for constant H, while 
Eq. (8.82) employs the 5-variation, and H in principle coutd be a function of time. 
‘Equation (8.82) is nothing more than the modified Hamilton’s principle, and the 
ahsence of a Hamiltonian merely reflects the phenomenon that the Hamiltonian 
‘vanishes identically for the “homogeneous problem.” 

‘The least action principle itself can be exhibited in a vasiety of forms. In non- 
relativistic mechanics, ifthe defining equations for the generalized coordinates do 
not involve the time explicitly, then the kinetic energy is a quadratic function of 
the y's (ef. Eg. (L7H): 


T= 4M n@)dr4e (8.83) 


‘When in addition the potential is not velocity dependent, the canonical momenta 
are derived from 7 only, and in consequence 


7. 


Pe 
‘The principle of least action for such systems can therefore be written as 


a f{ "Tdi 0. (8.84) 


If, further, there are no external forces om the system, as, for example, «rigid body 
with no net applied forces, then T is conserved along withthe total energy #7. The 
least action principle then takes the speciat form 


Ay = 11) =O. (8.85) 


Equation (8.85) states that of all paths possible between two points, consistent 
‘with conservation of energy, the system moves along that particutar path for which 
the time of transit is the least (more strictly, am extremum). In this form the princi- 
ple of feast action recalls Fermat's principle in geometrical optics that a light ray 
travels between two points along such a path that the time taken is the feast. We 
Aiscussed these considerations in Section 10-8 of the Second Edition when we 
considered the connection between the Hamiltonian formulation and geometrical 
optics. 

In Section 7.4 we discussed the infinitesimal interval in a metric space giving 
the interval as 


as? = Byedxdx” 


where guy Was the metric of a possibly curvitinear space and ds? was 
traversed for displacements given by dx”. We can do something entirely similar 
here whenever 7 is of the form of Bq. (8.83). A configuration space is therefore 
constructed for which the M,, coefficients form the metric tensor. In general, the 
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space will be curvilinear and nonorthogonal. The element of path length in the 
space is then defined by (ef. Eg. (7.33')) 


dp} = My da, dgx 8.86) 
‘so that the kinetic energy has the form 


B87 
or equivalently 
dp 
=e. 8.88) 
at = (8.88) 


Equation (8.88) enables us to change the variable in the abbreviated action 
integral from ¢ to p, and the principle of Jeast action becomes 


o 
af ramon JF ap, 
M les 
or, finally 
7 
of VH=Vahdp = 0. (8.89) 
los 


Equation (8.89) is often called Jacobt’s form of the least action principle. It now 
rofers to the path of the system point in a special curvilinear configuration space 
characterized by a metric tensor with elements Mf,,. The system point traverses 
the path in this configuration space with a speed given by /2T. if there are no 
forces acting on the body, T is constant, and Jacobi’s principle says the system 
point travels along the shortest path length in the configuration space. Equiva- 
ently stated, the motion of the system is then such that the system point travels 
along the geodesics of the configuration space. 

‘Note that the Jacobi form of the principle of feast action is concerned with the 
path of the system point rather than with its motion in rime. Equation (8.89) is a 
statement about the element of path length dp; the time nowhere appears, since 
His a constant and V depends upon g; only. Indeed, it is possible to use the 
Jacobi form of the principle to furnish the differential equations for the path, by a 
procedure somewhat akin to that eading to Lagrange’s equations. In the form of 
Fermat's principle, the Jacobi version of the principle of ieast action finds many 
fruitful applications in geometrical optics and in electron optics. To go into any 
detail here would jead us too far afield, 

A host of other similar, variational principles for classical mechanics can be 
derived in bewildering variety. To give one example ont of many, the principle 
of least action leads immediately to Hertz's principle of least curvature, which 
states that a particle not ander the influence of extemal forces travels along the 
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path of least curvature, By Jacobi’s principle such a path must be a geodesic, 
and the geomeirical property of minimum curvature is one of the well-known 
characteristics of a geodesic. tt has been pointed out that variational principles in 
themselves contain no new physical coment, and they rarely simplify the practcal 
solution of # given mechanical problem. Their value lies chiefly as starting points 
for new formulations of the theoretical structure of classical mechanics. For this 
purpose, Hamilton’s principle is especially fruitful, and to a lesser extent, s0 also. 
is the principte of least sction. 


‘DERIVATIONS 


1. (@) Reverse the Legendre transformation to derive the properves of Lig, drt) ftom 
H(G,, 2-0. seating the G88 independent quanti, and show that leads 10 
the Lagrangian equations of motion, 

(b) By the same procedure find the equations of motion in terms of the Function 


LAp. Bot) = ge — HYG. Bat) 


2. It has been previously noted that the total ume derivative of a fonction of gy and ¢ 
can be added to the Lagrangian without changing the equations of motion, What does 
such an addition do co the canonical momenta and the Hamiltonian? Show that the 
equations of motion sa terms of the new Hamiltonian reduce to the original Hamilton's 
equations of motion 


3. A Manulisoran-tike formulation can be setup in which je and 2 are the independent 
‘vasiables with 3 "Hamitkoman” G(G,. 2.4). {Hese py # defined in terms of 9,4 50 
the usual manner } Starting from the Lagrangian formulation. show in detail how to 
construct G4. 0), ane derive the corresponding “Haanton's equation of motion.” 

4 Show thae if, are the eigenvaines of a square matrix. then ifthe reciprocal main 
exists it has the exgenvatues 271, 

‘5. Vevify dat che matrix J has the properties given in Eqs, (8.38c) and (8.38) and that 
iis determinant has the valve +1, 


6. Show that Hamilton's panciple can be writen as 


RHD.1) + nhihds = 0. 


17. Venfy that both Harmbonians, £4. (8.45) and Ba, (8.47). Jead to the same motion a 
described by En. (8.44). 


8. Show tht the moditied Hamilton's panesple in the form of Bq. (8.71)- leads to Harm’ 
ton's equations of motion, 


9. $€the canonical varables are not all Independent, bot are connected by auailtary com 
ditions of the form 


Vas Pr =O. 
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shew that the canonical equations of motion can be written 


Wisi, tt 
Wi ttey, Mare 
Mag hag eM 


‘where the 2, are the undetermined Lagrange multiphers. The formulation of the 
Hamifionian equations m which 1 is @ canonical variable is a case in point, since & 
relation exists between 45 and the other canonical variables: 


ire 


Bett Phe os Pad Past 


Show that xs « result of these circumstances the 2n +2 Hamilton's equations of this 
formulation can be reduced to the 2 ordinary Hamilton's equations plus Ba, (8.41) 
and the relanon 


a 
amS 


‘Note that while these results are reminiscent of the relativistic covariant Hamttonian 
formulation, they bave been amved st entirely within the framework of nontelativstic 
‘mechanics. 


418, Assume that the Lagrangian is a polynomial in ¢ of no higher order than quadratic, 
Conver the 2n equations (8.2) and (8.14) 


wt at 
PG ae 


nto 2n equations for jy and f, in tesms of @ and p, wsing the matrix form of the La 
srangian, Show that these are the sme equations as would be obtained from Haml- 
‘on's equations of motion. 


EXERCISES 


J. A particle 1s confined to a one-dimensional box. The ends of tho box move slowly 
towards the middle, By stowty we mean the speed of the ends is small when compared 
‘othe speed of the particle, Solve the following using Lagrangian formulation end then 
sing the Hamiitonian, 

2) if the momentura of the parbcle rs pp when the walls an a distance x9 npart find 
‘the momentim of the particle at any later time assuming the collisions with the 
‘wall are perfectly elastic. Also assume the motion is nonrelativistic at all dimes, 

(b) Whea the walls area distance x apart, what average external force must be applied 
‘0 each wall in order to move if at a constant speed? 


12. Write che problem of cestrat force motron of two mass points in Hisrtoman formu 
lation, elmmmaing the cyclic variables. and redhicing Qe problem in quadrats. 

413, Fornmulste the double-peotialum problem ilustrated by Fig 14, merrus ofthe Harm l= 
‘oman and Hanson's equations of motion tis suggested thal you find the Hemiitos 
ian both directly from L and by Bq. @27. 
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14, The Lagrangian for a system can be written 2s, 


where a,b,c. f.g.and£ are constants, What is the Hamiltonian? What quantities ae 
conserved? 


15. A dynasnical system has the Lagrangian. 


Laat? +, beth t syle + gh 


2 
Lads 2s thd than. 
AN ah bee 


where a,b, ky, and kp are constants. Find the equations of motion sn the Hamiltonian 
formulation. 
16, A Hamiltonian of one degree of freedorn has the form, 


fae 

% 

‘where a,b, a, and & ae constants. 

(@) Find a Lagranguan corresponding to this Hamiltonian, 

(b) Find an equivalemt Lagrangian that is not explicitly dependent on time, 

(©) What is the Hamittonian corresponding to thes second Lagrangian, and what i 
the relationship between the two Hamiltonians? 


Find the Hamikionian for the system described wn Exercise 19 of Chepter 5 and abun 
Harnilton's equations of motion for the system. Use both the direct and the max 
‘approach in Snding the Hamiltonian. 


18, Repeat the preceding exercise excep this time allow the pendulu to move in three 
‘dimensions, chat ws. spring-loaded spherical pendulum. Buher the duct othe matrix 
approach may be used. 

19. The point of suspension of a sumple pendulum of length {and mast m is constrained to 
move on a parabola z = ax? in the vertical piane. Denve a Hamiltonian govermng the 
‘motion of the pendulum ane its point of suspension, Obtata the Harnilton's equations 
‘of mation. 


= 


bape + Bete theme) 4 


20, Obtain Hamitton’s equations of motion for » plane pendulum of length & with ass 
point n whose radias of suspension rates uniformly on the ciscumference of verti 
cal cucte of radius a. Describe physically the nanire of the canonical momentum and 
the Hansitionian. 
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2H, (a) The poise of suspension of 2 plane simple pendulum of mass m and Tengeh 178 
constrained to move slong a honzostal tcack and is connected to & point on the 
sircumference of a uniform flywheel of mast Mf and sadins « through & sass: 
Jess connecting tod also of length a, a8 shown inthe figure, The flywheel rotates 
abouts center fixed on the track. Find 2 Hamiltonian forthe combined system and 
<etermine Hamilton's equations of mation, 


‘ 


(b) Suppose the point of suspension were moved along the ink according (© Home. 
fanction of time x = f(@), where x reverses atx = 2a (relative to the center of 
the By wheel), Agaio, find a Hamaltonian and Hamiiton’s equations of motion, 

22, For the serangersent described 19 Exercise 21 of Chapter 2, find the Hamiltonian of 
the system, fist in ferms of coordinstes in the Faborwory system and then in terms 
of coordinates in the rotating systems, What are the conservation propertics of the 

‘Mamuttonuans, and how are they related to the energy of the systemn? 

23, (a) A particle of mass m and eloctic charge ¢ moves 1n a plane under the infvence 
of 8 central force potenti! Vér) and a constant uniform magnene field B, perpen 
dicular fo the plane, generated by & static vector potential 


Am {Bx 


Fad the Hamiltonian using coordinates in the observer’ inertial ayer. 
(b) Repeat part (3) using coordinates rotating relative tothe previous coordinate sys- 
tem aboot an axis perpendicular to the plane with an angular rate of rotations 


« 
we-S 
24, A uniform cySinder of radius a and deonity p 18 mounted so as to rotate freely around 


a vertical mis. On the outside ofthe cylinder isa ngidly fixed uniform spiral or ehcal 
track atong which a mss point m can slide without friction, Suppose a particle starts 
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at rests the top of the cylinder and sides down under the influence of gravity. Using 
any set of coordinates, arrive ai a Hamtionsan for the combined system of particle 
and cylinder, and solve for the motion of the system. 


28. Suppose that in the previous exercise the cylinder is constrained to rotate waiformly 
with angular frequency e. Set up the Hamiltonian for the particle in an inertial system. 
‘of coordinates and also in & system fixed inthe rotating cylindes. Identify the physical 
‘nature of the Hamiltonian in each case and indicate whether or not the Harailionians 
are conserved. 


26. A paricie of mass mt can move 10 one dimension under the influence of two epeings 
connected to fixed poimts = distance @ apart (see figure). The springs obey Houke’s 
Jaw and have zero unstretched lengths and force constants ky and kp, respectively. 


(@) Using the positon of the particle from one fixed point ns che generalized co- 
ordinate, find the Lagrangian aod the corresponding Hamiltonian, Is the energy 
conserved? Is the Hamiltonian conserved? 


(b) Introduce a new coordinate @ defined by 


Qmg-bsinor, bw AE 


‘What is the Lagrangian in terms of Q? What is the corresponding Hamtonan? 
Is the energy conserved? Is the Hasraltoman conserved? 


27. (@) The Lagrangian fora system of one degree of freedom can be waitin as 
Lae FG? sin! ow + dgu sind + 4%a?), 


‘What is the corresponding Hamitionian? Is it conserved? 
(b) Introduce 2 ew coordinate defined by 


O=gsnar. 


Pind the Lagrangian yn terms of the new coordinte and the corresponding Harul- 
temian, 1s H conserved? 


2B. Consider a system of particles meracting with each other through potentials depend 
ing only on the scalar distances between them and acted upon by conservaeve central 
forces from fixed porns. Obtsit the Hamihionian of the particle with teapoct to a 
Set Of axes, With ori at the ceoter of Force, which is rotating around some axis in 
‘an inertial system with angular velocity w. What 16 the physical significance of the 
Hiaraitonian in thes case? Is it a constant of the motion? 
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29, Obtain the Hamironian of a heavy symmetrical top with one point Sxed, and from it 
the Hamnlton’s equations of motion. Relate these to the equations of mation discussed 
in Section 5.7 and, particular, show how the solution may be reduced to quadratares, 
‘Also nse the Routhisn procedure to eliminate the cyclic coordinstes. 

‘30, in Baercise 16 of Chaguer 1, there is given the velocity-dependent potential assumed in 
‘Weber's electrodynamics. What is the Hamiltonian for a single particle moving under 
she mffuence of such & potential? 

‘3H, Treat the autition of a “fast” top as an example of small oscillations about steady 
‘motion, here precession st constant @. Find the frequency of antation. 

32, A symmezical top is mounted so that it pivots about its center of mass, The pivot in 
turn 1s fxed 2 distance 7 from the center of s horizontal disk fre to rotate about 2 
vertical axis. The top is stared with an initial rotation about iss gure axit, which is 
initially at en angle A; (0 the vertical. Analyze the possible nuration of the top as @ 
case of small oscillations about steady motion, 

38, ‘Pwo mass points, my aod 2, are connected by a siting that acts as a Hooke’s-Jaw 
spring with force constant £. One partici is free to move without ftiction on a smooth 
horizontal plane surfce, the other hangs vertically down ftom the string dough 
hole in the surface. Find the condition for steady motion in which the mass point on 
the plane rotites uniformly at constsnt distance from the hole. Investigate the smal! 
‘oscitationy in the radial distance from the hole, and in the vertical height of the second 


M4. A possible covariant Lagrangisn fora system of one particle interacting with a fie is 
Ae bmujus + Da, Gn)moy. 
where Dry (a) wan antisymumeme field tensor and m, » Ss the antisyrometric angular 
‘momentum tensor, 
may = monty — yt). 
‘What are the canonical momenta” What isthe corresponding covariant Harailtonisn? 
38. Consider a Lagrangian of the form 
L= bmcit at ser!, 
where the panicle of mass m moves in one direction. Assume all constants are posi= 
(@) Find the equations of motion. 
(h} Imerpret the equauons by giving a physical interpretation of the forces scting on 
the particle, 
{© Find the canonicat momentum and constroct the Hanionias. fs this Hamiltonian 
2 constant of the motion? 
(@) Wf inivalty x(0} = 0 and dz de = 0, what is x(¢) 28 ¢ approaches lage values? 


CHAPTER 


Canonical Transformations 


‘When applied in a straightforward manner, the Hamiltonian formulation usually 
does not materially decrease she difficulty of solving any given problem in me- 
chanics. We wind up with practically the same differential equations to be solved. 
48 are provided by the Lagrangian procedure, The advantages of the Hamiltonian 
formulation lie not in its use as a calculational tool, but rather in the deeper ins 
sight it affords into the formal smmacture of mechanics. The equal status accorded 
to coordinates and momenta as independent variables encourages a greater free 
dom in selecting the physical quantities to be designated as “coordinates” and 
“momenta.” As a result we are led to newer, more abstract ways of presenting 
the physical content of mechanics. White often of considerable help in practical 
applications to mechanical problems, these more abstract formulations are primar 
aly of interest to us today because of their essential role in constructing the more 
modern theories of matter. Thus, one of another of these formulations of classical 
mechanics serves as a point of departure for both statistical mechanics and quan- 
um theory. IL is to such formulations, arising as outgrowths of the Hamiltonian 
procedure, that this and the next chapter are devoted. 


9.1 THE EQUATIONS OF CANONICAL TRANSFORMATION 


368 


‘There is one type of problem for which the sofution of the Hamilton’s equations is 
trivial. Consider a situation in which the Hamiltonian is a constant of the motion, 
and where all cosedinates q are cyclic. Under these conditions, the conjugate 
‘momenta p; are all constant: 
Pre ay 
and since the Hamiltonian cannot be an explicit function of either the time of the 
cyclic coordinates, it may be written as 
H = Heats, 09). 


‘Consequently, the Ramiton’s equations for g, are simply 
face 
a= 5 F 


OD 
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where the ,’s are functions of the a:'s only and therefore are also constant in 
time. Equations (9.1) have the immediate solutions 
Ge = 0H + Br, 02) 


‘where the A's are constants of integration, determined by the initial conditions, 

Tt would seem that the solution to this type of problem, easy as if is, can only 
be of academic interest, for it tarely happens that all the generalized coordinates 
are cyclic, But a given system can be described by more than one set of general: 
zed coordinates. Thus, to discuss motion of a particle in a plane, we may use as 
‘generalized coordinates either the Cartesian coordinates 


@=n May 
‘or the plane polar coordinates 
nan 228 


Both choives are equally valid, but one of the other set may be more convenint 
for the problem under consideration. Note that for central forces neither x nov » 
{s cyclic, while the second set does contain a cyctic coordinate in the angle 6. The 
‘number of cyclic coordinates can thus depend upon the choice of generalized co- 
ordinates, and for each problem there may be one particular choice for which all 
‘coordinates are cyclic. If we can find this set, the remainder of the job is trivial, 
Since the obvious generalized coordinates suggested by the problem will not not~ 
mally be cyclic, we must first derive a specific procedure for transforming from 
‘one set of variables to some other set that may be more suitable. 

‘The transformations considered in the previous chapters have involved going 
from one set of coordinates q to 4 new set Q, by transformation equations of the 
form 


0 = @.0). 3) 


For example, the equations of an orthogonal transformation, or of the change 
from Cartesian to plane polar coordinates, have the general form of Bs. (9.3). 
As has been previously noted in Derivation 10 of Chapter {, such transformnations 
‘re known a3 point transformations. But in the Hamiltonian formulation the mo- 
smenta are also independent variables on the same level as the generalized coordi- 
nates. The concept of transformation of coordinates must therefore be widened to 
include the simultaneous transformation of the independent coordinates and mo- 
menta, qs, P,,t0 a new set Q,. P,, with (invertible) equations of transformation: 


De = OMG. P.0), 
P= BG. 2.0. Oy 


‘Thus, the new coordinates will be defined aot only in terms of the old coordi- 
nates but also in terms of the okd momenta. Equations (9.3) may be said to define 
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& point transformation of configuration space; correspondingly figs. 0.4) define 
a point rransfarmation of phase space. 

Tn developing Hamiltonian mechanics, only those transformations can be of in- 
terest for which the new Q, P are canonical coordinates. This requirement will be 
satisfied provided there exists some function K(Q, Pt} such that the equations 
‘of motion in the new set are in the Hamiltonian form 

eK ak 
Remo, 
2. 
‘The function K plays the role of the Hamiltonian in the new coordinate set. 
At is important for future considerations that the transformations considered be 
problem-independent, Thal is to say, (Q. P) must be canonical coordinates not 
‘aly for some specific mechanical systems, but for all systems of the same num 
ber of degrees of freedom. Equations (9.5) must be the form of the equations of 
‘motion in the new coordinates and momenta no matter What the particular intial 
form of H. We may indeed be incited to develop a particular transformation from 
@, p) 10 (@, P) t0 handle, say, « plane harmonic oscillator. But the seme trans- 
formation must then also lead to Hamilton's equations of motion when applied, 
for example, to the two-dimensional Kepler problem. 

As was seen in Section 8.5, if Q, and P, are to be canonical coordinates, they 

‘must satisfy a modified Hamilton's principle that can be put in the form, 


af'ne, 


(where summation over the repeated index / is implied). At the same time the old 
canonical coordinates of course satisfy a simitar principle: 


5) 


K(Q,P.npdt «0, 6) 


sf (ads ~ HEq, p.t) dt = 0. 9.2) 
hn 


‘The sinultaneous validity of Eqs. (9.6) and (9.7) does not mean of course that the 
imegrands in both expressions are equal. Since the general form of the modified 
Hamilton's principle has zero variation at the end points, both statements will be 
satisfied if the imegrands are connected bry a relation of the form 

Mod = PO K+ F, 9.8) 
‘Here F is any function of the phase space coordinates with continuous second 
derivatives, and 2 i a constant independent of the canonical coordinates and the 
time. The multiplicative constant A is related to a particularly simple type of trans- 
formation of canonical coordinates known as a scale fransformation. 
“i as Den rear in jocubr vee ta f sands forthe Hamikonun, Kut send for he 


Karlen Ofcourse, K ssevery bas much a Hamoltoman os #7, bt the designation s wevasionally 
‘ vonvenient sobstiun for the longer tenn “tameformed Hambtronian™ 
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Suppose we change the size of the units used to measure the coordinates and 
momenta so that jn effect we transform them t0 a set (Q', P1) defined by 


Qua, P= vp, 9) 


Then it is clear Hamitton’s equations in the form of Eqs. (9.5) will be satisfied 
for a transformed Hamiltonian K"(Q’, P') = wif (q, p). The integrands of the 
corresponding modified Hamilton's principles ere, also obviously, related as 


BUCPids ~ HY = PQ, ~ KY, (9.10) 


which is of the form of Eq. (9.8) with 2 = jv. With the aid of suitable scale wans- 
formation, it will always be possible to coafine our attention to transformations: 
of canonical coordinates for which i = 1. Thus, if we have a transformation of 
canonical coordinates (g, ) -+ (Q', P’} for some 2 # 3, then we can always 
find an imtermediate set of canonical coordinates (Q, P) related to (Q’, P') by a 
simple scale transformation of the form (9.9) such that j.v also has the same value 
2. The transformation between the «wo sets of canonical coondinates (g, ) and 
(Q, P) will satisfy Bq. (9.8), but now with A = i: 

ee oe cao) 

i 

Since the scale transformation is basically trivial, the significant transformations 
to be examined are those for which Eq. (9.11) holds. 

A transformation of canonical coordinates for which 4 ¢ 1 will be called an 
extended canonical transformation. Whete = 1, and Eq, (9.11) holds, we will 
‘speak simply of a canonical transformation. The conclusion of the previous paras 
graph may then be stated as saying that any extended canonical transformation 
can be made up of a canonical transformation followed by a scale tyansforma- 
tion. Except where otherwise stated, ail future considerations of transformations: 
‘between canonical coordinates will involve onfy canonical transformations. It is 
also convenient to give a specific name to canonical transformations for which the 
equations of transformation Eqs. (9.4) do not contain the time explicitly; they will 
be called restricted canonical transformations. 

‘The last term on the right in Bg. (9,11) contributes to the variation of the ac- 
tion integral only at the end points and will therefore vanish if F is a function of 
(@, pt} Oc (Q, P.t) or any mixture of the phase space coordinates since these 
‘have zero variation at the end points. Further, through the equations of transfor- 
mation, Eqs. (9.4) and their inverses ¥ can be expressed partly in terms of the old 
‘set of variables and partly of the new. Indeed, F is useful for specifying the exact 
‘form of the canonical transformation only when half of the variables (beside the 
time) are from the old set and half are from the new. It then acts, as it were, as 
a bridge between the two sets of canonical variables and is called the generating 
function of the transformation. 

‘To show how the generating function specifies the equations of transforma 
tion, suppose F were given as 2 function of the old and new generalized space 
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coordinates: 
F=h@.0.0. (9.2 
Equation (9.1 1) then takes the form 
pHa AO, ee 
=70- K+ eR Bs He ory 


a aa, 3, 


Since the old and the new coordinates, q, and Q,, are separately independent, 
‘Eq, (9.13) can hold identically only if the coefficients of g, and Qj each vanish: 


(O.140) 
(9.14b) 
leaving finally 
oF 
Kane, (9.140) 


Equations (9. 14a) are n relations defining the p, as functions of g,, Q,, and t, 
Assuming they cam be inverted, they could then be solved for the nm Q's in terms 
of @y. Py, ands, thus yielding the first half of the transformation equations (9.4). 
‘Once the relations between the Q's and the old canonical vasiables (q, p) have 
been established, they can be substituted into Eqs. (9.14b) so that they give the n 
8's as functions of g,, 2), and 1, that is, the second half of the transformation 
equations (9.4). To complete the story, fi. (9.14c) provides the connection be- 
tween the new Hamiltonian, A’, and the old one, H, We must be careful to read 
Eq, (9.14) property. Fitst g and p in HY are expressed as fictions of Q and P 
through the inverses of Eqs. (9.4). Then the g, in F(/2t are expressed in terms 
of Q, P in a similar manner and the two functions are added to yield K(Q, P, 1). 

‘The procedure described shows how, starting from a given generating function 
Fj, the equations of the canonical transformation can be obtained. We can usually 
reverse the process: Given the equations of transformation (9.4), an appropriate 
‘generating function F, may be derived. Equations (9.4) are first inverted to ex- 
press , and P, as functions of g, Q, and £. Equations (9.14a, b) then constitute 
‘8 coupled set of partial differential equations than can be integrated, in principle, 
‘to find F) providing the transformation is indeed canonical. Thus, F; is always 
uncertain to within en additive arbitrary function of t alone (which doesn’t affect 
‘the equations of transformation). and there may at times be other ambiguities. 

‘it sometimes happens that it is not suitable to describe the canonical transfor- 
mation by  getterating function of the type Fi(g, Q,1). For example, the trans. 
formation may be such that p, cannot be written as functions of g, Q, and 1, but 
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rather will be functions of g, P, and 1. We would then seek 2 generating func 
tion that is a function of the old coordinstes g and the new momenta P. Clearly 
8g. (9.13) mast then be replaced by an equivalent relation involving A, rather than 
Or. This can be accomplished by writing F in Eq. (9.11) as 


F=h@.P.o~ OP. 0.15) 
Substituting this F in Bq. (9.11) leads to 
Ph ~H = -9, «+ Lg, Pn (9.16) 


Again, the total derivative of F is expanded and the coefficients of 4, and F, 
collected, leading to the equations 


Ore) 
0.17) 
with 
enyih 
Kats. (9.176) 


As before, Eqs, (9.172) are to be solved for P; as functions of g,, py, and t o-cor- 
respond to the second half of the transformation equations (9.4), The remaining, 
falf of the transformation equations is then provided by Eqs. (9.17b). 

‘The corresponding procedures for the remaining two basic types of generating 
fanctions are obvious, and the general resuhs are displayed in Table 9.1 

1 is tempting to look upon the four basic types of generating functions as 
being related to each other throtigh Legendre transformations, For example, the 


TABLE 9.1 Properties of the Four Basic Canonical Transformations 


Generating Function 


Fe h@ ao 


‘Tavial Special Case 


FyeqQ, Qe= pi Bama 


Fm Fog, Poth QP, 


Reahk, O 


Pup Qhtar 


P= Fp PD AGP ~ OP 


7 
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transition from F to F; is equivalent to going from the variables q, Q to q, P 
with the relation 


(9.18) 


“Sods io past the form required for 2] egendse wansiormation of the basis vantdtles, 
as described in Section 8.1, and in analogy to Eq. (8.5) we would set 


FAG P.0 = FQ ON+ PO, (9.19) 


which is equivalent to Bq, (9.15) combined with Eq, (9.12). All the other defining 
‘equations for the generating functions can similsrly be looked on, in combina 
tion with Bq, (9.12) as Legendre transformations from Fy, with the Jast entry in 
‘Table 9.1 describing a double Legendre transformation, The only drawback to 
this picture is that it might erroneously lead us to believe that any given canoni- 
cal transformation can be expressed in terms of the four basic types of Legendre 
transformations listed in ‘Table 9.2. This is not always possible, Some transfor 
mations are just not suitable for description in terms of these or other elementary 
forms of generating functions, as has heen noted above and as will be illustrated 
in the next section with specific examples. If we try to apply the Legendre truns- 
formation process, we are then led fo generating functions that are identically 
zero oF are indetermninate. For tus reason, we have preferred to define each type 
of generating function relative to F, which is some unspecified function of 2n 
independent coordinates and momenta, 

Finally, note that a suitable generating function doesn’t have to conform to 
‘one of the four basic types for all the degrees of freedom of the system. It is 
possible, and for some canonical transformations necessary. to use a generating 
fonction that is a mixture of the four types. To take a simple example, it may be 
desirable for a particular canonical transformation with two degrees of freedom 
to be defined by a generating function of the form 


PQ. prs Pi On). (9.20) 
‘This generating function would be related to F in Eq. (9.11) by the equation 
P= P's, pr Pi, O20 — QP) + Q2P2. 9.21) 


and the equations of transformation would be obtained from the relations 


2 
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with 


ar 
K=ats @.23) 


‘Specific Mustrations are given in the next section and in the exercises, 


EXAMPLES OF CANONICAL TRANSFORMATIONS. 


‘The nature of canonical transformations and the role played by the generating 
function can best be Htastrated by some simple yet important examples, Let us 
consider, first, 2 generating Function of the second type with the particular form 


Fea (9.24) 


found in column 3 of Table 9.1. From Eqs. (9.17), the mansformation equations 
are 


Kel, 9.28) 


‘The new and old coordinates are the same; hence F merely generates the identity 
transformation (cf. Table 9.1), We also note, referring to Table 9.1, that the par 
ua generating feneon P= pO Benet an identity transformation with 
‘negative signs; that is, Q, = —g;, P, 

‘Amore general type of wansformaton is described by the generating function 


Fa = AMM 4 Oni OP (9.26) 


where the f, may be any desired set of independent functions. By Eqs. (9.17), 
the new coordinates Q are given by 


Gree Gui 8 9.27) 


‘Thus, with this generuting function the new coordinates depend only upon the 
‘old coordinates and the time and do not involve the old momenta, Such a trmns- 
formation is therefore an example of the class of point transformations defined 
‘by Eqs. (9.3). In order to define a point transformation, the functions f, must be 
independent and invertible, so that the g; can be expressed in terms of the Q. 
Since the f are otherwise completely arbitrary. we may conclude that all point 
transformations are canonical, Equation (9.17¢} farnishes the new Hacsittonian 
in terms of the old and of the time derivatives of the J functions. 
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Note that Fz as given by Eq. (9.26) is not the only generating function leading 
to the point wansformation specified by the fj. Cleatly the same point transfor: 
mation is implicit in the more general form 


Fr= fig, 


where 6(g. 1) is any (differentiable) function of the old coordinates and the time, 
Equations (9.27), the transformation equations for the coordinates, remain una 
tered for this generating function. Bot the transformation equations of the mo: 
menta differ for the two forms. From Eqs. (9.17a), we have 


soni OP + 8] Gas Os (9.28) 


am ag 
=o py B, (9.29) 
a 39) 2 


using the form of Fp given by Eq. (9.28). These equations may be inverted t0 give 
P asa function of (@. p), most easily by writing them in matrix notation; 


px P+ = 0.2%) 


Here p, P. and ¢/3q are n-elements of single-column matrices, and 3f/2q is 
‘square matrix whose {jth element is 8/;/4g,. In two dimensions, Eq, (9.29) can 
be written as 
ai af ie 
[a af On Oa fr 4 | a 
pl") ap an |LA)* | ae 
aq: 842 3g 
It follows that P is a tinea function of p given by 


poe 
p=|2 * ' 
[br ox 
in two dimensions, (9.30) becomes: 
ah any 8 
Pi} | on 89) fo} _| Bar 
[Rl pa (e] vale @3n 
aa Be oa 


‘Thus, the wansformation equations (9.27) for @ are independent of g and depend 
only upon the f(g, 13, but the zransformation equations (9.29) for P do depend 
‘upon the form of g and are in general fanctions of both the old coordinates and 
momenta. The generating function given by Eg. (9.26) is only a special case of 
Eq. (9.28) for which g = 0, with comespondingly specialized transformation 
equations for P. 
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Aninstructive transformation is provided by the generating function of the frst 
kind, Fi(g, Q,1),of the form 


Fi =H Qe. 
‘The comesponding transformation equations, from (9.144, b) are 
ar 
Pm ae On (9.32a) 
ah 
Ronse =~q. 9.32 
32, “4 {9.32b) 


In effect, the transformation interchanges the momenta and the coordinates; the 
new coordinates are the old momenta and the new momenta are essentially the old 
‘coordinates. Table 9.1 shows that the particular generating function of type Fy =: 
(p.P, produces the same transformation, These simple examples should emphasize 
the independent status of generalized coordinates and momenta. They are both 
needed to describe the motion of the system in the Hamiltonian formulation. The 
distinction between them is basically one of nomenclature. Wecan shift the names 
around with at most ao more than a change in sign. There is no longer present in, 
the theory any lingering remnent of the concept of q, as a spatial coordinate and 
‘m8 A mass times a velocity. Incidentally, we may see directly from Harailton’s 
‘equations, 


pa gat 


that this exchange transformation is canonical. If gis substinnted for p, the equa- 
tions remain in the canonical form only if —p, is substituted for gy. 

A transformation that leaves some of the (q, p) pairs unchanged, aud inter- 
‘changes the rest (With a sign change), is obviously a canonical transformation of 
a “anixed” form. Thus, in a system of two degrees of freedom. the transformation 


PLP 
Pr ga, 


Feah +n0n 9.33} 


which js a mixture of the Fy and Fz types. 


‘THE HARMONIC OSCHLATOR 


Asa final example, let us consider a canonical transformation that can be used to 
solve the problem of the simple harmonic oscillator in one dimension. If the force 
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constant is £. the Hamiltonian for this problem in terms of the usual coordinates 
is 


a gat 
Pkg’ 2 
H +> (9.34ay 


‘Designating the ratio k/n: by @”, H can also be written as 
H= Le + mtatg?), (9.34) 
‘This form of the Hamiltonian, as the sum of pwo squares, suggests a transfor- 


mation in which H is eyclic in the new coordinate, If we could find a canonical 
‘transformation of the form 


Ps f(P)cos 2, (9.38) 
o-ring, (2380) 


then the Hamiltonian as a function of Q and P would be simply 
ene LE), to) w LEED 
K 2H = 5 (cos! 0 + sin? Q) @ A, (9.36) 


so that Q is cyclic. The problem is to find the form of the yet unspecified function 
(2) that makes the transformation canonical, If we use a generating function of 
the fist kind given by 
2 
A= Heng, 37) 


Eqs. (9.14) then provide the equations of transformation, 


(9.388) 


(9.386) 


Solving for g and p, we have* 


QP 
qe [= sno, (0.398) 


“scan be argued that F) does not unambgunasly specify the canonical ansformation, because in 
solving Eq (@ 386) far g sve couk! have taken the nepative square rot instead of the positive root as 
inplied) ia Eas. 0-39). Hower, the tom canonmeat Bansfocmations thos desive from F) difer only 
(evialy; a shaft ws by 2 cottesponds fo goung fren one tranctormation io dhe oder. Nenerbeles, it 
Should be kept re rnd this the tapsfoemations derived from a generating fonction may at mes be 
‘double: valucd ur even tue hoa! singularities. 
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p= Jipmacos Q, (9.390) 
sand compazison with Eq. (9.35a) evaluates (P): 
f(P) = VimoP. 9.40) 
It follows then that the Hamiltonian in the transformed variables is 
H=oP. 9.41) 


Since the Hamiltonian is cyclic in Q, the conjugate momentum P is a constant. It 
is seen from Eq, (9.41) that P is in fact equal to the constant energy divided by «a: 


Pak. 
@ 


‘The equation of motion for @ reduces to the simple forma 


, oh 
oa ao, 


with the immediate solution 
Qeorta, (9.42) 


where a is a constant of integration fixed by the initial conditions. From Eqs. 
(9.39), the solutions for g and p are 


zE 
q= | 3 tintor +a), (9.43a) 
p= VimE cos(ax +a). (9430) 


Ji instructive to plot the time dependence of the old and new variables as is, 
shown in Fig. 9.1, We see that ¢ and oscillate (Fig. 9.18, b) whereas Q and P 
are linear plots (Fig. 9.44, e). The figure also shows the phase space plots for p 
versus q (Fig. 9-(c) and for P versus Q (Fig. 9.10). Fig. 9.1c is an ellipse with the 
following semimajor axes (for the q and p directions, respectively): 


3E 
Sd be VEE 


where m is the mass of the oscillator, @ its frequency, and E the oscijiator's en- 
ergy. The ares, A, of this ellipse in phase space is 


Mawes 2. 
@ 


@ 
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FIGURE 91 The harmonic oscillator in two canonical coortinate systems. Drawe 
mgs (2}-{c} show the 9. p system and (d}-(f} show the FQ systeni, 


When we invoke quantum mechanics, we write E = fio, where fi = h/2, and h 
is Planck's constant. The coordinate and momentum q and p can be normalized as 


ja 
vofsa a 


to make the phase space plot of p’ versus q’ a circle of area x. This nomnalized 
form will be useful in Section 11.1 on chaos. 
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4s would seem that the use of contact transformations to solve the harmonic 
‘oscillator problem is similar to “cracking a peanut with « sledge hammer” We 
have here however a simple example of how the Hamiltonian can be reduced to a 
form cyclic in all coordinates by means of canonicel transformations, Discussion 
‘of general schemes for the solution of mechanical problems by this technique will 
bbe reserved for the next chapter, For the present, we shall continue to examine the 
formal properties of canonical transformations. 


9.4 W& THE SYMPLECTIC APPROACH TO CANONICAL TRANSFORMATIONS, 


Another method of treating canonical transformations, seemingly unrelated to the 
‘generator formalism, can be expressed in terms of the matrix or symplectic for: 
mulation of Flamilton’s equations. By way of introduction to this appro, let us 
consider a restricted canonical teansformation, that is, one in which time does not 
‘appear in the equations of transformation: 


2: = Qa, P). 
P= Pig, p). (9.44) 


‘We know that the Hamiltonian function does not change in such a transformation, 
‘The time derivative of Q,, on the basis of Eqs. (9.44), is to be found as 


9.45) 
‘On the other hand, the inverses of Eqs. (9.44), 

% = 9)(Q.P), 

Ps = PQ. PY, (9.46) 
enables us to consider H(g. p, 1) as a function of Q and P and to form the partial 
derivative 

OF ag OHO, OE bay 9.41) 


BP, 8p, OP,” 3g, OP, 
‘Comparing Egs. (9.45) and (9.47), it can be concluded that 


aH 


a= FR 


that is, the transformation is canonical, only if 


Go). Giae GF), GE). 9m 
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“The subscripts on the derivatives are to remind us that on the left-hand side of 
these equations G; is considered as 4 function of (g, p) (ef. Eqs. (9.44)), while 
‘om the right-hand side the derivatives are for g, and p, as functions of (2, P) (cf. 
Eqs. (9.46)). A similar comparison of A, with the partial of H with respect to Q, 
lends to the conditions 


De Bee Byer 

(), BQJor Nard, NidiJoe =O 

‘The sets of Eqs. (9.48) together are sometimes known as the “direct conditions” 
for a (restricted) canonical transformation, 

‘The algebraic manipulation that leads to Eqs. (9.88) can be performed in a 
‘compact and elegant manner if we make use of the symplectic notation for the 
‘Hamiltonian formulation introduced above at the end of Section 8.1. If 9 is. 
column matrix with the 2n elements g,, p,, then Hamilton’s equations can be 
‘written, it will be remembered, as Eg. (8.39) 


aun 2 
a1: 
‘where J is the antisymmetric matrix defined in Eq, (8.38a), Similarly the new set 
Secure esp Tp Hao ee Sonne RoR RRY A SS mi 
canonical transformation the equations of transformation (9-481 tae fir try 
f=). 


‘Analogously to Eq, (9.45) we can seek the equations of motion for tar aye 
ables by looking atthe time derivative of a typical element of € 


stn. 


An matrix notation, this time derivative can be written as 
t=My. 
where M is the Jacobian matrix of the transformation with elements 


‘Making use of the equations of motion for 1, Bq, (9.50) becomes, 
oem ee 
£ aM {9.52) 
Now, by the inverse transformation H can be considered as a function of ¢, and 
the derivative with respect to 7, evaluated as 
aH aH a, 
nH, ay” 
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‘in matrix notation* 

aH 23H 

ia hE 

‘The combination of Eqs, (9.52) and (9.53) leads to the form of the equations 


‘of motion for any set of variables £ transforming, independently of time, from the 
canonical set %: 


(9.53) 


+ gy 2H 

o=MIM ra 0.54) 
‘We have the advamage of knowing from the generator formalism that for a re~ 
stricted canonical transformation the ol Hamiltonian expressed in terms of the 
Rew variables serves as the new Hamiltonian: 


aH 
ag” 


‘The transformation, Eq. (9.49), will therefore be canonical if M satisfies the con 
dition 


fas (9.54) 


MIM = J. (9.55) 


‘That Faq. (9.55) is also a necessary condition for a restricted canonica} transforma. 
tion is ensily shown directly by reversing the order of the steps of the proof, Note 
that for an extended time-independent canonical transformation, where K = AH, 
the condition of Eq. (9.55) would be replaced by 


Mili. 56) 


‘Equation (9.55) may be expressed in various forms. Multiplying from the right 
by the matrix inverse to M leads to 


My= o57 
(Gince the transpose of the inverse is the inverse of the transpose). The elements 
of the matrix equation (9.57) will be found to be identical with Eqs. (2.483) and 
(8b). IF By, (9.57) is roltiplied by ] from the left and J from the right, then 
dy virtue of Bq. (8.38e) we have 


Ma MY, 


“Reaes of Section 7.5 wil have recopuized that Bg, (.50)is he soterant that» cansforms cane 
‘eangraady (2 voctar under te transformation, and (9.53) sys that he paral derivate of 2 
sh sespcto the elements of wanafonms conaramtly os Fama) cf. Bas (7.50) end (7.54), 
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MM =} 58) 


Equation (9.55), or its equivalent version, Eq. (9.58), is spoken of as the sym- 
lectic condition for a canonical transformation, and the matrix M satisfying the 
condition is said to be a symplectic matrix, 

‘These concepts may become more obvious if we display the details of the J and 
'M matrices corresponding to the mixed generating fumction F = Figs, Pt) + 
F\(qa, Q2) of Eg. (9.33). The variables » and Z are column vectors given by 


far a 
=i@ = |e 
aa |F] and om | F 
LP, Py, 


‘The transformation £ = Mij (cf. Ea. (9.50)) is made by the following M matrix: 


Q] fi 0 6 olfH] far 
O2}_|0 0 0 iliml | & 
A{*{o 0 4 Olfa a" 
Py 0 +1 6 OJ Ee. da, 


in agreement with the expressions obtained by differentiating the results of the 
‘generating function with respect to time (ef. Column 3, Table 9.1). Hamilton's 
‘equations for the transformed variables ¢ = )¥ft (Ei. (9.547) are expressed as 
follows independent of the generating function F 


oy o o10 
@}_|o 0 oF 
A 2 0 00 
P 0-106 


8H /8%, for ty and to and Q, = 8H/8t, for ¢s and t4, Note 
that M depends on F whereas J does not (cf. Bq. (8,388)). This formalism is not 
applicable to all cases, Por example, a simple M matrix cannot be written for the 
harmonic oscillator example discussed in Section 9.3. 

ora canonical transformation that contains the time as a parameter, the simple 
desivation given for the symplectic condition no longer holds, Nonethetess, the 
symplectic condition necessary and sufficient condition for a canonical 
transformation even if it involves the time. tt is possible to prove the general 
validity of the symplectic condinons for all canonical transformations by sraight- 
forward, albeit lengthy, procedures resembling those employed for restricted 
canonical transformations. instead we shall take a different tack, one that takes 
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advantage of the parametric form of the canonical transformations involving time. 
A cononical transformation of the form 


f= lyn) (9.593 


evolves continously as time increases from some initial value fo, Tt is a single- 
parameter instance of the family of continuous transformations first studied sys- 
Tematically by the mathematician Sophus Lie and as such plays a distinctive role 
in the transformation theory of classical mechanics. 


Xf the teansformation 
an go (9.60a) 

is canonical, then so obviously is the transformation 
a Eto). (9.60b) 


\t follows then from the definition of canonical transformation that the transCor- 
ation characterized by 


S(te) > £0) (9.600) 


in also canonical. Since tp in Bq. (9.60b) is a fixed constant, this canonical trans 
formation satisfies the symplectic condition (9.58). If now the transformation of 
Eq, (9.60c) obeys the symplectic condition, itis easy to show (cf. Derivation 13) 
that the general transformation Ea. (9.608) will also, 

To demonstrate that the symplectic condition des indeed hold for canonical 
teansformations of the type of Eq. (9.60c), we introduce the notion of an infinites- 
smal canonical transformation (abbreviated 1.C:T), a concept that will prove to 
be widely useful. As in the case of infinitesimal rotations, such a transformation 
is one in which the new variables differ from the old only by infinitesimals. Only 
ficstorder terms io these infinitesimals are to be retained in all calculations. The 
(eansformation equations can then be written 2s 


Q =a +84, 9.61a) 

Pomp + Sp, 0.616) 
or in smatrix form 

Lentin. (9.610) 


Gere bq, and Sp, do not represent virtual displacements but are simply the in- 
finitesimal changes in the coocdinates and momenta.) An infinitesimal canonical 
transformation thus differs only infinitesimally from the identity transformation 
iscussed in Section 9.1. in the generator formalism, a suitable generating fic 
tion for an LCT. would therefore be 


Fr = aFi + eG. Pit), 9.62) 
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‘where ¢ is some infinitesimal parameter of the transformation, and G is any (dif- 


ferentiable) function of its 2n + } arguments. By Eq, (9.17), the transformation 
‘equations for the momenta are to be found from 


(9.638) 


Similarly. by Eq. (9.17b), the transformation equations for Q, are determined by 
‘the relations 


oP, ag 
Qe aeRO tT 


Since the second term is already linear in e, and P differs from p only by an in- 
finitesimal,it is consistent to first order to replace P, in the derivative function by 
2B). We may then consider G as a function of q, p only (and possibly ¢), Following, 
the usual practice, we will refer to G(q, p) as the generating function of the ins 
Jfinitesimal canonical transformanon. although strictly speaking that designation 
boolongs only to F. The transformation equation for Q, can therefore be written 
as 


see (0.630) 
Both transformation equations can be combined into one matrix equation 
ag : 
Saeed. (9.63e) 


An obvious example of an infinitesimal canonical transformation would be the 
transformation of Eq. (9.60c) when 1 differs from ty by an infinitesimal r: 


lta) > So +t}, 64) 


with de as the infinitesimal parameter ¢. The continuous evolution of the tans- 
formation (7,6) from (7. fo} means thst the transformation £(0) ~» £(t) can 
bbe built up as @ succession of such LC.T’s in stops of de. It will therefore suffice 
to show that the infinitesimal transformation, Eq. (9.64), satisfies the symplectic 
condition (9.58). But it follows from the transformation equations (9.63) that the 
Jacobian matrix of any LCT. is a symplectic matvix. By definition the Jacobian 
atria (9.51) for an infinitesimal transformation is 
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‘or by Bq, (9.630) 


Exo 
anon 
‘The second derivative in Eg. (9.65) isa square, symmetric matrix with elements 


xa eC 
Pee 


Because of the antisymsnetrical property of J, the transpose of M is 


#o 
nan 
‘The symplectic condition involves the value of the matrix product 


M=t+e. (9.65) 


Mat~e 


f. (9.66) 


thus demonstrating that the symplectic condition holds for any infinitesimal 
ceanonicat transformation. By the chain of reasoning we have spun out, it there- 
fore follows that any canonical transformation, whether or not it involves time as 
a parameter, obeys the symplectic conditions, Eqs. (9.55) and (9.58). 

‘The symplectic approach, for the most part, has been developed independently 
of the generating fonction method, except in the treatment of infinitesimal canon- 
ical transformations. They are of course connected. We shall sketch later, for ex- 
aunple, a proof that the symplectic condition implies the existence of a generating 
function. Bot the connection is largely irrelevant. Both are valid ways of looking at 
canonical transformations, and both encompass ail ofthe needed properties of the 
transformations. For example, either the symplectic oc the generator formalisms 
can be used to prove that canonical transforanations have the four properties that 
chasacterize a group (cf. Appendix B). 

1. The identity transformation is canonical. 

2. Wa transformation is canonical, so is its inverse. 

3. ‘Two successive canonical transformations (the group “product” operation) 

define a transformation that is also canonical. 

4, The product operation is associative. 
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‘We shall therefore be free to use either the generator or the symplectic approach 
at will, depending on which leads to the simplest treatment at the momert. 


POISSON BRACKETS AND OTHER CANONICAL INVARIANTS 


‘The Poisson bracket of two functions u, v with respect to the canonical variables 
(@, p)is defined as 
Bu dv au av 
ee eee sn 
‘in this bilinear expression we have a typical symplectic structure, as in Hamilton's 
equations, where ¢ is coupled with p, and p with ~g. The Poisson bracket thas 
Tends itself readily to being written in matrix form, where it appear as 


fu, av 
loo Fay 


“The transpose sign is used on the first matrix on the right-hand side to indicate 
explicitly that tbis matrix must be treated as 2 single-row matix in the moli- 
plication. On most occasions this specific reminder will not be needed and the 
transpose sign may be omitted 

Suppose we choose the functions 1, v out of the set of canonical variables 
(q, p) themselves. Then it follows trivially from the definition, either as Bq. (9.67) 
or (9,68), that these Poisson brackets have the values 


(9.68) 


Ady, Qkla.p =O [Dy delens 


Lay. Paly,p = 8k = 17; dbe.p- (9.69) 
We can summarize the relations of Eqs. (9.69) in one equation by introducing 
8 square matrix Poisson bracket, {m, 9}, whose Im element is (m1, Moy} Equa- 
dons (9.69) can then be written as 


in. as (9.70) 


Now let us take for, v the members of the transformed variables (Q, P), or 
£, defined in terms of (@. p) by the transformation equations (9.59). The set of 
all the Poisson brackets that can be formed out of (Q, P) comprise the matrix, 
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But we recognize the pactial derivatives as defining the square Jacobian inatrix of 
the transformation, so that the Poisson bracket relation is equivalent to 


1. Shy = MM. en 


If the tansformation y —> {is canonical, then the symplectic condition holds 
and Eq. (9.71) reduces to (cf. Eq. (9.58) 


io. fig ah (9.72) 


and conversely, if Eq. (9.72) is valid, then the wansformation is canonical. 

Poisson brackets of the canonical variables themselves, such as Bgs. (0.70) 
of (9:72), are referred to as the fundamental Poisson brackets. Since we have 
from Eq. (9.70) that 


etka (9.73) 


Bq. (9-72) states that the fundamental Poisson brackets of the ¢ varishies have the 
same value when evaluated with respect (0 any canonical coordinate set. In other 
‘words, the fundamental Poisson brackets are invariant under canonical transfor 
‘mation. We have seen from Bq. (9.71) thatthe invariance is a necessary and suffi- 
cient condition for the transformation matrix to be symplectic. The invariance of 
the fundamental Poisson brackets is thus in alt ways equivalent to the symplectic 
condition for a canonical transformation. 

Ir does not take many more steps to show that alf Poisson brackets are invariant 
under canonical transformation. Consider the Poisson bracket of two functions 
u,v with respect to the 7 set of coordinates, Bq, (9.68). In analogy to Eq, (9.53), 
the partial derivative of v with respect to 1 can be expressed in terms of partial 
derivatives with respect t0 { as 


Hence the Poisson bracket Eg. (9.68) can be written 


Su, av Fe au 
tu. uly = 55g EMME 


if the transformation is canonical, the symplectic condition in the form of 
Eg. (9.55) holds, and we then have: 


0.74) 
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‘Thus, the Poisson bracket has the same value when evaluated with respect to any 
canonical set of variables—all Poisson brackets are canonical invariants. tn writ- 
ing the symbo! for the Poisson bracket, we have so far been careful to indicate by 
the subscript the set of variables in terms of which the brackets are defined. So 
tong as we use only canonical variables that practice is now seen to be unneces~ 
sary, and we shall in generat drop the subscript.* 

‘The hallmark of the canonical transformation is that Hamilton’s equations of 
‘motion are invariant in form under the transforreation, Similarly, the canonical in 
variance of Poisson brackets implies that equations expressed in terms of Poissom 
brackets are invariant in form under canonical transformation, As we shall see, we 
can develop a structure of classical mechanics, paralleling the Hamiltonian for 
mulation, expressed solely in terms of Poisson brackets, Historically this Poisson 
bracket formulation, which has the same form in all canonical coardinates, was 
especially useful for carrying out the origina} transition from classical to quantum. 
mechanics. There is a simple “correspondence principle” that says that the clas- 
sical Poisson bracket is to be replaced by a suitably defined commutator of the 
corresponding quantum operators. 

‘The algebraic properties of the Poisson bracket are thetefore of considerable 
interest, We have already used the obvious properties 


fu, 4} = 0, {9.78a) 
fu, v} = fo, a}. (antisynunetry) (9.750) 


Abmiost equally obvious are the characteristics 
{au + bv, 0] = alu. w} +b[v, w}, linearity) (9.750) 
where a and b are constants, and 
fuv, w] = fu, who + ufv, wh (9.758) 


‘One other property is far from obvious, but is very important in defining the 
nature of the Poisson bracket. It is usually given in the form of Jacobi's iden- 
tity, which states that if u, v, and w are three functions with continuous second 
derivatives, thes 


pe. fo, wH +E, fe. ed) + Le, ba, wl} = 9; (9.75) 


that is, the sum of the cyclic permutations of the double Poisson beacket of three 
functions is zero. There seems to be no simple way of proving Jacobi's identity for 
the Poisson bracket without lengthy algebra. However, it is possible to mitigate 
the comptenity of the manipulations by introducing « special nomenclature, We 
‘Soe tha fora scale eansformoxton, or an exested canomealtramforoaton, whore te Symtpectic 
courion takes on the form of Eq (9.56, then Pots brackets do nor have the serie Value to all 
svardinae stems That sone ofthe reson sale rancormaons art encoded fmm the clas of 
‘eenonical ransformaos that ate usef zo consider. 
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shall use subseripts on w, v. w (or functions of them) to denote partial derivatives 
by the comesponding canonical variable. Thus, 


au av 
ee ee : 
im ” = ian, 


In this notation the Poisson bracket of v and v can be expressed as 
fu, od = tly. 
‘Here J,,, a8 usual, is simply the ith element of J. In the proof, the only property 


of j that we shail need is its antisymmeny. 
‘Now let us consider the first double Poisson bracket in Bg. (9.75e): 


(ie (0, WI) = wy Syke, why a yon dard. 


Because the elements Jiy are constants, the derivative with resect to 7 doesn't act, 
on them, and we have 


Tu, f0, WB = a dy Con divwy, + v4, dun). 0.26) 


‘The other double Poisson brackets can be obtained from Eq, (9.76) by cyclic 
permutation of «, v, w. There are thus six terms in all, each being a fourfold sum 
‘over dummy indices i, j. k, and /. Consider the term in Eq. (9.76) involving a 
second derivative of w: 


Sig Jena, e401, 


‘The only other second derivative of w will appear in evaluating the second double 
Poisson bracket in (Eq. 9.75¢): 


fo, fro, ul} = va dealt, Jpn ds 
Hece the term in the second derivative ia w is 
Sp Tata vew yt. 


Since the order of differentiation is immaterial, wy = wy, and the sum of the 
‘two terms is given by 


ys + dp deur = 


by virtue of the antisymmetry of J. The remaining four terms are cyetic permuta- 
tions end can similarly be divided in two pairs, one involving second derivatives 
of u and the other of v. By the same reasoning, each of these paits sums (0 zero, 
and Jacobi's identity is thus verified. 

If the Poisson bracket of x, » is looked on as defining a “product” operation 
‘of the two fonctions, then Jacobi's identity is the replacement for the associa~ 
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tive law of multiplication, Recall that the ordinary multiplication of arithmetic is 
associative; that is, the order of a sequence of multiplications is immaterial: 


abc) = (ab)e. 


Jacobi’s identity says that the bracket “product” is not associative and gives 
the effect of changing the sequence of “multiplications.” Brackets that satisfy 
Eqs. (9.75), together with the expression 


feet} = Socue. OD 
T 


constitute a generally rontcomminitive algebra called a Lie algebra, For Poisson 
brackets in three-dimenstonal space, either the structure constants cf ate all z6¢0 
corenly one term im the right-hand side of Eq. (9.77) exists for any pair of indices. 
Examples of this wil be given laer, aad a more detailed discussion of Lie algebras 
is given in Appendix B. 

Poisson bracket operation is not the onty type of “product” familiar to physi- 
‘cists that satisfies the conditions for a Lie algebra. it will be left to the exercises 
to show that that vector product of two vectors, 


vid, B] > Ax B, (9.782) 
and the commutator of two matrices, 
{A.B} -+ AB — BA, (9.78b) 


satisfy the same Lie algebra conditions as the Poisson bracket. It is this last that 
makes it feasible to replace the classical Poisson bracket by the commutator of the 
‘quantum mechanical operators. In other words, the “correspondence principte’” 
‘can work only because both the Poisson bracket and comunstator are representa 
tions of a Lie algebra “product” 

‘There are other canonical invariants besides the Poisson bracket. One, mainly 
‘of historical interest now, is the Lagrange bracket, denoted by {u,v}. Suppose w 
and v are two functions out of a set of 2n independent functions of the canonical 
variables. By inversion, the canonical variables can then be considered as func- 
tions of the set of Zn functions. On this basis, the Lagrange bracket of u and v 
with respect to the (¢, p} variables is defined as 


Of course. we must not mistake dhe mathematical acceptabulity of tis vernoe of tbe eomrespondencs 
prociple with us physical neceasty, The mtrodoctica of the quantum commen elution Was a 
[great act of physcal discovery by the pioneers of quantuan mechanics, All we show bare is that there 
sa slmuanty in the matbematicat crrecure af the Poison bracket fermmlahan of cassia! meckanios 
‘ad the corrautation relation version af queatase raacbanics Thr fone] correspotdence 2s thet 


1 
tants dorm} 


where ou th left, v are classical functions and on the ight dey are quantum eperetors, 
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888% _ ap 8g 
{a Uap = he du Ou Bu" @.79) 


(9.80) 


Proof of the canonice! invariance of the Lagrange bracket parallels that for the 
Poisson bracket. 
If for x and v we take two members of the set of canonical variables, then we 


‘obtain the fundamental Lagrange brackets: 
{40 dylan = O= (Pes Pilap {9s Pap Bj (9.81) 
or. in matrix notation, 
na} =}. (9.82) 


‘The Lagrange and Poisson brackets clearly stand in some kind of inverse rela- 
ionship to each other, but the precise form of this relation is somewhat compli. 
cated 10 express. Let a, i = 1, ..,2n, be a set of 2n independent functions of 
the canonical variables, lo be represented by a column (or row) matrix w. Then 
{u, ul is the 2n x 2n matrix whose jth element is (u,, u,}, with a simibar descrip 
tion for [U. u}. The reciprocal character of the two brackets manifests itself in the 
relation 


{u, u}fa, u} = 1, (9,83) 


If for u we choose the canonical set itself, 9, then Eq. (9.83) obviously fol- 
fows from the fundamental bracket formulas, Eqs. (9.70) and (9.82), aud the 
properties of J. The proof for arbitrary w is not difficult if written in terms of 
Whe matrix definitions of the brackets and is reserved for the exencives. While 
the properties of the Lagrange and Poisson brackets parallel each other in 
many aspects, note that the Lagrange brackets do not obey Jucobi's identity. 
‘Lagrange brackets therefore do not quslify as & “product” operation in a Lie 
algebra. 

“Another important canonical invariant is the magnitude of a vohime efement in 
phase space, A canonical transformation 9 + £ transforms the 2n-dimensional 
phase space with coordinates 7, 10 another phase space with coordinates ¢,. The 
volume element 


an) = dgidan dans Py 
transforms fo a new volume element 


(db) = did Or... d Gud Py ...d Ph 
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As is well known, the sizes of the two volume elements are related by the 
absolute value of the Jacobian determinant IMJ; 


{dt} = IMIKan). 


For example, in the two-dimensional sransforsuation from, = q, pos, = Q, P, 
this expression becomes 


aq ag 
3Q OP 
ap ap 
ae a 


dQaP = dg dp = tg, pk dadp. (9.84) 


Bur, by taking the determinant of both sides of the symplectic condition, Bq, (9.58), 
we have 


IMA = Ut (9.85) 


‘Thus, in a real canonical transformation the Jacobian determinant is +1, and the 
absolute value is always unity, proving the canonical invariance of the volume 
clement in phase space. It follows, also, thet the volume of any arbitrary region in 


phase space, 
of fan. 0.86) 


is a canonical invariant. In our two-dimensional example, the invariant is dy = 
dq dp and. = f dq dp 

‘The volume integral in Eq, (9.86) is the final member of a sequence of canon- 
ical invariants known as the integral invariants of Poincaré, comprising integeals 
‘over subspaces of phase space of different dimensions. The other members of the 
sequence cannot be stated as simply as J,, and because they are not needed for 
the further development of the theory, they will not be discussed here. 

Finally, the invariance of the fuindatsental Poisson brackets now enables us to 
outline a proof that the symplectic condition implies the existence of a generat- 
ing function, as mentioned at the conclusion of the previous section. To sirmplify 
considerations, we shall examine only a system with one degree of freedom; the 
‘general method of the proof can be ditectly extended to systems with many de- 
_gfees of freedom." We suppose that the first of the equations of transformation, 


2=OG,p), P= PGP), 


"tn dhe Literatur, the connector between the symplectic appraach snd the genetator Formals iy 
somes referred tos the Caratheadory theorem. 
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is iavertabte 50 a5 to give p as a function g and Q, say 


p=. 2). (9.87) 


Substiution in the second equation of transformation gives P as some function 
of g and Q, say 


P= Wg, Q). (9.88) 


In such acase, we would expect the transformation tobe generated by a generating 
function of the first kind," F), with Eqs. (9.87) and (9.88) appearing as 


AFG, O) ar 
=e, pe-Baor 9.89 
HE, (9.89) holds, then it must be tre thet 
ag oy 
56a 9.90) 


Conversely, if we can show that Bq, (9,90) is vali, then there must exist a function 
F\ such that p and P are given by Eqs. (9.89), 

To demonstrate the validity of Eq. (9.90), we try to Jook on all quantities as 
functions of ¢ and Q. Thus. we of course have the identity 


3 
ag 
but iF Bq, (9.87) be substinsted in the first transformation equation, 
2= 2G. 91g. 2). (9.91) 
the partial derivative can also be written 
2g a0 36 
5Q ap ag’ 


=, 


so that we have the relation 


92) 


4 the same spirit we evaluate the Poisson bracket 


a#QaP aPag 
, Pj SES SEE 
10. Pie FS, Gg ap 


“Of coume, the ( ascfonmatcn equation snot uvertble, usin the idonuty transformuton, then 
‘we would inven the P equation and be fed fo a generating Function ofthe second kd. 
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‘The desivatives of P are derivatives of w from Bq, (9.88) considered 6 @ function 
of g and fg, p). Hence, the Poisson bracket can be written 


Sore Se 20% , 220) 
"ia 80 ap ~ 9p \3q * 40 aq)" 


oF, consolidating terms, 3s, 


{Q, PI 


tor 35 (Sr ap ip oe) Bea 
and therefore 

ag ay 

3p aq 

‘Combining Eqs. (9.92) and (9.93), we have 


(9.93) 


‘Since the partial derivative of © with respect to p is the same on both sides of the 
equation, that i, the other variable bemg held constant isg in both cases, and since 
the derivative doesn’t vanish (else the Q equation could nat be inverted}, it follows 
that Eq, (9.90) must be true. Thus, from the value of the fundamental Poisson 
bracket [Q, P], which we have seen is equivalent to the symplectic condition, we 
are led to the existence of a generating function. The two approaches to canonical 
twansformations, though arrived at independently, are fully equivalent 


9.6 Mf EQUATIONS OF MOTION, INFINITESIMAL CANONICAL 


TRANSFORMATIONS, AND CONSERVATION THEOREMS: 
IN THE POISSON BRACKET FORMULATION 


Almost the entire framework of Hamiltonian mechanics can be restated in terms. 
of Poisson brackets. As a cesult of the canonical invariance of the Poisson brack- 
‘ets, the relations so obtained will also be invariant in form under a canonical 
transformation. Suppose, for example, we look for the total time derivative of 
some function of the canonical variables and time, «(g, p, 1), by use of Hamit- 
ton’s equations of motion: 


Zale gy. 2a) 
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Tn termns of the symplectic notation, the derivation of Bq. (9.94) would run 


du _ fu fe tu OR, au 
at qt? ae 7 99) on te! 
from whence Bq, (9.4) follows, ty vine of (9.68). Equation (9.94) may be 
looked on as the generalized equation of motion for an arbitrary function i in 
the Poisson bracket formulation, 1 contains Hamilton's equations as a special 
case when for u we substitute one ofthe cancnical varies 


a 


Gi, = le, (9.958) 
or, in symplectic notation, 
a=in, A). (9.95b) 


‘That Eq. (9.95b) is identical with Hamilton's equations of motion may be seen 
directly from the observation that by the definition of the Poisson bracket, 
Eq, (8.39), we have 


aH 
Ble} in’ (9.96) 


so that Ea, (9.95) is simply another way of writing Bq. (8.31). Another familiar 
property may be obtained from Eq. (9.94) by taking u as Hf itself. Equation (9.94) 
then says that 


as was obtained previously in Eq, (8.41). 

Note that the generalized equation of motion is canonically invariant; itis valid 
in whatever set of canonical variables q, p is used to express the function « or to 
‘evaluate the Poisson bracket. However, the Hamiltonian used must be appropriate 
to the particular set of canonical variables. Upon transforming to another set of 
vasiables by a time-dependent canonical transformation, we must also change to. 
the transformed Hamiltonian X. 

$f w is 2 constant of the motion, then Eq. (9.94) says it must have the property 


[age 97) 


AB functions that obey Bg. (9.97) are constants of the motion, and conversely the 
Poisson bracket of with any constant of the motion smust be equal to the explicit 
time derivative of the constant function. We thus have a general test for seeking 
and identifying the constants of the system. For those constants of the miotion not 
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involving the time explicitly the test of Eq. @.97) reduces to requiring that their 
Poisson brackets with the Hamiltonian vanish, that is, (Hf, u] = 0.* 

€ two constants of the motion are known, the Jacobi identity provides a possi 
ble way for obtaining further constants. Suppose u and v are two constants of the 
‘motion not explicitly fumctions of time. Then if w in Bq. (9.75e) is taken to be H, 
the Jacobl identity says 


& 


{A iu, UB 


that is, the Poisson bracket of w and v is also a constant in time. Even when 
the conserved quantities depend upon time explicitly, it can be shown with a bit 
‘more algebra (cf. Exercise 30) that the Poisson bracket of any two constants of the 
motion is also a constant of the motion (Poisson's theorem). Repeated application 
of the Jacobi identity in this manner can in principle lead to x complete sequence 
of constants of the motion. Quite often, however, the provess is disappointing, 
‘The Poisson bracket of and v frequently tums out to be a trivial function of u 
and v themselves, or even identically 2er0. Still, the possibility of generating new 
Independent constants of motion by Poisson's theorem should be kept in mind, 

‘The Poisson bracket notation can algo be used t0 reformulate the basic equa 
tions of an infinitesimal canonical transformation, As discussed above (Sec- 
fion 9.4), such a transformation is a special case of a transformation thot is a 
continuous function of a parameter, starting from the identity transformation at 
some initia) valve of the parameter (Which may, for convenience, be set equal 
to zero). Ifthe parameter is smuall enough fo be treated as a first-order infinitest- 
‘Taal, then the transformed canonical variables differ only infinitesimally from the 
initial coordinates: 


f=a+5n (9.98) 
with the change being given in terms of the generator G through Eq, (9.63¢): 


GQ 
on 
Now, by the definition (9.68) of the Poisson bracket, it follows that 


in=d 


ue 
oy 2.99) 


bya} 


(cf. Eq. (9.96)}, a relation that remains valid when the Poisson bracket is evaluated 
in terms of any other canonical variables. If « is taken to be G, itis seen that the 
‘equations of transformation for an infinitesimal canonicat transformation can be 


“tn view of the “correspondence prmnaple” between the classical Poisson Sracket and the quantum 
‘commaataor. seen tha dhs snternent corresponds f the well-known quantum theorem Cat con 
‘erved qusarities ommote wh the Harslionss. 
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(9.100) 


Consider now an infinitesimal canonical transformation in which the contin- 
ous parameter is ¢ (as was done in proving the symplectic condition} 50 that 
¢ =: dt, and let the generating fanction G be the Hamiltonian, Then the equations 
of transformation for this 1.C.. become, by Eg. (9.100), 


bn =arly, HI = andl = dy. 9.101) 


‘These equations state that the transformation changes the coordinates and mo~ 
mente atthe time f t0 the vakues they have at the time ¢ + df. Thus, the motion of 
the system in a time interval dr ean be described by an infinitesimal contact rans- 
Formation generated by the Hamiltonian. Corespondingly, the system motion in 
42 finite time interval from ip to ¢ is represented by a succession of infinitesimal 
‘contact transformations, which, as we have seen, is equivalent to 2 single finite 
‘canonical transformation. Thus, the values of q and p at any time 1 can be ob- 
tained from their initial values by a canonical transformation that is a continuous 
function of time. According to this view, the motion of a mechanical system cot 
responds to the continuous evolution or unfolding of a canonical transformation, 
{ina very literal sense, the Hamiltonian isthe generator of the system motion with 
time. 

‘Conversely, there must exist & canonical transformation from the values of the 
coordinates and moments at any time ¢ to their constant initial values. Obtain- 
ing such & transformation is obviously equivalent to solving the problem of the 
system motion. At the beginning of the chapter it was pointed out that a mechan- 
ical problem could be reduced to finding the canonical transformation for which 
all momenta are constants of the motion. The present considerations indicate the 
possibility of an alternative solution by means of the canonical transformation for 
which both the momenta and coordinates are constants of the motion. These two 
suggestions will be elaborated in the next chapter in order to show how formal 
solutions may be obtained for any mechanical problem. 

Implicit to this discussion has been an altered way of looking at a canonical 
‘transformation and the effect i produces. The notion of a canonical transforma 
tion was introduced as 2 change of the coordinates used to characterize phase 
space. In effect, we switched from one phase space 9 with coordinates (q, p) to 
another, £, with coordinates (Q, P). If the state of the system at a given time was 
described by a point A in one system, it could also be described equally well 
by the transformed point A’ (ef. Fig. 9.2). Any fonction of the system variables 
would have the same value for 2 given system configuration whether it was de- 
seribed by the (g, p} set or by the (Q, P) set. In other words, the function would 
‘ave the same value at A’ as at A. In analogy to the corresponding description 
of orthogonal iransformations, we may call this the passive view of a canonical 
‘wansformation. 
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FIGURE 9.2. The passive view of a canoaics! transformation, 


In contrast, we have spoken of the canonical transformation generated by the 
‘Homiltonian as relating the coordinates of one point in phase space to those. of 
another point in the same phase space. From this viewpoint, the canonical trans 
formation accomplishes, isthe mathemutician’s language, a mapping of the points 
of phase space onto themselves, In effect, we have an active interpretation of the 
canonical transformation as “moving” the system point from one position, with 
coordinates (@. p). to another point, (Q, P), im phase space (cf. Fig. 9.3). Of 
course, the canonical transformation in itself cannot move or change the system 
configuration. What 1t does is express one configuration of the system in terms of 
another. Woth some classes of canonical transformation, the active viewpoint is 
‘ot heipful. For example, the point transformation from Cartesian coordinates 10 
spherical polar coordinates is a canonical transformation of the passive type, and 
an “active” interpretation of st would border on the fudictous, 

‘The active viewpoint is particularly useful for transformations depending con~ 
tinuously on 2 single parameter. On the active interpretation, the effect af the 
transformation is to “move” the system point continuously on a curve in phase 
space as the parasneter changes continuously. When the generator of the wssoci- 
ated LCT. is the Hamiltonian, the carve on which the system point moves is the 
trajectory of the system in phase space. 


FIGURE 93 The ecuve view of 2 conomea! transformation, 
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If we pose the question, How does a function change under a canonical trans- 
formation? the answer depends on whether we should take an active or a passive 
point of view. From the passive point of view, the function changes in forts, of in 
functional dependence, but it does not change in value. This is because in general 
the function, call it U, has a different functional dependence on (Q, P) than it 
does on (@, p). Its value however temmains the same at the comesponding points 
U qo, po} and U (Qo, Po) since Go = Oqo, Po) and Fy = Pgo, Po), 80 both 
sets of coordinates refer to the same physical location in phase space but use dif- 
ferent coordinates 0 describe the phase space. 

In contrast to this, if we consider the canonical transformation from an active 
point of view, then we are talking about o translation of the system fro point 
A to point B, from position (q.4, p.4) to position (ge, pj). From this point of 
view, the function U(g, p) does not change its functional dependence upon po: 
sition and momentum, rather it changes its values as x result of replacing the 
values (@.4, p.A) by (gp. pp) in the function Ug, p), There are then two distinet 
phase spaces, one using (g, p) and the other using (Q. P), The transformation 
formalism uses the notation (g, p) for the variables at point A and (Q, P) for the 
variables at point B. This is anslogous to a passive rotation in coordinate space 
corresponding to the rotation of the coordinate axes relative to a stationary ob- 
ject, and an active rotation corresponding to rotating an object relative ta a fixed 
coordinate system. 

We shall use the symbol 8 to denote « change in the value of a function under 
‘an “active” infinitesimal canonical transformation: 


Bue = u(B) = uA), (8.102) 


where of course A and & will be infinitesimally close, Using the matrix notation 
for the canonical variables, the change in the function value under an LC.P, would 
be defined as 

au = ug + by) ~ wen). 


Sxpanding in a Taylor series and retaining terms in first-order infintesimals, we 
have, by virtue of Bq. (9.6%), 


ag 
iy ay 

Recalling the definition of the Poisson bracket, Eq. (9.68), we see that the change 
can be written as 


au 
dus San 


8u = elu, G}. (9.403) 


‘An immediate application of Ea. (9.103) is to take for u one of the phase space 
coordinates themselves or the matrix of the coordinates). We then have, by 


‘Eq. (9.100), 
3R = <{n. G} = by. 
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Of course, this result is obvious from the definition of the point B in relation to 
A; the “change” in the coordinates from A to B is just the infinitesimal difference 
between the old and new coordinates. 

‘These considerations must be generatized somewhat in talking about the 
“change in the Hamiltonian.” Recall that the designation “Hamiltonian” does not 
mean a specific function, the same in all coordinate systems. Rather it refers t0 
that function which in the given phase space defines the canonical equations of 
motion. Where the canonical transformation depends upon the time, the very 
meaning of “Hamiltonian” is also transformed. Thus, H(A) goes over not into 
H(A) but into K(A’), and H(A) will not necessarily have the same value as 
K(A’). In such a case, we shall mean by @H in effect the difference in the value 
of the Hamiltonian under the two interpretations: 


8H = H(B)~ K(A’). (9.104) 


‘Where the function itself does not change under the canonical transformation the 
two forms for the change, Eqs. (9.102) and (9,104), are identical since u(A’) =: 
uA). In general, K is related to H by the equation 
ar 
K=H+5. 

where for an LC.T. the generating function is given by Eq. (9.62) in terms of G, 
Since only G in that equation can be an explicit function of time, the value of the 
new Hamiltonian is given by 


KA) = HA) +E we HA +e, 
and the change in the Hamiltonian is 
8H = H(B)— H(A) ~e s. (9.105) 
Following along the path that led from Eq. (9.103), we see that 9H is given by 
aH =H, oe 88. (9.106) 
From the generalized equation of motion, Eg. (9.106), with G as «, it follows 


finally that the change in H is 


dG 
H=-——. 9.107; 
a °F (9.107) 
If G is a constant of the motion, Eq, (9.107) says that it generates an infinites- 
imal canonical transformation that does not change the value of the Hamiltonian. 
Equivalently, the constants of the motion are the generating functions of those 
infinitesimal canonical transformations that leave the Hamiltonian invariant. Im- 
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plied in this conclusion is a connection between the symmetry properties of the 
system and conserved quantities, a connection that is simplest to see for constants 
of the motion not explicitly depending upon time. The change in the Hamiltonian 
under the transformation is then simply the change in the value of the Hamil- 
tonian as the system is moved from configuration A to configuration B. If the 
system is symmetrical under the operation that produces this change of config- 
uration, then the Hamiltonian will obviousty remain unaffected under the corre- 
sponding transformation. To take a simple example, if the system is symmetrical 
about a given direction, then the Hamiltonian will not change in value if the sys- 
tem as a whole is rotated about that direction, It follows chen that the quantity that 
‘generates (through an 1.C.T) such a rotation of the system must be conserved. 
‘The rotational symmetry of the system implies a particular constant of the mo- 
tion. This is not the first instance of a connection between constants of the motion 
and symmetry characteristics, We encountered it previously (Sections 2.6, 8.2) 
in connection with the conservation of generalized momenta, Here, however, the 
theorem is more elegant, and more complete, for it embraces all independent con- 
stants of the motion and not merely the conserved generalized momenta. 

‘The momentum conservation theorems appear now as a special case of the 
general statement: If a coordinate g; is cyclic, the Hamiltonian is independent 
of g; and will certainly be invariant under an infinitesimal transformation that 
involves a displacement of g; alone. Consider, now, a transformation generated 
by the generalized momentum conjugate to gi: 


Gq, p) = pi- (9.108) 


By Eqs. (9.63a and b), the resultant infinitesimal canonical transformation is 


Sq) = €8i), 
ap, = 9, (9.109) 
that is, exactly the required infinitesimal displacement of g; and only q;. We read- 
ily recognize this as the familiar momentum theorem: If 4 coordinate is cyclic, its 
conjugate momentum is a constant of the motion. The observation that a displace- 
ment of one coordinate alone is generated by the conjugate momentum may be 
put in a slightly expanded form. If the generating function of an 1.C.7. is given by 
Gi = Mr = Jin, (9.110) 


then the equations of transformation as obtained from Bq, (9.63c) appear as 
8G; 
Be = eds 5 = CIaalirdrs  EItalis- 
ans 


By virtue of the orthogonality of J, these reduce finally to 
bny = bu; 41D 
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that is, a displacement of any canonical variables n; alone is generated in terms of 
the conjugate variable in the form given by Eq. (9.110). Of course, if m is qi, G 
from Bq, (9.110) is just p;, and if m is pj, G is then ~gj. 

As a specific illustration of these concepts, let us consider again the infinites- 
imal contact transformation of the dynamical variables that produces a rotation 
of the system as a whole by an angle 40. The physical significance of the corre- 
sponding generating function cannot depend upon the choice of initial canonical 
coordinates,* and it is convenient to use for this purpose the Cartesian coordinates 
of ail particles in the system. Nor will there be any loss in generality if the axes are 
So oriented that the infinitesimat rotation is along the z axis, For an infinitesimal 
counterclockwise rotation of each particle, the change in the position vectors is to 
be found from the infinitesimal rotation matrix of Eq. (4.69). With a rotation only 
about the z axis, the changes in the particle coordinates are 


bx) = yj, dO, Sy, =x d0, bz; = (9.4 42a) 


‘The effect of the transformation on the components of the Cartesian vectors 
formed by the momenta conjugate to the particle coordinates is similarly given 
by 

Spix = —piyd, 5Piy = pix d9, Spi, =O. (9.112) 


Comparing these transformation equations with Eqs. (9.63a and b), itis seen that 
the corresponding generating function is 


G = Xi Pry ~ Pixs (9.113) 


with d@ as the infinitesimal parameter €. For a direct check, note that 


aG ac 
(= db — = yi dB, Spi = dO =— = ~ piy dO, 
bx = db = Hd, bp = dd = ~ Dy do 


a 
ty = 49 22 2 540, bpiy = a0 2S p14 00, 
8Piy 


ay; 
agreeing with Eqs. (9.112). The generating function (9.113) in addition has the 


physical significance of being the z-component of the total canonical angular mo- 
mentum: 


G=l, &(r%; X pis. (9.114) 


Since the z axis was atbitrarily chosen, we can state that the generating futction 
corresponding to an infinitesisnat rotation about an axis denoted by the unit vector 


This can most easily be seen from the canonically invariant Eq, (9.100). The change in the canonical 
variable 7 remains the same no matter in what set of canonical variables G is expressed. 


9.6 Equations of Motion 405 
nis 
Gaba (9.115) 


Note that the canonical angular momentum as defined here may differ from 
the mechanical angular momentum. If the forces on the system are derivable from 
velocity-dependent potentials, then the canonical momentum vectors pj are not 
necessarily the same as the linear momentum vectors, and L in Eqs. (9.114) and 
(9.115) may not be the same as the mechanical angular momentum. The result 
obtained here is therefore a generalization of the conclusion given in Section 2.6 
that the momentum conjugate to a rotation coordinate is the corresponding com- 
ponent of the total angular momentum. The proof presented there was restricted 
to systems with velocity-independent potentials. By virtue of Egs. (9.108) and 
(9.109), we can now conclude that the momentum conjugate to a generalized co- 
ordinate that measures the rotation of the system as a whole about an axis n is the 
component of the total canonical angular momentum along the same axis. Just as 
the Hamiltonian is the generator of a displacement of the system in time, so the 
angular momentum is the generator of the spatial rotations of the system. 

It has already been noted that on the “active” interpretation a canonical trans- 
formation depending upon a parameter “moves” the system point along a con- 
tinvous trajectory in phase space, Since the finite transformation can be looked 
‘on as the sum of an infinite succession of infinitesimal canonical transformations, 
each corresponding to an infinitesimal displacement along the curve, it should 
therefore be possible formally to obtain the finite transformation by integrating 
the expression for the infinitesimal displacements. We can do this by noting that 
each point on the trajectory in phase space corresponds to a particular value of 
the parameter, which we shall call o, starting from the initial system configura- 
tion denoted by a = 0. If u is some function of the system configuration, then w 
will be a continuous function of a along the trajectory , u(r), with initial value 
ug = u(0). (For simplicity, we shall consider u as not depending explicitly upon 
time.) Equation (9.103) for the infinitesimal change of u on the trajectory can be 
written as 


au = dafu, G}, 
of as a differential equation in the variable a: 
du 
Fg 7G (9.116) 


We can get (a), and therefore the effect of the finite canonical transformation, 
by integrating this differential equation. A formal solution may be obtained by 
expanding u(x) in a Taylor series about the initial conditions: 


a? dy oF du 


—= Wael? Fad 
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By Eq. (9.116), we have 


the zero subscript meaning that the value of the Poisson bracket is to be taken at 
the initial point, a = 0, Repeated application of Eq, (9.116), taking [u, G) itself 
as a function of the system configuration, gives 

@u 

Fol {{u, G], G], 
and the process can be repeated to give the third derivative of u and so on. The 
Taylor series for u(c) thus leads to the formal series solution 


2 3 
ula) = ug + ole, Glo + Fl. G}, Go + Fitts G), GI, Glo +--+. (9.117) 


If for u we take any of the canonical variables ¢;, with ug the starting set of vari- 
ables nj, then Bq. (9.115) is a prescription for finding the transformation equations 
of the finite canonical transformation generated by G. 

it is not difficult to find specific examples showing that this procedure actu- 
ally works. Suppose for G we take L,, so that the final canonical transformation 
should correspond to a finite rotation about the z axis. The natural parameter to 
use for a is the rotation angle. For u, let us take the x-coordinate of the ith particle 
in the system. Bither by direct evaluation of the Poisson brackets or by inference 
from Eqs. (9.112a), it is easy to see that 


[Xi LJ=~¥i, (¥%, Ly) = Xi, (9.418) 


where capital letters have been used to denote the coordinates after some rotation 
@, that is, the final coordinate. The initial coordinates, that is, before rotation, are. 
as usual represented by fowercase letters. It follows then that 
{Xi Lo = yi, 
(Xi, £2}, Lalo = ~ Thi, Lalo = —x1, 
(Os, £2), Lal, Llp = -1%e. Lalo = Yn 


and so on, The series representation for X; thus becomes 


2 @ 6 
RW my bg ty — 


4 3 
na (- $4 Gon (eG) 


xX 
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‘The two series will be recognized as the expansion for the cosine and sine, re- 
spectively. Hence, the equation for the finite transformation of X; is 


X; = x cos@ ~ y; sind, 


which is exactly what we would expect for the finite rotation of a vector counter- 
clockwise about the z axis. 

For another example, fet us consider the situation when G = H and the pa- 
rameter is the time. Equation (9.116) then reduces to the equation of motion for 
us 
du 
a {u, H}, 


with the formal solution 
2 3 
u(t) = up + thu, Ho + Fitts, H), Ho + Filter. HY, HY, Hp t--. (9.139) 


Here the subscript zero refers to the initial conditions at ¢ = 0. 
Let us apply this prescription to the simple problem of one~ 
with a constant acceleration a, for which the Hamiltonian is 


limensional motion 


H= max, 


Li 
im 
with « as the position coordinate x. The Poisson brackets needed in Eq. (9.119) 
are easy to evaluate directly or from the fundamental brackets: 


& A= E, 


it. HLH = 2pm si 


Because this last Poisson bracket is a constant, all higher-order brackets vanish 
identically and the series terminates, with the complete solution being given by 


2 
see ye, 
m2 
Remembering that po/m = vp, this will be recognized as the familiar elementary 
solution to the problem. 

At may be felt that what we have done here is a tour de force, a mere virtuoso 
performance. There is force to the objection. We would not propose the formal se- 
ries solution, Eq. (9.119), as the preferred method for solving realistic problems 
in mechanics. It is surely one of the most recondite procedures we can conceive of 
for solving the easiest of freshman physics problems! Nonetheless, the technique 
provides insights into the structure of classical mechanics as based om canoni- 
cal transformation theory. The series expansion shows directly that infinitesimal 
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canonical transformations can generate finite canonical transformations, depend- 
ing on a parameter, and thus tead to sofutions to the equations of motion. Of par- 
ticular interest for the relation between classical and quantum mechanics is the 
observation that the series in Eqs. (9.117) or (9.119) bear a family resemblance. 
to the series for an exponential. The nest of Poisson brackets in the nth term can 
be considered as the nth repeated application (from the right!) of the operator 
[ ,G}, or the nth power of the operator, Equation (9.119), for example, could 
symbolically be written as 


u(f) = welt (9.120) 


‘The exponential here means no more than its series representations and the syra- 
bol H is used to indicate the operator { , HJ. What we have here is very remi- 
niscent of the Heisenberg picture in quantum mechanics where the u(2) become 
time-varying operators, whose time dependence is given in terms of expli H1/fi} 
in such a manner as to lead to the same equation of motion, Eq. (9.94). (The 
additional factor i /fi arises out of the correspondence between the classical Pois- 
son bracket and the quantum commutator.) The Poisson bracket formulation of 
mechanics is thus the classical analog of the Heisenberg picture of quantum me- 
chanics. 


9.7 i THE ANGULAR MOMENTUM POISSON BRACKET RELATIONS 


‘The identification of the canonical angular momentum as the generator of a rigid 
rotation of the system leads to a number of interesting and important Poisson 
bracket relations. Equations (9.103) for the change of a function u under an in+ 
finitesimai canonical transformation (on the “active” view) is also valid if u is 
taken as the component of a vector along a fixed axis in ordinary space. Thus, if 
F is a vector function of the system configuration, then (cf. Eq, (9.116) 


aF; = dal Fi, G). 


Note that the direction along which the component is taken must be fixed, that is, 
not affected by the canonical transformation. If the direction itself is determined 
in terms of the system variables, then the transformation changes not only the 
value of the function but the natare of the function, just as with the Hamiltonian, 
With this understanding the change in a vector F under a rotation of the system 
about a fixed axis n, generated by L - n, can be written in vector notation (cf. Eq. 
(9.415) 


OF = do{F.L- a}. (9.421) 


‘To put it in other words, Eq. (9.121) implies that the unit vectors I, J, k that form 
the basis set for F are not themselves rotated by L -n. 
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‘The words describing what is meant by Eq, (9.121) must be chosen carefully 
for another reason. What is spoken of is the rotation of the system under the LC.T., 
not necessarily the rotation of the vector F. The generator L + n induces a spatial 
rotation of the system variables, not for example of some external vector such asa 
magnetic field or the vector of the acceleration of gravity. Under what conditions 
then does L - n generate a spatial rotation of F? The answer is clear—-when F is 
a function only of the system variables (q, p) and does not involve any external 
quantities or vectors not affected by the LLC.T. Only under these conditions does a 
spatial rotation imply a corresponding rotation of F. We shail designate such vec- 
tors as system vectors. The change in a vector under infinitesimal rotation about 
an axis m has been given several times before (cf. Eq. (2.50) and Eq. (4.75): 


dk 


ndé x F. 


For a system vector F, the change induced under an LC.T. generated by Lm can 
therefore be written as 


aF = do[F, Ln} =ndé x F. (9.122) 


Equation (9,122) implies an important Poisson bracket identity obeyed by all sys- 
tem vectors: 


IF, L-nj=nxF. (9.123) 


Note that in Eq. (9.123) there is no longer any reference to a canonical transforma- 
tion or even to a spatial rotation. It is simply a statement about the value of certain 
Poisson brackets for a specific class of vectors and, as such, can be verified by 
direct evaluation in any given case. Suppose, for example, we had a system of an 
unconstrained particle and used the Cartesian coordinates as the canonical space 
coordinates. Then the Cartesian vector p is certainly a suitable system vector. lfn 
is taken as a unit vector in the z direction, then by direct evaluation we have 


Lex, ¥Py ~ yx] = — Py. 
{py. XPy ~ yPx] = Px, 
{Pe xPy ~ ypx} = 0. 


‘The right-hand sides of these identities is clearly the same as the components of 
nx p, as predicted by Eq. (9.123), 

On the other hand, suppose that in the same problem we tried to use for F the 
vector A = i(r x B) where B = Biis a fixed vector along the x axis. The vector 
A will be recognized as the vector potential corresponding to a uniform magnetic 
field B ia the x-direction. As A depends upon a vector external to the system, we 
would expect it not to fit the characteristics of a system vector and Eq. (9.123) 
should not hold for it. Indeed, we see that the Poisson brackets involved are here 
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£0. xpy ~ ypx} = 0, 
[es. xPy~ yes] =0, 

[-}8.<7y - yr] = ~}Bx, 


whereas the vector m x A has instead the components (~4 Bz, 0, 0). 

‘The relation (9.123) may be expressed in various notations. Perhaps the most 
advantageous is a form using the Levi-Civita density to express the cross product 
(cf. Eq. (4.77). The ith component of Eq. (9.123) for arbitrary n then can be 
written 


(Fi, Lyn} = 100) Fe, (9.124) 
which implies the simple result 
[Fi Lj) = eye Fie (9.125) 


An alternative statement of Eq. (9.125) is to note that if 1, m,n are three indices 
‘in cyclic order, then 


(Fi, Lm} = Fy, 1, m,n in cyclic order. (9.125') 


Another consequence of Eq. (9.123) relates to the dot product of two system 
vectors: F - G. Being a scalar, such a dot product should be invariant under rota- 
tion, and indeed the Poisson bracket of the dot product with L- mis easily shown, 
to vanish; 

{F-G,L-n} = F-{G.L-n}+G- {FL a} 
=F-nxG+G-axF 
=FenxG+F-Gxa 
=0. (9.126) 

‘The magnitude of any system vector therefore has a vanishing Poisson bracket 
with any component of L. 


Perhaps the most frequent application of these results arises from taking F to 
be the vector L, itself. We then have 
{L.L-nj=axb, 9.127) 
(hi, bj = eejeba, (9,128) 
and 


{22,L-aj =o. 9.129) 
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‘A number of interesting consequences follow from Eqs. (9.127) 


Ip. L-n]=axp 
{pie Ll = ijePe- 


If Ly and Ly are constants of the motion, Poisson's theorem then states that 
{Lx. Ly} = Lz is also 2 constant of the motion. Thus, if any two components of 
the angular momentum are constant, the total angular momentum vector is con- 
served. As a further instance, let us assume that in addition to L, and Ly being 
conserved there is a Cartesian vector of canonical momentum p with p, a con- 
stant of the motion. Not only is Lz conserved but we have two further constants 
of the motion: 


(pz, Led = py 
and 
[pa Ly] = ~ps, 
that is, both L and p are conserved. We have here an instance in which Poisson's 


theorem does yield new constants of the motion, Note, however, that if py, py, 
and L, were the given constants of the motion, then their Poisson brackets are 


{pes Py] =O, 
tps. Lil = —py, 
{py Le} = px. 


Here no new constants can be obtained from Poisson's theorem, 

Recali from the fundamental Poisson brackets, Eqs. (9.69), that the Pois- 
son bracket of any two canonical momenta must always be zero. But, from 
Eq, (9.128), L; does not have a vanishing Poisson bracket with any of the other 
components of L. Thus, while we have described L as the total canonical angular 
momentum by virtue of its definition as rj x p; (summed over all particles), 
‘no two components of L can simsltancously be canonical variables. However, 
Eg. (9.129) shows that any one of the components of L, and its magnitude £, can 
be chosen to be canonical variables at the same time.* 


‘“Ithas been remasked previously that the comespondence between quantum and classical mechanics is 
such thatthe quantum mechanical commutator goes over essentially into the classical Poisson bracket 
ask 0. Much of the formal stracture of quantum mechanics appears 2s a close copy of the Poisson 
bracket formulation of classical mechanics. AH the results of this section therefore have close quantum 
analogs. For examiple, the fact that wo components of L cannot be simultaneous canonical momenta 
appears as the well-known statement that L, and L; cannot have simullancous eigenvalues, But L? 
and any L, can be quantized together. Indeed, most of these zelations are known far better in their 
‘quantum form than as classical theorems. 
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SYMMETRY GROUPS OF MECHANICAL SYSTEMS 


Tt has already been pointed out that canonical transformations form a group. 
‘Canonical transformations that are analytic functions of continuous parameters 
form groups that are Lie groups. A Lie group with continuous parameters, 8, 
has associated with it a flat vector space whose basis vectors, 1), constitute a Lie 
algebra satisfying the previously given condition on the Poisson bracket 


fu usl = Soeijtus. 0.77) 
& 


‘The elements, Q(6;), of the associated Lie group are related to the elements of 
the Lie algebra by 


Q(6;) = exp G a) é (9,130) 


‘The definitions of Lie groups and Lie algebras are considered in more detail in 
Appendix B. 

In Chapter 4 of the first two editions of this text, an extensive discussion was 
given of the Pauli matrix representation of the rotational group in three dimensions 
where the Pauli matrices that form the basis, 


(01 _(0 -i fi 0 
%=N1 of %=Ni oft NO mt 
are both hermitian (the matrix is equal to its own transpose complex conjugate) 


and unitary (the transpose complex conjugate of the matrix is the inverse). These 
matrices have the properties* 


{61,05} = Bog 


for i, j, and k acyclic permutation of x, y, and z. The structure constants are thus 
cij* = 2ieje and o? = 1, the unit 2 x 2 matrix. The Buler angles can be used 
as the parameters that generate the group elements. For a rotation in the y-z plane 
we have, for example, 


cose isin’ 

te tO a a riaaar) 
(6) = Loos 5 + io; sins o @ con? 
isin 008 5 


‘*Some physicists define 2 Lic algebra with the expression (uj,u,} = iy cr," instead of 
Eq, (9.77). This makes the structure constants in the following discussion real. Many mathematicians 
omit the i = /—T in the definition. The present text follows the latter convention. 
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In this formalism, vectors are represented by 2 x 2 matrices of the form 


ye Yi 
Pe Native tev]! 


and a sotation is performed by a similarity transformation 
Vary) = QOVi2,y,2 0"), 


where Q7 is the adjoint, or complex conjugate transpose of the matrix Q. 

‘The 2 x 2 matrices Q are unitary with determinant +1, so they constitute a 
representation of the special unitary group in two dimensions, $U(2). The set 
of unitary 2 x 2 matrices with determinant either +1 or ~1 has twice as many 
elements (both infinite in number), which form the full unitary group U(2) in two. 
dimensions. This group of 2 x 2 rotatation matrices has the same properties as 
the group of the associated infinitesimal canonical transformations (1.C.T.). It is 
customary to work primarily with the LC.1’s as they are easier to handle, The 
Lie groups of 1.C.T.’s whose generators are the constants of the motion of the 
system are known as the symmetry groups of the system for, as we have seen, such 
transformations leave the Hamiltonian invariant. Finding the symmetry groups of 
a system goes a long way toward solving the problem of its classical motion and 
is even closer to a solution of the quantum-mechanical problem. 

A system with spherical symmetry is invariant under rotation about any axis, 30 
it can be represented by the group SU(2) as discussed above. Of more practical use 
is the set of the usual 3 x3 rotation matrices with determinant +-1, which represent 
the special rotation group in three dimensions R(3) s SO(3). The vector L is 
conserved in such a system in accord with our identification of the components of 
Las the generators of spatial rotations. For the group of transformations generated 
by L;, Eq. (9.128) shows that the structure constants are cjj* = jx, and it is this 
relationship that stamps the group as being the rotation group in three dimensions. 
‘Thus, the matrix generators M; of infinitesimal rotations, Eqs. (4.79), have been 
seen to obey the commutation relations, Eq. (4.80), 


IM; Mj] = €ij2Mx, (4.80) 


that is, with the same structure constants as for L;. The quantities L; and My 
are different physically; the brackets in Eqs. (9.125) and (4.80) refer to different 
operations (although they share the same significant algebraic properties). But 
the identity of the structure constants for L; and M; (cf. Eqs. (9.128) and (4.80) 
shows that they have the same group structure, that of SOG). 

For the bound Kepler problem, we have seen (Section 3.9) that there exists 
in addition to L another conserved vector quantity, A, the Laplace-Runge-Lenz 
vector defined by Eq. (3.82) 


Az prise, 3.82) 
7 
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‘The Poisson bracket relations of the components of A with themselves and with 
the components of 1. can be obtained in a straightforward manner. Since A clearly 
qualifies as a system vector, we immediately have the bracket relations 

[Ai Lil = eije Ac. 9.131) 
The Poisson brackets of the components of A among themselves cannot be. ob- 
tained by any such simple stratagem, but after a fair amount of tedious manipula- 
tion it is found that* 


(9.132) 


"The quantity on the right in the parentheses will be recognized as 2mH, which 
has the conserved value 2mE. If we therefore introduce a new constant vector D 
defined as 


A_ A 
V=imE © S3mi\B} 


(note that E is negative for bound motion!), then the components of D satisfy the 
Poisson bracket relation 


D (9.133) 


{Dj, D2} = La. 


By cyclically permuting the indices, the complete set of Poisson brackets follows 
immediately. Thus, the components of L and D together form a Lie algebra for the 
bound Kepler problem, with structure constants to be obtained from the identities, 


{LL} = eile, (9.128) 

{Dj, Ly} = €ijk Di, (9.134) 
and 

{Dj, Dy = eigebr- (9.138) 


‘An examination of the fundamental matrices for rotation will show that the 
symmetry group for the bound Kepler problem is to be identified with the group 
of four-dimensional real proper rotations, called the special orthogonal group of 
dimension 4, which is usually designated as SO(4) or R(4). Such a transformation 
preserves the value of the scalar quadratic form x,x,, where all the x, are real. 
‘An orthogonal transformation in four dimensions has 10 conditions on the 16 el- 


Some reduction in the length ofthe derivation is obtained by identifying p x L as a system vector C, 
and first evaluating the Poisson brackels (Cy, (p x Ez} and [Cy r/r] making use of the fundamental 
Poisson brackets and Hgs. (9.125) to the uimost. 
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ements of the matrix with determinant +1, so only 6 are independent. By looking 
on the infinitesimal transformation as being made up of a sequence of rotations in 
the various planes, we can easily obtain the corresponding six generators. Three 
of them are rotations in the thtee distinct x;-x, planes and so correspond to the M; 
generators of Eqs. (4.79), except that there are added zeros in the zeroth row and 
column, The remaining three generate infinitesimal rotations in the xo-x, planes. 
‘Thus, the generator matrix for an infinitesimal rotation in the xo-x, plane would 
be 


Ny = 


6 
oO 
0 (9.136) 
a 


ono 
eco 
2200 


with Nz and N3 given in corresponding fashion. Direct matrix multiplication 
shows that these six matrices satisfy the commutator (or Lie bracket) relations 


(Mi, Mj) = eijaMe, 
IN), My] = exxNe. 
IN) Ny] = €ijaMa, 


with structure constants cj* = «jx. Since these are the same as the Poisson 
bracket relations, Eqs. (9.128), (9.134), and (9.135), the identification of the sym- 
metry group of the bound Kepler problem with R(4) is thus proven. 

Note that for the Kepler problem with positive energy (that is, scattering) A is 
still a constant of the motion,* but the appropriate reduced real vector, instead of 
D, is C defined as 

A 


= (9.137) 
Yin ei: 


and the Poisson bracket relations for L and C are now 


(i. Ls) = eyjnbe, 
(Ci, Ly) = Gija Ces (9.138) 
1C,. Cj] = manga ln. 


These structure constants are the same as for the restricted Lorentz group, which 
must therefore be the symmetry group for the positive energy Kepler problem—in 
nonrelativistic mechanics. We must not read any kinship of physical ideas into this, 
happenstance. The Kepler problem does not contain in it the seed of the basic con- 
ceptions of special relativity; it is purely a problem of nonrelativistic Newtonian 
mechanics. That the symmetry group may involve a space of higher dimension 
than ordinary space is connected with the fact that the symmetry we seek here 


‘*The arguments of Section 3.9 are independent of the sign of either E or the force constant k. 
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is one in the six-dimensional phase space. ‘The symmetry group consists of the 
canonical transformations in this space that leave the Hamiltonian unchanged. It 
should not be surprising therefore that the group can be interpreted in terms of 
transformations of spaces of more than three dimensions, 

The two-dimensional isotropic harmonic oscillator is another mechanical sys~ 
tem for which a symmetry group is easily identified. In Cartesian coordinates, the 
Hamiltonian for this system may be written as 


Pr weet Pe Be env ae ES Re 
H = spe t moe") + 5 (py + miwiy’). (9.139) 


As it doesn’t depend on time explicitly, the Hamiltonian is constant and is equal 
to the total energy of the system. The z axis is an axis of symmetry for the system, 
and hence the angular momentum along that axis (which is in fact the total angular 
momentum) is also a constant of motion: 


L = xpy ~ yPr- (9.140) 


Further constants of the motion exist for this problem that can be written as com- 
ponents of a symmetrical two-dimensional tensor A defined as 


1 
Ais = (Pipi + ma? xix;). (9.141) 


Of the three distinct elements of the tensor, the diagonal terms may be identified 
ag the energies associated with the separate one-dimensional motions along the 
x and y axes, respectively. Physically, as there is no coupling between the two 
motions, the two energies must separately be constant. A little more formally, it 
is obvious from the way in which H has been written in Eq. (9.139) that Ai) 
and Az each have a vanishing Poisson bracket with . The off-diagonal element 
of A, 


i 
Ann = Ani = 5 PePy tra? xy), (9.142) 
is a little more difficutt to recognize. That it is a constant of the motion may easily 
‘be seen by evaluating the Poisson bracket with H. In relation to the separate x and 
y motions, Aj) and Az» are related to the amplitudes of the oscillations, whereas 


Ap is determined by the phase difference between the two vibrations. Thus, the 
solutions for the motion can be written as 


2An 
(=F sin(wt +64), 
_ [Pha g 
2 eae sinfwt + 62), 
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and it then follows from Bq. (9.142) that 


Ay = Van An cos ~ 6). (9.343) 


‘The trace of the A tensor is the total energy of the harmonic oscillator. Out of 
the elements of the matrix, we can form two other distinct constants of the motion, 
which it is convenient to write in the form 


AntAn i 
Sy= SBS She —<(PxPy + marry), (9.144) 
aw ABCA.) fon Py2(y? = x2 
Sx 7 ~ [P Pt mo vy]. (9.145) 


‘To these we may add a third constant of the motion from Eq. (9.140): 


1 
= gery ~ YPx)- (9.146) 


The quantities 5; plus che total energy H form four algebraic constants of the 
motion not involving time explicitly. It is clear that not all of them can be inde- 
pendent, because in a system of two degrees of freedom there can at most be only 
three such constants. We know that the orbit for the isotropic harmonic oscillator 
is an ellipse and three constants of the motion are needed to describe the param- 
eters of the orbit in the plane—say, the semimajor axis, the eccentricity, and the 
orientation of the ellipse. The fourth constant of motion relates to the passage of 
the particie through a specific point at a given time and would therefore be explic- 
itly time dependent. Hence, there must exist a single relation connecting S; and 
H. By direct evaluation it is easy to show that* 


H 
S+3+3= 55. (9.147) 


By straight forward manipulation of the Poisson brackets, we can verify that 
the three S; quantities satisfy the relations 


(9.148) 


‘These ate the same relations as for the three-dimensional angular momentum vec- 
tor, or for the generators of rotation in a three-dimensional space. The group of 
transformations generated by S, may therefore be identified with R(3) or SOG). 
Actually, there is some ambiguity in the identification. 


"An equivalent form of the condition Eq. (9.147) is that the determinant of A is L7a77/4. It will be 
recalled that similarly in the case of the Keplee problem, the components of the new vector constant 
of motion A were not all independent of the other constants of the motion. There exist indeed two 
relations linking A, L, and H, Bgs. G.83) and 3.87), 
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‘There is a homomorphism (in this case, a2 to 1 mapping) between the orthog- 
‘onal unimodular group SO(3) also called the rotation group R(3) in three dimen- 
sions and the unitary unimodular group* SU(2) in two dimensions. It turns out 
that SU(2) is here more appropriate. To glimpse at the circumstances justifying 
this choice, note that Eq. (9.147) suggests there is a three-dimensional space, each 
point of which corresponds to a particular set of orbital parameters. For a given 
system energy, Eq. (9.147) says the orbit “points” in this space lie on a sphere. 
‘The constants 5; generate three-dimensional rotations on this sphere; that is, they 
change one orbit into another orbit having the same energy. It may be shown that 
‘S generates a transformation that changes the eccentricity of the orbit and that 
for any given final eccentricity we can find nvo transformations leading to it, itis 
this double-valued quality of the transformation that indicates SU(2) rather than 
S03) is the correct symmetry group for the two-dimensional harmonic oscilla- 
tor. 

For higher dimensions, the structure constants of the Lie algebras of the SO() 
rotation groups and the SU(n) unitary groups are no longer identical, and a clear- 
cut separation between the two can be made. For the three-dimensional isotropic 
harmonic osciilator, there is again a tensor constant of the motion defined by 
Eq. (9.141), except that the indices now run from | to 3. The distinct components 
‘of this tensor, together with the components of L now satisfy Poisson bracket rela~ 
tions with the rather complicated structure constants that belong to SU(3). Indeed, 
it is possible to show that for the n-dimensional isotropic harmonic oscillator the 
symmetry group is SU(m). 

I has previously been pointed out in Section 3.9 that there exists a connection 
‘between the existence of additional algebraic constants of the motion—-and there- 
fore of higher-symmetry groups—and degeneracy in the motions of the system. 
In the case of the Kepler and isotropic harmonic oscitlator problems, the addi- 
tional constants of the motion are related to parameters of the orbit. Uniess the 
orbit is closed, that is, the motion is confined to a single curve, we can hardly 
talk of such orbital parameters. Only when the various components of the mo- 
tion have commensurate periods will the orbit be closed. The classic example 
is the two-dimensional anisotropic oscillator. When the frequencies in the x and 
y directions are rational fractions of each other, the particle traverses a closed 
Lissajous figure. But if the frequencies are incommensurate, the motion of the 
particle is space-filling or ergodic, eventually coming as close as desired to any 
specific point in the rectangle defined by the energies of motion in the two direc- 
thons (ergotic hypothesis). Attempts at finding complicated (and perhaps complex) 
symmetry groups for incommensurate systems, applicable to all problems of the 
same number of degrees of freedom, have not yet proved fruitful. We shall have 
occasion in Section 13.7 to consider further the relation between symmetry and 
invariance when we discuss Noether’s theorem which gives a formal proof of the 
relation between invariance and conserved quantities. 


YA matris is unitary if its inverse is its wanspose complex conjugate, and a unimodular mamrix is one 
whose determinant is +1, 
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As a final application of the Poisson bracket formalism, we shall briefly discuss 
a fundamental theorem of statistical mechanics known as Liouville’s theorem. 
While the exact motion of any system is completely determined in classical me- 
chanics by the initial conditions, it is often impracticable to calculate an exact 
solution for complex systems. It would be obviously hopeless, for example, to 
calculate completely the motion of some 10% molecules in a volume of gas. In 
addition, the initial conditions are often only incompletely known. We may be 
able to state that at time ‘ a given mass of gas has a certain energy, but we can- 
not determine the initial coordinates and velocities of each molecule. Statistical 
mechanics therefore makes no attempt to obtain a complete solution for systems 
containing many particles. Its aim, instead, is to make predictions about certain 
average properties by examining the motion of a large number of identical sys- 
tems, 'The values of the desired quantities are then computed by forming averages 
‘over all the systems in the ensemble. All the members of the ensemble are as like 
the actual systems as our imperfect knowledge permits, but they may have any of 
the initial conditions that are consistent with this incomplete information. Since 
each system is represented by a single point in phase space, the ensemble of sys 
tems corresponds to a swarm of points in phase space. Liouville’s theorem states 
that the density of systems in the neighborhood of some given system in phase 
space remains constant in time. 

‘The density, D, as defined above can vary with time through two separate 
mechanisms. Since it is the density in the neighborhood of a given system point, 
there will be an implicit dependence as the coordinates of the system (qi, p:) vary 
with time, and the system point wanders through phase space. There may also be 
an explicit dependence upon time. The density may still vary with time even when 
evaluated at a fixed point in phase space. By Eq, (9.94), the total time derivative 
of D, due to both types of variation with time, can be written as 


dD aD 

= — (9.349) 

a [D, HI+ a (9.149) 
where the Poisson bracket arises from the implicit dependence, and the last term 
from the explicit dependence. 


The ensemble of system points moving through phase space behaves much like 
a fluid in a multidimensional space, and there are numerous similarities between 
our discussion of the ensemble and the well-known notions of fluid dynamics, In 
Eq. (9.149), the total derivative is a derivative of the density as we follow the mo- 
tion of a particular bit of the ensembie “fluid” in time. It is sometimes referred to 
as the material or hydrodynamic derivative. On the other hand, the partial deriva- 
tive is at fixed (g, p); it is as if we station ourselves at a particular spot in phase 
space and measure the time variation of the density as the ensemble of system 
points flows by us. These two derivatives correspond to two viewpoints frequently 
used in considering fluid flow. The partial derivative at a fixed point in phase space 
is in line with the Eulerian viewpoint that looks on the coordinates solely as iden- 
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tifying a point in space. The total derivative fits in with the Lagrangian picture 
in which individual particles are followed in time; the coordinates in effect rather 
identify a particle than a point in space, Basically, our consideration of phase 
space has been more like the Lagrangian viewpoint; the collection of quantities 
(q, P) identifies a system and its changing configuration with time. 

Consider an infinitesimal volume in phase space surrounding a given system 
point, with the boundary of the volume formed by some surface of neighboring 
system points at the time ¢ = 0. Note that the surface of the volume is one- 
dimension less than the volume. In the course of time, the system points defining 
the volume move about in phase space, and the volume contained by them will 
take on different shapes as time progresses. The dashed curve in Fig, 9.4 indicates 
the evolution of the infinitesimal volume with time. It is clear that the number 
of systems within the volume remains constant, for a system initially inside can 
never get out, If some system point were to cross the border, it would occupy at 
some time the same position in phase space as one of the system points defining 
the boundary surface. Since the subsequent motion of a system is uniquely deter- 
mined by its location in phase space at a particular time, the two systems would 
travel together from there on. Hence, the system can never leave the volume. By 
the same token, a system initially outside can never enter the volume. 

It has been shown that on the active picture of a canonical transformation, the 
motion of a system point in time is simply the evolution of a canonical transfor- 
snation generated by the Hamiltonian. The canonical variables (g, p) at time 2, as 
shown in Fig. 9.4, are related to the variables at time f; by a particular canonical 
transformation. The change in the infinitesimal volume element about the system 
point over the time interval is given by the same canonical transformation. Now, 
Poincaré’s integral invariant, Eq. (9.86), says that a volume element in phase space 
is invariant under a canonical transformation. Therefore, the size of the volume 
element about the system point cannot vary with time. 

Thus, both the number of systems in the infinitesimal region, dN, and the 
volume, dV, are constants, and consequently the density 
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FIGURE 9.4 Motion of a volume in two-dimensional phase space. 
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which proves Liouville’s theorem. An alternative statement of the theorem follows 
from Eq. (9.149) as 


aD 
eet ~{D, 4}. (9.3450) 
‘When the ensembie of systems is in statistical equilibrium, the number of sys 
tems in a given state must be constant in time, which is to say that the density 
of system points at a given spot in phase space does not change with time, The 
variation of D with time at a fixed point corresponds to the partial derivative with 
respect to 1, which therefore must vanish in statistical equilibrium. By Bq. (9.150), 
it follows that the equilibrium condition can be expressed as. 


{D. H]=0. 


‘We can ensure equilibrium therefore by choosing the density D to be a function 
of those constants of the motion of the system not involving time explicitly, for 
then the Poisson bracket with H must vanish. Thus, for conservative systems D 
can be any function of the energy, and the equilibrium condition is automatically 
Satisfied. The characteristics of the ensemble will be determined by the choice of 
function for D. As an example, one well-known ensemble, the microcanonical 
ensemble, occurs if D is constant for systems having a given narrow energy range 
and zero outside the range. 

The considerations have been presented here to illustrate the usefulness of the 
Poisson bracket formulation in classical statistical mechanics. Further discussion 
of these points would carry us far outside our field. 


DERIVATIONS 


1. One of the attempts at combining the two sets of Hamition's equations into one tries to 
take g and p as forming a complex quantity. Show directly from Hamilton’s equations 
‘of motion that for a system of one degree of freedom the transformation 


Q=qtip, = P=Q 


isnot canonical if the Hamiltonian is ieft unaltered. Can you find another set of coordi- 
nates Q’, P’ that are related to Q, P by a change of scale only, and that are canonical? 
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2. Show thatthe transformation for a system of one degree of freedom, 


Q= qcosa— psina, 


P =qsine + peosa, 


satisfies the symplectic condition for any value of the parameter a. Find a generating 
function for the transformation. What is the physical significance of the transformation 
for a = 0? For a = x/2? Does your generating function work for both of these cases, 


3. In Section 8.4 some of the problems of treating time as one of the canonical variables 
are discussed. If we are able to sidestep these difficulties, show that the equations of 
transformation in which # is considered a canonical variable reduce to Eqs. (9.14) if 
in fact the transformation does not affect the time scale. 


4. Show directly that the transformation 


1 


o=tee( snp) P = qootp 


q 
is canonical. 


5, Show directly that for a system of one degree of freedom the transformation 
2 2 
a9 ag P 
sarctan——, Pm mmm 1b 
Bee eae lita) 


is canonical, where a is an arbitrary constant of suitable dimensions. 
6, The transformation equations between two sets of coordinates are 


Q = log) +q'/ 00s p), 


P= 2144"? cos pg!” sin p, 


(a) Show directly from these transformation equations that Q, P are canonical vari- 
ables if g and p are, 
(b) Show that the function that generates this transformation is 


Fy = ~(e2 — 1)? tan p. 


7, (a) If each of the four types of generating functions exist for a given canonical trans- 
formation, use the Legendre transformation to derive relations between them, 

(b} Find a generating function of the Fg type for the identify transformation and of 
the Ps type for the exchange transformation. 

(©) For an orthogonal point transformation of g in a system of n degrees of freedom, 
show that the new momenta are likewise given by the orthogonal transformation 
of an n-dimensional vector whose components are the old momenta pius a gradi- 
ent in configuration space. 

8 Prove directiy that the transformation 
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Bad Py=pi~2pr. 
Q2= p2, Po -2g~ a2 
is canonical and find s generating function. 


9. (a} For a single particle show directly (that is, by direct evaluation of the Poisson 
brackets), that if w is a scalar function only of r?, p?, and r « p, then 


[aL] =0. 
(®) Similarly show directly that if F is a vector function, 
F=ur+vp+ w(t xp), 
‘where u, v, and w are scalar functions of the same type as in part (8), then 
Fi. Lj} = ipa Fe. 
10. Find under what conditions: 
=F. paps, 
where a and 8 are constants, represents a canonical transformation for a system of 


one degree of freedom, and obtain a suitable generating function. Apply the transfor- 
‘mation to the solution of the linear harmonic oscillator, 


11, Determine whether the transformation 

Pin Pr 

ar-a 
P2~ UPS 

ao 


Qs = 9192, Pps +1, 


Qe=n +9. ~ 2491) 


is canonical. 
12. Show that the direct conditions for a canonical condition are given immediately by 
the symplectic condition expressed in the form 
IM=M7}y. 


13, The set of restricted canonical transformations has 8 group-property. Verify this state- 
meng once using the invariance of Hamilton's principle under canonical transforma- 
tion (cf. Eq. (9.11), and again using the symplectic condition. 


14. Prove that the transformation 
=a. Q2 = qasecp2, 


a BRR, asin - 2 


is canonical, by any method you choose. Find 4 suitable generating function that will 
lead to this wansformation. 
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15. (2) Using the fundamental Poisson brackets find the values of a and # for which the 
equations 
G= a cospp, P=q*sinfp 


represent a canonical transformation. 
{b) For what values of a and f do these equations represent an extended canonical 
transformation? Find a generating function of the 3 form for the transformation, 


(c) On the basis of part (b), can the transformation equations be modified so that they 
describe 3 canonical transformation for all values of 6? 


16, For a symmetric rigid body, obtain formulas for evaluating the Poisson brackets 
1. FOO) We fO.O.Wl 


where 8, 9, and y are the Euler angles, and f is any arbitrary function of the Ruler 
angles. 


17. Show that the Jacobi identity is satisfied if the Poisson bracket sign stands for the 
commutator of two square matrices: 


{A, B] = AB ~ BA. 
‘Show also that for the same representation of the Poisson bracket that 
[A, BC] = [A, BIC + BIA, C}. 


18. Prove Eg, (9.83) using the symplectic matrix notation for the Lagrange and Poisson 
brackets. 


19. Verify the analog of the Jacobi identity for Lagrange brackets, 


{u,v} | Ofv,w) | aw, a) 
“te ae tee 


where u, v, and w are three functions in terms of which the (q, p) set can be specified, 


20. (a) Verify that the components of the two-dimensional matrix A, defined by Eq. 
9.141), are constants of the motion for the two-dimensional isotropic harmonic 
oscillator problem. 

(b) Verify shat the quantities 5}, i = 1, 2, 3, defined by Eas. (9.144), (9.145), (9.146), 
have the properties stated in Egs. (9.147) and (9.148). 


EXERCISES 


24. (a) For a one-dimensional system with the Hamiltonian 
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sbow that there is a constant of the motion 
D= a ~ Ht, 
{b) As a generalization of part (a), for motion in a plane with the Hamiltonian 


H =Ipl" -ar™*, 


where p is the vector of the momenta conjugate to the Cartesian coordinates, show 
that there is a constant of the motion 


{e) The transformation Q = Aq, p = AP is obviously canonical, However, the same 
tvansformation with ¢ time dilatation, @ = Ag, p = XP, 0’ = 1, is not. Show 
that, however, the equations of motion for g and p for the Hamiltonian in part (a) 
ace invariant under this transformation. The constant of the motion D is said to be 
associated with this invariance, 


. For the point transformation in a system of two degrees of freedom, 


Q=q Q=a+a 


find the most general transformation equations for P; and Pz consistent with the over- 
all transformation being canonical. Show thet with a particular choice for P, and Pp 
the Hamiltonian 


2 
= (2m 2 
a=( i Yi pasta +n) 


can be transformed to one in which both Qj and Q» are ignorable. By this means 
solve the problem and obtain expressions for g3, q2, Pi, and p2. as functions of time 
and their initial values. 


By any method you choose, show that the following transformation is canonical: 
i © ow 
x=z(V2FisinQi+ he), — px =F (v2P 1008) ~ Q2), 
1 « ; 
y= 5 (ViFicosQ;+ 02). py = ~F (VER sings ~ 2), 
where a is some fixed parameter. 
Apply shis transformation to the problem of a particle of charge moving in a plane 


that is perpendicular to a constant magnetic field B, Express the Hamiltonian for this 
problem in the (Q;. P;) coordinates fetting the parameter « take the form 


9B 
maa 


From this Hamiltonian, obtain the motion of the particle as a function of time. 
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24, {a) Show that the transformation 


a Po ieg 
Ba 


Q=ptiag, 


is canonical and find a generating function. 
(b) Use the transformation to solve the linear harmonic oscillator problem. 
25. (a) The Hamiltonian for a system has the form 


Find the equation of motion for g. 
(b) Find 3 canonical transformation that reduces H to the form of a harmonic oscilla- 
tor. Show that the solution for the transformed variables is such that the equation 

‘of motion found in part (@) is satisfied. 

26, A system of n particles moves in a plane under the influence of interaction forces 
derived from potential terms depending only upon the scalar distances between parti- 
cles. 

(a) Using plane polar coordinates for each particle (relative to a common origin), 
‘identify the form of the Hamiltonian for the system. 

(b) Find a generating function for the canonical transformation that comesponds to @ 
transformation t0 coordinates rotating in the plane counterclockwise with @ uni- 
form angular rate «(the same for all particles). What are the transformation equa- 
tions for the moments? 

(©) What is the new Hamiltonian? What physical significance can you give to the 
difference between the old and the new Hamiltonians? 


27. (a) In the problem of smail oscillations about steady motion, show that at the point 
of steady motion all the Hamiltonian variables w are constant, If the values for 
steady motion ae mo so that m = mp + &, show that 10 the lowest nonvanishing 
Approximation the effective Hamiltonian for small oscillation can be expressed as 


Hla, 0) = 5886, 


where S is a square matrix with components that are functions of mo only, 

(b) Assuming ail frequencies of small oscillation are distinct, let M be a square 2n x 
2n matrix formed by the components of a possible set of eigenvectors (for both 
positive and negative frequencies). Only the directions of the eigenvectors are 
fixed, not their magnitudes. Show that it is possible to apply conditions to the 
eigenvectors (in effect fixing their magnitudes) that make M the Jacobian matrix 
of a canonical transformation. 

(©) Show that the canonicat transformation so found transforms the effective Hamnil- 
tonian to the form 


H = ie0j4;Pj. 


where or; is the magnitude of the normal frequencies. What are the equations of 
motion in this set of canonical coordinates? 
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{d) Finally, show that 


5g P/E = baja? 
FragiPyty oy as 

Jeads to a canonical transformation that decomposes H into the Hamiltonians for 

.set of uncoupled linear barmonic oscillators that oscillate in the normal modes. 


2B. A chasged particle moves in space with a constant magnetic field B such that the 
vector potential, A. is 


A=j@xn 


(a) If vj are the Cartesian components of the velocity of the particle, evaluate the 
Poisson brackets 


foo ix 7 =1,23. 


(b) If pj is the canonical momentum conjugate to 2}. also evaluate the Poisson brack- 
ets 


ful (pee vyh 
bei. By Pir By) 


29, ‘The semimsjor axis a of the elliptical Kepler orbit and the eccenticity ¢ are functions 
of frst integrals of the motion, and therefore of the canonical variables. SimiJarly, the 
tnean anomaly 


oC ~T) = y~esiny 


fs a function of r, 8, and the conjugate momenta. Here T is the time of periapsis 
passage and is 8 constant of the motion. Evaluate the Poisson brackets that can be 
formed of a, ¢, @, «7, and T. There are in fact only nine nonvanishing distinct Poisson 
brackets out of these quantities. 


30. (a) Prove that the Poisson bracket of two constants of the motion is itself a constant 
of the motion even when the constants depend upon time explicitly. 

()) Show that if the Hamiltonian and a quantity F are constants of the motion, then 
the nth partial derivative of F with respect to ¢ must also be a constant of the 
motion. 

(©) As an illustration of this result, consider the uniform motion of a free particle of 
sass m. The Hamiltonian is certainly conserved, and there exists a constant of the 
motion 


‘Show by direct computation that the partial derivative of F with 2, which is a 
constant of the motion, agrees with [H, F} 


34. Show by the use of Poisson brackets that for a one-dimensional harmonic oscillator 
there is a constant of the motion # defined as 


Gq. p.t) = Inlp + im wg) ~ toot, ox ye. 
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4 


‘What is the physical significance of this constant of the motion? 


. A system of two degrees of freedom is described by the Hamiltonian 


H = q1Pi — 9292 ~ ag + ba}. 
Show that 


PENT and P= onan 
2 


R 


are constants of the motion. Are there any other independent algebraic constants of 
the motion? Can any be constructed from Jacobi's identity? 


Set up the magnetic monopole described in Exercise 28 (Chapter 3) in Hamiltonian 
formulation (you may want to use spherical polar coordinates). By teans of the Pois» 
son bracket formulation, show that the quantity D defined in that exercise is con- 
served. 


‘Obtain the motion in time of linear harmonic oscillator by means of the forma 
solution for the Poisson bracket version of the equation of motion as derived from 
Eq. (9.116), Assume that at time ¢ = 0 the initial values are xq and pp. 


A particle moves in one dimension under a potential 


Find x as a function of time, by using the symbolic solution of the Poisson bracket 
form for the equation of motion for the quantity y =: x”. Initial conditions are that at 
t= 0,x =x, and v= 0. 


{a) Using the theorem conceming Poisson brackets of vector functions and compo- 
nents of the angular momentum, show that if F and G are two vector functions of 
the coordinates and momenta only, then 


[FL GL =b-G x P+ L:L){F),G)) 


(b) Let 1 be the total angular momentum of a rigid body with one point fixed and 
let Ly be its component along a set of Cartesian axes fixed in the rigid body. By 
‘means of part (a) find a general expansion for 


(yeby) wv = 4,23. 


(Hint: Choose for F and G unit vectors along the 4c and v axes.) 

{e} From the Poisson bracket equations of motion for £,, derive Euler's equations of 
motion for a rigid body. 

Set up the problem of the spherical pendulurn in the Hamiltonian formulation, using 


spherical polar coordinates for the g;. Evaluate directly in terms of these canonical 
varlables the following Poisson brackets: 
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showing that they bave the values predicted by Bq, (9.128). Why is it that pp and py 
can be used as canonical momenta, although they are perpendicular components of 
the angular momentum? 


38. In Section 9.7, it is shown that if any two components of the angular momentum are 
conserved, then the total angular momentum is conserved. If two of the components 
are identically zero, the third must be conserved. From this it would appear to fotlow 
that in any motion confined to s plane, so that the components of the angular mo- 
‘mentum in the plane are zero, the total angular momentum is constant. There appear 
10 be a number of obvious contradictions to this prediction; for example, the angular 
momentum of an oscillating spring in a watch, or the angular momentum of a plane 
disk rolting down an inclined plane all in the same vertical plane. Discuss the force of 
these objections and whether the statement of the theorem requires any restrictions, 


39. (a) Show from the Poisson bracket condition for conserved quantities that the 
Laplace-Runge-Lenz vector A, 


mke 
Aapxi~ =, 
is a constant of the motion for the Kepler problem. 
(b) Verify the Poisson bracket relations for the components of A as given by 
Eq. 9.131). 

40. Consider a system that consists of a rigid body in three-space with one point fixed. 
Using cylindrical coordinates find the canonical transformation corresponding to new 
axes rotating about the z-axis with an arbitrary time-dependent angular velocity. Ver- 
ify that your proposed solution is canonical. 


41, We start with a time independent Hamiltonian Hlo(q. p) and impose an external oscit- 
lating field making the Hamiltonian 


H = Ho(g, p)~ esinot 


‘where ¢ and o are given constants. 

(a) How are the canonical equations modified? 

(®) Find a canonical transformation that restores the canonical form of the equations 
of motion and determine the “new” Hamiltonian 

(©) Give a possible physical interpretation of the imposed field. 
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10.1 


Hamilton-Jacobi Theory and 
Action-Angle Variables 


Ithas already been mentioned that canonical transformations may be used to pro- 
vide a general procedure for solving mechanical problems, Two methods have 
been suggested. If the Hamiltonian is conserved, then a solution could be obtained 
by transforming to new canonical coordinates that are all cyclic, thereby provid- 
ing new equations of motion with trivial solutions. An alternative technique is to 
seek a canonical transformation from the coordinates and momenta, (q, p), at the 
time f, to @ new set of constant quantities, which may be the 2n initial values, 
(go, Po), at ¢ = 0. With such a transformation, the equations of transformation 
relating the old and new canonical variables are exactly the desired solution of the 
mechanical problem: 


4 = GG. Pot), 
P= P(Go. Port). 


‘They give the coordinates and momenta as a function of their initial values and the 
lime. This last procedure is the more general one, especially as it is applicable, in 
principle at least, even when the Hamiltonian involves the time. We shall therefore 
begin our discussion by considering how such a transformation may be found. 


THE HAMILTON-JACOBI EQUATION 
FOR HAMILTON’S PRINCIPAL FUNCTION 


‘We can automatically ensure that the new variables are constant in time by requir- 
ing that the transformed Hamiltonian, K, shall be identically zero, for then the 
equations of motion are 


(10.1) 


‘As we have seen, K must be related to the old Hamiltonian and to the generating 
function by the equation 
ar 


Kota. 
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and hence will be zero if F satisfies the equation 


(10.2) 


ar 
AG p+ Fy =. 


Itis convenient to take F as a function of the old coordinates qs, the new constant 
momenta P;, and the time; in the notation of the previous chapter we would desig- 
nate the generating function as F(g, P, ). To write the Hamiltonian in Eq. (10.2) 
as a function of the same variables, use may be made of the equations of transfor 
mation (cf. Eq. (9.17a)), 


so that Eq. (10.2) becomes 


oi) 2B wo, 403) 


9g" Bgn* a 


Equation (10.3), known as the Hamilton-Jacobi equation, constitutes @ partial 
differential equation in (n+ 1) variables, q1,....gni t, for the desired generating 
function. It is customary to denote the solution F2 of Eq. (10.3) by S and to call 
it Hamilton's principal function. 

Of course, the integration of Eq. (10.3) only provides the dependence on the 
old coordinates and time; it would not appear to tell how the new momenta are 
contained in S. Indeed, the new momenta have not yet been specified except that 
we know they must be constants. However, the nature of the solution indicates 
how the new P;'s are to be selected, 

Mathematically Bq. (10.3) has the form of a first-order partial differential equa~ 
tion in n + 1 variables, Suppose there exists a solution to Bq. (10,3) of the form 


8 (a1 


Fy SS = SQi, Gn Wty Ong (10.4) 


where the quantities 1, ..., 0.41 aren +1 independent constants of integration, 
Such solutions are known as complete solutions of the first-order partial differen- 
tial equation.* One of the constants of integration, however, is in fact irrelevant to 
the solution, for it will be noted that S itself does not appear in Eq, (10.3); only 
its partial derivatives with respect to q or # are involved. Hence, if $ is some so- 
lution of the differential equation, then S + a, where aris any constant, must also 
be a solution. One of the n + 1 constants of integration in Eg. (10.4) must there- 
fore appear only as an additive constant tacked on to S, But by the same token, 
an additive constant has 20 importarice in a generating function, since only par- 
tial derivatives of the generating function occur in the transformation equations. 


‘Equation (10.4) is not the only type of solution possible for Eq. (10.3). The most general form 
‘of the salution iavalves one or more arbitrary functions rather than arbitrary constants, Nor is there 
necessatily a unique solusion of the form (10.4). There may be several coraplete solutions fer the given 
‘equation, But all that is important for the subsequent argoment is that there exist @ complete solution. 
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Hence, for our purposes a complete solution to Eq. (10.3) can be written in the 
form 


SSG oda Hy nie 0.5) 


‘where none of the n independent constants is solely additive. In this mathematical 
garb, S tallies exactly with the desired form for an F type of generating func~ 
tion, for Eg. (10.5) presents § as a function of NV coordinates, the time #, and n 
independent quantities a. We are therefore at liberty to take the n constants of 
integration to be the new (constant) momenta: 


Py ay. (10.6) 


Such a choice does not contradict the original assertion that the new momenta 
are connected with the initial values of g and p at time fo. The 7 transformation 
equations (9.178) can now be written as 


8S, a, t) 
aq" 


where g, a stand for the complete set of quantities. At the time to, these constitute 
rn equations relating the n a’s with the initial q and p values, thus enabling us to 
evaluate the constants of integration in terms of the specific initial conditions of 
the problem. The other half of the equations of transformation, which provide the 
‘new constant coordinates, appear as 


(10.7) 


a 98, 0,1) 
ace haa 


Qi = By (10.8) 


‘The constant 6's can be similarly obtained from the initial conditions, simply by 
calculating the value of the right side of Eq. (10.8) at ¢ == fo with the known initial 


values of g;. Equations (10.8) can then be “turned inside out” to furnish q, in 
terms of @, 8, and t: 


gj = 900, 8.0), (10.9) 


which solves the problem of giving the coordinates as functions of time and the 
initial conditions.* After the differentiation in Eqs. (10.7) has been performed, 


**As a mathematical pois, it may be questioned whether the process of “tuming inside out” is feasible 
for Eqs. (10.7) and (10.8), thats, whether they can be solved for a; and q,, respectively. The question 
hinges on whether the equations in each set are independent, for otherwise they are obviously not 
sufficient to determine the m independent quantities ej or 9, as the case may be. To simplify the 
tation, let Sq symbolize members of the set of partial derivatives of S with respect 10 a, 80 that 
Eq, (10.8) is represented by = Sq. That the derivatives Sq in (10.8) form independent Functions 
of the 9s follows ditectly from the nature of a complete solstion to the Hamilton-Jacobi equation; 
indeed this is what we mean by saying the n constants of integration are independent. Consequently, 
the Jacobian of Sq with respect to 4; cannot vanish. Since the onder of differentiation is immaterial, 
this is equivalent to saying that the Jacobian of Sq with respect to a cannot vanish, which proves the 
independence of Eqs. (18.7). 
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Eqs. (30.9) may be substituted for the q’s, thus giving the momenta p; as functions 
of thea, 8, and f: 


Pi = pila, B, 1). (10.10) 


Equations {30.9} and (10.10) thus constitute the desired complete solution of 
Hamilton's equations of motion. 

Hamilton’s principal function is thus the generator of a canonical transforma 
tion to constant coordinates and momenta, when solving the Hamilton-Jacobi 
equation, we are at the same time obtaining a solution to the mechanical prob- 
lem. Mathematically speaking, we have established an equivalence between the 
2n canonical equations of motion, which are first-order differential equations, to 
the first-order partial differential Hamilton-Jacobi equation. This correspondence 
is not restricted to equations governed by the Hamiltonian; indeed, the general 
theory of first-order partial differential equations is largely concerned with the 
properties of the equivalent set of first-order ordinary differential equations. Es- 
sentially, the connection can be traced to the fact that both the partial differential 
equation and its canonical equations stem from a common variational principle, 
in this case Hamilton’s modified principle. 

‘To a certain extent, the choice of the @;’s as the new momenta is arbitrary, We 
could just as well choose any n quantities, yz, which are independent functions of 
the a; constants of integration: 


Ve VMs Mn) GO11 


By means of these defining relations, Hamilton’s principal function can be written 
as a function of gj, y;, and f, and the rest of the derivation then goes through 
unchanged. It often proves convenient to take some particular set of y;'s as the 
new momenta, rather than the constants of integration that appear naturally in 
integrating the Hamilton-Jacobi equation. 

Further insight into the physical significance of Hamilton's principal function 
Sis furnished by an examination of its total time derivative, which can be com- 
puted from the formula 


as _ a5, , aS 
a 3g" * or 
since the P;’s are constant in time. By Eqs. (10.7) and (10.3), this relation can also 
be written 


dS = 
ra (20.42) 


so that Hamilton's principal function differs at most from the indefinite time inte- 
grat of the Lagrangian only by a constant: 


L dt + constant. (10.13) 
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New, Hamilton's principle is a statement about the definite integral of L, and from 
it we obtained the solution of the problem via the Lagrange equations, Here the 
same action integral, in an indefinite form, furnishes another way of solving the 
problem. In actual calculations, the result expressed by Eq. (10.13) is of no help, 
because we cannot integrate the Lagrangian with respect to time until g; and p; 
ate known as functions of time, that is, until the problem is solved. 

When the Hamiltonian does not depend explicitly upon the time, Hamilton’s 
principle function can be written in the form 


S(q.a,t) = W(g.a) ~ at, (10.14) 


where W(g, a) is called Hamilton's characteristic function. The physical signifi- 
cance of W can be understood by writing its total time derivative 


‘Comparing this expression to the results of substituting Eg, (10.14) into Eq. (10.7), 
itis clear that 


aw 
Pi Bai" (10.15) 
and hence, 
(10.16) 
‘This can be integrated to give 
w= frad= f nda, 0.17) 


which is just the abbreviated action defined by Eq. (8.80). 


10.2 M@ THE HARMONIC OSCILLATOR PROBLEM AS AN EXAMPLE 


OF THE HAMILTON-JACOBI METHOD 
‘To illustrate the Hamilton-Jacobi technique for solving the motion of mechanical 
systems, we shall work out in detail the simple problem of a one-dimensional 
harmonic oscillator. The Hamiltonian is 

a me + mag?) = E, (10.18) 


where 


(10.19) 


10.2 The Harmonic Oscitlator Problem as an Example 435 
& being the force constant, We obtain the Hamilton~Jacobi equations for S by 


setting p equal to 8S/aq and substituting in the Hamiltonian; the requirement 
that the new Hamiltonian vanishes becomes 


Lfsasy a2], as 
a %) +mtotg?| +35 m0, (10.20) 


Since the explicit dependence of S on t is present only in the last term, Eq. (10.14) 
can be used to eliminate the time from the Hamilton-Jacobi equation (10.20) 


, z{(@) + mo, | =O, (10.21) 


“The integration constant a is thus to be identified with the total energy E. This 
can also be recognized directly from Eq. (10.14) and the relation (cf. Eg. (10.3)) 


which then reduces to 


Equation (10.21) can be integrated immediately to 


2 
w= Vin f dg t= 
yin Sy 
2g? 
| mee at. (10.23) 


While the integration involved in Eq. (10.23) is not particularly difficult, there 
is no reason to carry it out at this stage, for what is desired is not S but its partial 
derivatives. The soiution for q arises out of the transformation equation (10.8): 


“Eyal oe 


which can be integrated without trouble to give 


(10.22) 


80 that 


mo 


1 
f a= = aresi : 10.24) 
£48! = = aresing | (10.24) 
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Equation (10.24) can be immediately “turned inside ont” to furnish g as a 
function of f and the two constants of integration a and 8 = pe: 


[aa 
Cea aoe sin{wr + 8), (10.25) 


which is the familiar solution for a harmonic oscillator, Formally, the solution 
for the momentum comes from the transformation equation (10.7), which, using 
Eq, (10.22), can be written 


as 
p= iy oy (10.26) 
In conjunction with the solution for q, Eq. (10.25), this becomes 
p= y2ma(1 —sin*(wt + B)), 
or 
p= Jima costwt + 8) 0.27) 


Of course, this result checks with the simple identification of p as mg. 

‘To complete the story, the constants « and # must be connected with the initial 
conditions go and pp at time t = 0. By squaring Eqs. (10.25) and (10.27), it is 
clearly seen that « is given in terms of go and po by the equation 


Ima = ph +more. (10.28) 


The same result follows immediately of course from the previous identification of 
a as the conserved total energy E. Finally, the phase constant 6 is related to go 
and po by 


tan B = mo 2. (10.29) 
Po 


‘The choice go =: 0 and hence 8 = 0 corresponds to starting the motion with the 
oscillator at its equilibrium position g = 0. 

‘Thus, Hamilton's principle function is the generator of a canonical transforma- 
tion to a new coordinate that measures the phase angle of the oscillation and to a. 
new canonical momentum identified as the total energy. 

If the sojution for g is substituted into Eq. (10.23), Hamilton's principal fime- 
tion can be written as 


S20 f costar + pdt ~at = 20 f (oor(or +8) ~ Pdr. (10.30) 
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Now, the Lagrangian is 
L xo ~ meq?) 
= a(cos*(wt + 8) ~ sin*(ot + B)) 
= 2a{cos*(wt + 8) ~ $), 


so that S is the time integral of the Lagrangian, in agreement with the general 
relation (10.13). Note that the identity could not be proved until after the solution 
to the problem had been obtained. 

As another illustration for the Hamilton-Jacobi method, it is instractive to con- 
sides the two-dimensional anisotropic harmonic oscillator. If we let m be the mass 
of the oscillating body and ky and ky be the spring constants in the x- and y- 
directions, respectively, the Hamiltonian is 
Ce 


i 
B= (pe + pat mats? +m wey’), 


[tz and ay = fz, 
m m 


Since the coordinates and momenta separate into iwo distinct sets, the principal 
function can be written as a sum of the characteristic function for each pair. As- 
suming that we soive the y-fuunctional dependency first, this means 


where 


Ox = 


SQL, YO, dy, B) = Fy (x, @) + Fy, ay) at, (10,34) 


and the Hamilton-Jacobi equation assumes the form 


1 frawy? awy? 
ale) amtatsts (St) many? | za (10.32) 


in analogy with Eq. (10.18), Since the variables are separated, the y-part of the 
Eq. (10.32) must be equal to a constant, which we call a, so 


2 
1 (%) + dmoty? = ay, (10.33) 
ay 


and we replace the y-term in (10.32) with ay from (10.33), yielding 


2 
S (%) + jets? =a, (10.34) 


where we write @ — ay =a; showing the symmetry of Egs. (10.33) and (10,34). 
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Each equation has a solution analogous to Eqs. (10.25) and (10.27), so 


x= at sinfogt + 8.) 


Px = Sima; costwst + Bx) 


ye | FE snot +B,) 


Dy = ofImidty coslwst + By), 
where the f;’s are phase constants and the total energy is given by 


(10.35) 


E=ay+ay =a. 


AS a third example of Hamilton-Jacobi theory, we again consider the two- 
dimensionat harmonic oscillator; only we will assume the oscillator is isotropic, 
so 


ky 


=k and = ay =, 


and use polar coordinates to write 


x =rcosé rm yfxt+y? 


yersind@ Ox tan? 2 
. aot (10.36) 
Pe = mi Pr = mi 
Py = my pe = mr?6, 
‘The Hamiltonian now written as 
2 
E= z( 24H mate) (10.37) 


is cyclic in the angular coordinate @. The principle function can then be written as 
S78, a, 0g) = W,(r, a) + Wo(G, ae) ~ at 

= Wr(r,a) + Bag — at, (10,38) 

where, as we show later, a cyclic coordinate q; always has the characteristic func- 


tion component W,, = gia. The canonical momentum py associated with the 


cyclic coordinate, 6. is calculated from the generating function 
_8Fe 
~ 86 


=a 


has its expected constant value. 
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‘Whea this pe is substituted into Eqs, (10.37) and (10.38), W,(r, a) satisfies 
aw, 1 atte 

a(S Seed B+ ba r (10.39) 


Rather than solving this equation directly for W,, we shall write the Cartesian 
coordinate solution for these conditions as 


x= fp sinvor +B) py = V2macos(wt + ) 


oa (10,39’) 
yay sino Py = Jima coswt, 
and use these to get the polar counterparts, 
raf ysin? ot + sint(or 4B), pr = mh 
mar : 3 ‘i 
and (40.40) 
tan! | Si ae? 
@ = tan’ poe I: po = mrs, 


There are two limiting cases, The linear case is when 8 = 0, for which 


= Jima cost, 


and (10.41) 
o=5, po =0. 


‘The motion in an x-y plot will be an oscillation along a diagonal Hine as shown 
in Fig, 10.1a. The other limiting case is when 8 = 2/2, for which 


r=m= Pr=9 


(10.42) 
d=ot, Pe = mre. 


The motion in an x-y plot for this limiting case is a circle of radius 7p as is shown 
in Figure 10.1. For other values of 8 (0 < 8 < 7/2), the orbit in coordinate 
space is an ellipse. The case for 8 = 2/4 is shown in Fig. 10.1¢, The plots shown 
in Fig. 10.1 are further examples of Lissajous figures. 
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oe 


wp=o Orne’ oB=F 


FIGURE 10.1 The two limiting cases (a) and (b) for the harmonic oscillator and an 
intermediate example (c) 


16.3 il THE HAMILTON-JACOBI EQUATION FOR 
HAMILTON’S CHARACTERISTIC FUNCTION 


It was possible to integrate the Hamilton—Jacobi equation for the simple harmonic 
oscillator primarily because S could be separated into two parts, one involving q 
only and the other only time. Such a separation of variables using Hamilton's 
characteristic function W(q., @) (Eq. (10.14) is always possible whenever the old 
Hamiltonian does not involve time explicitly. This provides us with the restricted 
Hamilton—Jacobi equation 


H (« an) 05, (10.43) 


which no longer involves the time. One of the constants of integration, namely 
a1, is thus equal to the constant value of H. (Normally H will be the energy, but 
remember that this need not always be the case, cf. Section 8.2.) 

‘The time-independent function, Hamilton's characteristic function W. appears 
here merely as a part of the generating function S when H is constant. It can 
also be shown that W separately generates its own contact transformation with 
properties quite different from that generated by S. Let us consider a canonical 
transformation in which the new momenta are all constants of the motion aj, and 
where a; in particular is the constant of motion H. If the generating function for 
this transformation be denoted by W(g, P), then the equations of transformation 
are 


aw aw aw 
qi" aP; aa; 
While these equations resembie Eqs. (10.7) and (10.8) respectively for Hamil- 
ton’s principal function 5, the condition now determining W is that H is the new 
canosical momentum o;: 


p= (10.44) 


Hi. i) = a. 
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Using Eqs. (10.44), this requirement becomes the partial differential equation: 


aw 
H a5) ai, 


which is seen to be identical with Bg. (10.43). Since W does not involve the time, 
the new and old Hamiltonians are equal, and it follows that K = ay, 

Hamilton's characteristic function W thus generates a canonical transforma- 
tion in which all the new coordinates are cyclic. It was noted in the introduction 
to this chapter that when H is a constent of the motion, a transformation of this 
‘nature in effect solves the mechanical problem involved, for the integration of the 
new equations of motion is then trivial. The canonical equations for F;. in fact, 
merely repeat the statement that the momenta conjugate to the cyclic coordinates 
are all constant: 


8K 
60; 


Because the new Hamiltonian depends upon only one of the momenta a;, the 
equations of motion for Qj are 


a 


Pi say. (10.45) 


OK 
= Zeh ial 
=O if¢t 
with the immediate solutions 
Or =t+ p= SM, 
a (10.46) 
O= fe if] 
Bay 


The only coordinate that is not simply a constant of the motion is Q1, which is 
equal to the time plus a constant. We have here another instance of the conjugate 
relationship between the time as a coordinate and the Hamiltonian as its conjugate 
momentum. 

‘The dependence of W on the old coordinates g; is determined by the par- 
tial differential equation (40.43), which, like Eq. (10.3), is also referred to as the 
Hamilton-Jacobi equation. There will now be n constants of integration in a com- 
plete solution, but again one of them must be merely an additive constant. The 
n~ L remaining independent constants. a2, .... a, together with a1 may then be 
taken as the new constant canonical momenta, When evaluated at fo the first half 
of Eqs. (10.44) serve to relate the m constants a; with the initial values of g; and 
p;. Finally, Bgs. (10.45) and (10,46) can be solved for the g; a8 a function of a, 
i, and the time , thus completing the solution of the problem, Jt will be noted 
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that (a — 1) of the Eqs. (10.46) do not involve the time at all. One of the q;’s can 
be chosen as an independent variable, and the remaining coordinates can then be 
expressed in terns of it by solving only these time-independent equations, We are 
thus led directly to the orbit equations of the motion. in central force motion, for 
example, this technique would furnish r as a function of @, without the need for 
separately finding r and 9 as functions of time. 

tis not always necessary to take a and the constants of integration in W as 
the new constant canonical momenta. Occasionally it is desirable rather to use 
some particular set of n independent functions of the a;’s as the transformed mo- 
menta. Designating these constants by y; the characteristic function W can then 
be expressed in termas of g; and y; as the independent variables. The Hamiltonian 
will in general depend upon more than one of the »4’s and the equations of motion 
for Q; become 


where the v;'s are functions of y;. In this case, all the new coordinates are linear 
functions of time: 


Or = vit + Bi. (10.47) 


‘The form of W cannot be found a priori without obtaining a complete integral of 
the Hamilton—Jacobi equation. The procedures involved in solving a mechanical 
problem by either Hamilton’s principal or characteristic function may now by 
summarized in the following tabular form: 

‘The two methods of solution are applicable when the Hamiltonian 


is any general function of g, p.t: | is conserved: 
Hq, p.t). AG, p) = constant. 


We seek canonical transformations to new variables such that 


ail the coordinates and momenta | ali the momenta P; are constants. 
Qi, P; are constants of the motion, 


‘To meet these requirements it is sufficient to demand thet the new Hamiltonian 


shall vanish identically: shall be cyclic in all the coordi- 
K=0 nates: 
| K =P) =a. 


Under these conditions, the sew equations of motion become 


10.3 Hamilton's Characteristic Function 


which satisfy the stipulated requirements, 
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‘The generating function producing the desired transformation is Hamilton's 


Principal Function: 
Sq, PD), 


Characteristic Function: 
We, P), 


satisfying the Hamilton-Jacobi partial differential equation: 


aw 
u( “aq 


) =a) <0. 


A complete solution to the equation contains 


A nontrivial constants of integra- 
tion ay, 2.5 On. 


nn — 1 nontrivial constants of in- 
tegration, which together with 
form a set of n independent con- 
StANES Ys Bae 


‘The new constant momenta, P; = yj, can be chosen as any n independent func- 


tions of the » constants of integration: 


Py = y(a1,.-..@), 


Pr = ian...) On), 


0 that the complete solutions to the Hamilton—Jacobi equation may be considered 


as functions of the new momenta: 
S= Sq. Vit). 


In particular, the yi's may be chosen to 
transformations equations, 


W = Wi. y). 


be the @;'s themselves. One-half of the 


are fulfilled automatically, since they have been used in constructing the Hamilton 


Jacobi equation. The other half, 


aw 
= 5 


witypt + Be 


can be solved for g; in terms of ¢ and the 2n constants f;, y;. The solution to the: 


problem is then completed by evaiuating 
values, (gi0, pio), of the coordinates and 


these 2n constants in terms of the initial 
momenta. 
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When the Hamiltonian does not involve time explicitly, both methods are suit- 
able, and the generating functions are then related to each other according to the 
formula 


S(q, P.t) = Wig, P) — ant. 


10,4 M SEPARATION OF VARIABLES IN THE HAMILTON-JACOBI EQUATION 


It might appear from the preceding section that little practical advantage has been 
gained through the introduction of the Hamilton-Jacobi procedure, Instead of 
solving the 2n ordinary differential equations that make up the canonical equa- 
tions of motion, we now must solve the partial differential Hamilton-Jacobi equa- 
tion, and partial differential equations can be notoriously complicated to solve. 
‘Under certain conditions, however, it is possible to separate the variables in the 
Hamilton-Jacobi equation, and the solution can then always be reduced to quadra- 
tures, In practice, the Hamilton—acobi technique becomes a useful computational 
tool only when such a separation can be effected. 

‘A coordinate qj is said to be separable in the Hamilton-Jacobi equation when 
(say) Hamilton's principal function can be split into two additive parts, one of 
which depends only on the coordinate g) and the other is entirely independent of 
qj. Thus, if q; is taken as a separable coordinate, then the Hamiltonian must be 
such that one can write 


SOQ. Ges hyo ys 1) SLQH Os. ai 


+ SQ. 


6405 1), (10.48) 


and the Hamilton-Jacobi equation can be split into two equations—-one separately 
for S; and the other for S’. Similarly the Hamilton-Jacobi equation is described as 
completely separable (or simply, separable) if all the coordinates in the problem 
are separable. A solution for Hamilton’s principal function of the form 


S= OSs m,..-,093 9 (10.49) 


will then split the Hamilton-Jacobi equation into n equations of the type 


wont) + GE ao. (10.50) 


If the Hamiftonian does not explicitly depend upon the time, then, for each 5; we 
have 


SHGF: G1. Oni t= WHA OI... ni — eet, (10.54) 
which provide n restricted Hamilton-Jacobi equations, 


16.5 @ 
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aw, > 
a Fite te) =a. 10.52) 


(No summation in Eqs. (10.50) to (10.52)! 

‘The functions H; in Eqs. (10.50) and (10.52) may or may not be Hamiltonians, 
and the a may be an energy, an angular momentum squared, or some other quan- 
tity depending on the nature of ;. We shall show this by example in the Kepler 
problem in the next section. 

‘The constants oy; are referred to now as the separation constants. Bach of the 
Eqs. (10.52) involves only one of the coordinates q; and the corresponding partial 
derivative of W; with respect to g;. They are therefore a set of ordinary differential 
‘equations of a particularly simple form. Since the equations are only of first order, 
it is always possible to reduce them to quadratures; we have only to solve for the 
partial derivative of W; with respect to g; and then integrate over gj, In practice, 
each H; will only contain one or at most a few of the a's. There will also be 
cases where a subset of r variables can be separated in this fashion, leaving nr 
variables, which will not separate. We shall also examine this eventuality in the 
next section. 

It is possible to find examples in which the Hamilton-Jacobi equation can be 
solved without separating the time variable (cf. Exercise 8). Nonetheless, almost 
all useful applications of the Hamilton—Jacobi method involve Hamiltonians not 
explicitly dependent upon time, for which t is therefore a separable variable, The 
subsequent discussion on separability is thus restricted to such systems where H 
is a constant of motion, and Hamilton’s characteristic function W will be used. 
exclusively. 


HGNORABLE COORDINATES AND THE KEPLER PROBLEM 


We can easily show that any cyclic or ignorable coordinate is separable. Suppose 
that the cyclic coordinate is g); the conjugate momentum py is a constant, say y. 
‘The Hamilton-Jacobi equation for W is then 


aw aw 
HQ. Gni Vig om pman. 10. 
(» ai Vi5e i) a (10.53) 


Af we try a separated solution of the form 


W = Wilgi, 0) + W'(Qr,....Gni ay (10,54) 


then it is obvious that Eq. (10.53) involves only the separate function W’, while 
Wy is the solution of the equation 


a 
prays at. (10.55) 
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‘The constant y is thus the separation constant, and the obvious solution for Wy 
{to within a trivial additive constant) is 


Wr= ya 
and W is given by 
W=W+yai. (10.56) 


‘There is an obvious resemblance between Eq, (10.56) and the form S assumes 
when H is not an explicit function of time, Eq, (10.43). Indeed, both equations 
can be considered as arising under similar circumstances. We have seen that ¢ may 
be considered in some sense as a generalized coordinate with ~ H as its canonical 
momentum (cf. Eq. (8.58)). If H is conserved, then t may be treated as a cyclic 
coordinate. 

If S of the n coordinates are noncyclic (that is, they appear explicitly in the 
Hamiltonian), then the Hamiltonian is of the form H(gi,..-+ si ty «+++ ni 6). 
The characteristic function can then be wzitten as 


: . 
WM 5 Geb yee ind = YY WG ty vata) + YD gear, (10.56') 
tod cast 


and there are s Hamilton-Jacobi equations to be solved: 


4 (ass Sets, oa) = 0. (10.57) 


Since these are ordinary first-order differential equations in the independent vari-~ 


able qi, they can be immediately reduced to quadratures, and the complete solu- 
tions for W can be obtained. 


In general, a coordinate q; can be separated if gj and the conjugate momenturn 
pj can be segregated in the Hamiltonian into some function f (qj, pj) that does 
not contain any of the other variables. If we then seek a trial solution of the form 

W = W;(qj,0) + W'(gj,a), 


where g; represents the set of all g's except qj, then the Hamilton-Jacobi equation 


appears as 
aw’ aws\\ _ 
Aig. Da f(a. ta )) ay. (30.58) 


im principle, at least, Eq. (10.58) can be inverted so as to solve for f; 


Get) =e a ) 10.59 
ange Big. aa si (10.59) 
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The argument used previously in connection with Eq. (10.51) holds here in 
slightly varied guise; f is not a function of any of the q's except gj: g on the 
other hand is independent of g;. Hence, Eq. (10.59} can hoid only if both sides 
are equal to the same constant, independent of all q's: 


aw’ 
8 («. ~) =a, (10.60) 


and the separation of the variable has been accomplished. 

Note that the separability of the Hamilton-Jacobi equation depends not only 
on the physica problem involved but also on the choice of the system of general- 
ized coordinates employed. Thus, the one-body central force problem is separable 
in polar coordinates, but not in Cartesian coordinates. For some problems, it is not 
possible to completely separate the Hamilton-Jacobi equation, the famous three- 
body problem being one illustration. On the other hang, in many of the basic prob- 
Jems of mechanics and atomic physics, separation is possible in more than one set 
of coordinates, In general, it is feasible to solve the Hamilton-Jacobi equation in. 
closed form onty when the variables are completely separable. Considerable inge- 
nuity has therefore been devoted to finding the separable systems of coordinates 
appropriate to each problem. 

No simple criterion can be given to indicate what coordinate systems lead to 
separable Hamilton—Jacobi equations for any particular problem. In the case of 
orthogonal coordinate systems, the so-called Staeckel conditions have proved use- 
ful. They provide necessary and sufficient conditions for separability under certain 
circumstances. A proof of the sufficiency of the conditions and references will be 
found in Appendix D of the second edition of this text. 

The Staeckel conditions for the separation of the Hamilton-Jacobi equations 
are: 


The Hamiltonian is conserved. 


‘The Lagrangian is no more than a quadratic function of the generalized 
velocities, so the Hamiltonian takes the form: 


y 


A= }p- DT 'p~ a+ Vig). 8.27) 
3. The vector a has elements a; that are functions only of the corresponding 


coordinate, that is a; = a;(q:). 
4. the potential function can be written as a sum of the form. 


v=. cosy) 
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5. Consider the matrix ¢~!, with an inverse @ whose elements are 


(0 summation on i) (10.62) 


where 


aw; 
Ra 2) = inebij¥j 


with y a constant unspecified vector. If the diagonal elements of both ¢ 
and 6”? depend only upon the associated coordinate, that is, 74, and 
ji are constants or a function of g; only, then provided 1~4 are true, the 
Hamiltonian-3acobi equations separate. 


Since we have assumed that the generalized coordinates q; form an orthogonal 
coordinate system, the matrix T (introduced in Section 8.1) is diagonal. It follows 
that the inverse matrix T~! is also diagonal and, if we are dealing with a particle 
in an external force field, the diagonal elements are: 


oi! == 4, Cosummation) (10.63) 


0 the fifth Stackel condition is satisfied. 
if the Staeckel conditions are satisfied, then Hamilton's characteristic function 
is completely separable: 


Weg) = SWiKQ, 
i 
with the W; satisfying equations of the form 
aw, i 
(= -a) = -2Vg) + Yur. (10.64) 


where y, are constants of integration (and there is summation only over the in- 
dex j). 

While these conditions appear mysterious and complicated, their application 
usually is fairly straightforward. As an illustration of some of the ideas developed 
here about separability, the Hamilton-Jacobi equation for a particle moving in 
a central force will be discussed in polar coordinates. The problem will then be 
generalized {o arbitrary potential laws, to furnish an application of the Staeckel 
conditions. 

Let us frst consider the central force problem in terms of the polar coordinates 
(r, ¥) in the plane of the orbit. The motion then involves only two degrees of 
freedom and the Hamiltonian has the form 


1 % 
Af p24 
#H (2 + ) +¥0), (10.65) 
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which is cyclic in y-. Consequently, Hamilton's characteristic function appears as 
W= Wilr)tapy, (10.66) 


where ay is the constant angular momentum py conjugate to yr. The Hamilton~ 
Jacobi equation then becomes 


2 gt 
CE) +4 mV (r) = Imai, (10.67) 
a) 5 


where a is the constant identified physically as the total energy of the system. 
Solving Eq. (10.66) for the partial derivative of W; we obtain 


so that W is 


2 
we fo fam(ay ~ v) + tayy. (10.68) 


With this form for the characteristic function, the transformation equations 
(10.46) appear as 


aw mdr 
t+By af = {10.69a) 
Imlay ~ V) ~ 
and 
agdr 
aby. (10.696) 


Fr] 


PY2mias ~V- 3 


Equation (10,69a) furnishes r as a function of t and agrees with the correspond- 
ing solution, Eq. (3.18), found in Chapter 3, with a and ay written explicitly as E 
and I, respectively. It has been remarked previously that the remaining transforma- 
tion equations for Q;, here only Eq. (10,696), should provide the orbit equation. 
If the variable of integration in Eq, (10.690) is changed to # = 1/r, the equation 


reduces to 
d 
v= fo~ 
/ Pee vy 


which agrees with Eq. (3.37) previously found for the orbit, identifying yr as 6 
and f2 as 6. 
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As a further example of separation of variables, we shall examine the same 
central force problem. but in spherical polar coordinates, that is, ignoring our 
a ptiori knowledge that the orbit lies in a plane. The appropriate Hamiltonian has 
been shown to be (ef. Eg. (8.29}): 


H 


tf(o, 
— = Ver). 10.70) 
di (+ + sles +O (10.70) 


If the variables in the corresponding Hamilton—Jacobi equation are separable, then 
Hamilton's characteristic function rust have the form 
W = W,(r) + We(8) + Wed). (10.71) 
The coordinate ¢ is cyclic in the Hamiltonian and hence 
We = agd (10.72) 


where ag is a constant of integration. In terms of this form for W, the Hamilton~ 
Jacobi equation reduces to 


aw,\? 1 T/awe\? a} _ 
(®) +3(4) + he |timvin= Ime, 10.73 


where we have explicitly identified the constant Hamiltonian with the total en- 
ergy E. Note that alf dependence on 8, and on @ alone, has been segregated into 
the expression within the square brackets. The Hamilton-Jacobi equation then 
conforms to the appearance of Eq, (10.58), and following the argument given 
there we see that the quantity in the square brackets must be a constant: 


aWe\? 3g 


Finally the dependence of W on r is given by the remainder of the Hamiiton— 
Jacobi equation: 


2 2 
(®) +8 = IME ~ VO). (30.75) 
or re 
The variables in the Hamilton-Jacobi equation are thus completely separated. 
Equations (10.74) and (10.75) may be easily reduced to quadratures providing 
at feast a formal solution for We(@) and W,(r), respectively. 

Note that the constants of integration ag, a, a all have directly recognizable 
physical meanings, The quantity a is of course the constant value of the angular 
momentum about the polar axis (cf. Eq. (10.44): 


aw, 
ag = py = (10.76) 


Ero 
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To identify cg we use Eq. (10.44) to rewrite Eq. (10.74) as 


a+ Fig 7 (10.749 


so that the ey eae 
a+ (24% 
f= (« +SpTVO. (10.70) 


Comparison with Eq. (10.65) for the Hamiltonian as expressed in terms of polar 
coordinates in the plane of the orbit shows that ag is the same as py, the magni- 
tude of the total angular momentum: 


og = py #1. (10.77) 


Lastly, a is of course the total energy £. Indeed, the three differential equations 
for the component parts of W can be looked on as statements of conservation the- 
orems. Equation (10.75) says the z-component of the angular momentum vector, 
L, is conserved. while Eq. (10.74) states the conservation of the magnitude, /, 
of the angular momentum. And Eq. (10.75) is a form of the energy conservation 
theorem, 

In this simple example, some of the power and elegance of the Hamilton— 
Jacobi method begins to be apparent. A few short steps suffice to obtain the de- 
pendence of r on ¢ and the orbit equation, Eqs. (10.69a and b), results derived 
earlier only with considerable labor. The conserved quantities of the central force 
problem also appear automatically. Separation of variables for the purely central 
force problem can also be performed in other coordinate systems, for example, 
parabolic coordinates, and the conserved quantities appear there in forms appro- 
priate to the particular coordinates. 

Finally, we can employ the Staeckel conditions to find the most genera! form of 
a scalar potential V for a single particle for which the Hamilton-Jacobi equation 
is separable in spherical polar coordinates. The matrix ¢ of the Staecke} condi- 
tions depends only on the coordinate system and not on the potential. Since the 
Hamilton-Jacobi equation is separable in spherical polar coordinates for at least 
one potential, that is, the central force potential, it follows that the matrix ¢ does 
exist. The specific form of ¢ is not needed to answer our question. Further, since a 
by hypothesis is zero, all we need do is apply Eq. (10.62) to find the most general 
separable form of V. From the kinetic energy (Eq. 8.28’), the diagonal elements 
of T are 


Tor =m. Tog =mr?, Typ = mr* sin? @. 
By Eq, (10.62) it follows that the desired potential must have the form 


Yo) | Vo 


2 10.78) 
re sin? id 


VQ) = Ver) + > 
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Itis easy to verify directly that with this potential the Hamilton-Jacobi equation 
is still completely separable in spherical polar coordinates. 


10.6 ME ACTION-ANGLE VARIABLES IN 
SYSTEMS OF ONE DEGREE OF FREEDOM. 


Of especial importance in many branches of physics are systems in which the 
motion is periodic, Very often we are interested not so much in the details of the 
orbit as in the frequencies of the motion. An elegant and powerful method of han- 
dling such systems is provided by a variation of the Hamilton-Jacobi procedure. 
im this technique, the integration constants a; appearing directly in the solution of 
the Hamilton~Jacobi equation are not themselves chosen to be the new momenta. 
Instead, we use suitably defined constants J), which form a set of n independent 
functions of the a;"s, and which are known as the action variables. 

For simplicity, we shall first consider in this section systems of one degree of 
freedom. It is assumed the system is conservative so that the Hamiltonian can be. 
written as 


H(g, p) =a. 
Solving for the momentum, we have that 
P= G, ai), (10.79) 


which can be fooked on as the equation of the orbit traced out by the system 
point in the two-dimensional phase space, p,q when the Hamiltonian has the 
constant value a). What is meant by the term “periodic motion” is determined by 
the characteristics of the phase space orbit. Two types of periodic motion may be 
distinguished: 


1. In the first type, the orbit is closed, as shown in Fig. 10.2(a), and the system. 
point retraces its steps periodically. Both g and p are then periodic functions 
of the time with the same frequency. Periodic motion of this nature will be 
found when the initial position ties between two zeros of the kinetic energy. 
It is often designated by the astronomical name libration, although to a 
physicist it is more likely to call to mind the common oscillatory systems, 
such as the one-dimensional harmonic oscillator, 

2. In the second type of periodic motion, the orbit in phase space is such that p 
is some periodic function of g, with petiod go, as illustrated in Fig. 10.2(b). 
Equivalently, this kind of motion implies that when a is increased by qo, 
the configuration of the system remains essentially unchanged. The most 
familiar example is that of a rigid body constrained to rotate about a given 
axis, with q as the angle of rotation. Increasing q by 2x then produces no 
essential change in the state of the system. Indeed, the position coordinate 
in this type of periodicity is invariably an angle of rotation, and the motion 
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FIGURE 10.2 Orbit of the system point in phase space for periodic motion of one- 
dimensional systems. 


will be referred to simply as rotation, in contrast to libration. The values of 
q are no longer bounded but can increase indefinitely. 


It may serve to clarify these ideas to note that both types of periodicity may 
‘occur in the same physical system. The classic example is the simple pendulum 
where g is the angle of deffection @, If the length of the pendulum is / and the 
potential energy is taken as zero at the point of suspension, then the constant 
energy of the system is given by 

P 


& Salk ~ mgl cos. (10.80) 


Solving Eq. (10.64) for pe, the equation of the path of the system point in phase 


space is 
po = ty 2mEXLE + mgl cos). (10.81) 


If E is less than mgt, then physical motion of the system can only occur for (@} 
Jess than a bound, @, defined by the equation 
cos = =e, 
mgl 

Under these conditions, the pendulum oscillates between —8’ and +6", which is a 
periodic motion of the libration type. The system point thea traverses some such 
path in phase space as the curve { of Fig. 10.3. However, if E > mgl, all values 
‘of @ correspond to physical motion and @ can increase without limit to produce a 
periodic motion of the rotation type. What happens physically in this case is that 
the pendulum has so much energy that it can swing through the vertical position 
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FIGURE 18.3 Phase space orbits for the simple pendulum. 


@ = m and therefore continues rotating. Curve 3 in Fig. 10.3 corresponds to the 
rotation motion of the pendulum. The limiting case when E = mgi is illustrated 
by curves 2 and 2’ in Fig. 10.3. At this energy, the pendulum arrives at @ == 7, the 
vertical position, with zero kinetic energy, that is, pg = 0. It is then in unstable 
equilibrium and could in principle remain there indefinitely. However, if there 
is the slightest perturbation, it could continue its motion either along curve 2 or 
switch to curve 2'—it could fall down either way. The point @ = 1, po = 0 
is a saddle point of the Hamiltonian function H = E(pp, 0) and there are two 
paths of constant Z in phase space that intersect at the saddle point. We have here 
an instance of what is called a bifurcation, a phenomenon that will be discussed. 
extensively in the next chapter. (See also Section 6.6.) 

For either type of periodic motion, we can introduce a new variable J designed 
to replace er as the transformed (constant) momentum. The so-called action vari- 
able J is defined as (ef. Eq. (8.80)) 


J = $ pda, (10.82) 


where the integration is to be carried over a complete period of libration or of 
rotation, as the case may be. (The designation as action vatiable stems from the 
resemblance of Eq. (20.82) to the abbreviated action of Section 8.6, Note that J 
always has the dimensions of an angular momentum.) From Eq. (10.79), it follows 
that J is always some function of a alone: 


a = H = H(J), (10.83) 
Hence, Hamilton's characteristic function can be written as 


W= Wo, J). (10.84) 
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The generalized coordinate conjugate to J, known as the angle variable w, is 
defined by the transformation equation: 


wo, (10.85) 


Correspondingly, the equation of motion for w is 


., . @H{J) 
be 


a7 =O), (10.86) 


where v is @ constant function of J only. Equation (10.86) has the immediate 
solution 


w=u+f, (10.87) 


so that w is a linear function of time, exactly as in Eq. (10.47). 

So far the action-angle variables appear as no more than a particular set of the 
general class of transformed coordinates to which the Hamilton-Jacobi equation 
Teads. Equation (10.85) could be solved for g as a function of w and J, which, in 
combination with Eq, (10.87), would give the desired solution for g as a function 
of time. But when employed in this fashion the variables have no significant ad- 
vantage over any other set of coordinates generated by W. Their particular merit 
rises rather from the physical interpretation that can be given to v. Consider the 
change in w as q goes through a complete cycle of libration or rotation, as given 
by 


aw 
au § 2 do. (10.88) 
By Eq. (10.85), this can also be written 
Aw= $ dg. (10.89) 
Because J is a constant, the derivative with respect to J can be taken outside the 
integral sign: 


aw a 
bw fe ag a = ai 10.90 
w= TP 3g 4 aifee } wee 
where the last step follows from the definition for J, Eq. (10.82). 
Equation (10.90) states that w changes by unity as q goes through a complete 
period, But from Eq, (16.87), it follows that ifr is the period for a complete cycle 
of g, then 


Aw= 
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Hence, the constant v can be identified as the reciprocal of the period, 


(10.91) 


and is therefore the frequency associated with the periodic motion of q. The use 
of action-angle variables thus provides a powerful technique for obtaining the 
frequency of periodic motion without finding a complete solution to the motion of 
the system. If it is known a priori that a system of one degree of freedom is pe- 
riodic according ta the definitions given above, then the frequency can be found 
once H is determined as a function of J. The derivative of H with respect to J, 
by Eq. (10.86), then directly gives the frequency v of the motion. The design 
tion of w as an angle variable becomes obvious from the identification af » in 
Eq, (10.87) as a frequency. Since J has the dimensions of an angular momentum, 
the coordinate w conjugate to itis an angle.* 

As an illustration of the application of action-angle variables to find frequen- 
cies, let us again consider the familiar linear harmonic oscillator problem, From 
Eqs. (10.26) and the defining equation (10.82), the constant action variable J is 


given by 
Jz $ pda eo f me = mtatg? da, (10.92 


where o is the constant total energy and w? = k/m. The substitution (10.25) 


q= / 2% sine 
ma 


Oot 
be =f cos 0 d0, (10.93) 
oso 


reduces the integral to 


where the limits are such as to correspond to a complete cycle in g. This integrates 
te 


or, solving for, 


=i, (10.94) 


‘The frequency of oscillation is therefore 


*For some applications the action variable ts defined in the literature of celestial mechanics as (24)! 
times the value given in Eq. (10.82). By Eq, (10.90), the corresponding angle variable is 2 times our 
definition and in place of v we have o, the angulas frequency. However. we shall stick throughout to 
the familiar definitions used in physics, a given above, 


10.7 
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~, (10.98) 


which is the customary formula for the frequency of a linear harmonic oscillator. 
Although itis entirely unnecessary for obtaining the frequencies, it is nevertheless 
instructive (and useful for future applications) to write the sohutions, Eqs. (10.25) 
and (10.27), in terms of J and w. It will be recognized first that the combination 
(wt + B) is by Eqs. (10.95) and (10.87) the same as 2w, with the constant 
of integration suitably redefined. Hence, the solutions for q, Eq. (10.25), and p, 
Eq. (10.27), take on the form 


z 
q= : sap sinew, (10.96) 


= [222 costa. (1097) 


Note that Eqs. (10.96) and (10.97) can also be looked on as the transformation 
equations from the (w, J) set of canonical variables to the (g, p) canonical set. 


ACTION-ANGLE VARIABLES FOR COMPLETELY 
SEPARABLE SYSTEMS* 


Action-angle variables can also be introduced for certain types of motion of sys 
tems with many degrees of freedom, providing there exists one or more sets of 
coordinates in which the Hamilton—Jacobi equation is completely separable. As 
before, only conservative systems will be considered, so that Hamilton's charac- 
teristic function wil! be used. Complete separability means that the equations of 
canonical transformation have the form 


= BWiGGiS a, on) 


p= ian (10.98) 


which provides each p; as a function of the gj and the n integration constants oj: 
Pi = PGE Why. En) (10.99) 


Equation (10.99) is the counterpart of Eq. (10.79), which applied to systems of 
one degree of freedom. It will be recognized that Eq. (10.99) here represents 
the orbit equation of the projection of the system point on the (pj, qi) plane in 
phase space. We can define action-angle variables for the system when the orbit 
equations for aif of the (gz, pi) pairs describe either closed orbits (libration, as in 
Fig. 10.2(a)) or periodic functions of g; {rotation, as in Fig. 10.2(b)). 

‘Note that this characterization of the motion does not mean that each gj and 
pi will necessarily be periodic functions of the time, that is, that they repeat their 


“Unless otherwise stated, the sucmiation convention will not be used in this section. 
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values at fixed time intervals. Even when each of the separated (gi, pr) sets are in- 
deed periodic in this sense, the overall system motion need not be periodic. Thus, 
in a three-dimensional harmonic oscillator the frequencies of motion along the 
three Cartesian axes may all be different. Ia such an example, it is clear the com- 
plete motion of the particle may not be periodic. If the separate frequencies are 
not rational fractions of each other, the particle will not traverse a closed curve in 
space but will describe an open “Lissajous figure.” Such motion will be described 
as multiply periodic, It is the advantage of the action-angle variables that they 
Jead to an evaluation of all the frequencies involved in multiply periodic motion 
without requiring a complete solution of the motion, 

In analogy to Eq, (10.82), the action variables J; are defined in terms of line 
integrals over complete periods of the orbit in the (q;, p)) plane: 


4h = f nda (10.100) 


If one of the separation coordinates is cyclic, its conjugate momentum is constant, 
‘The corresponding orbit in the gi, p; plane of phase space is then a horizontal 
straight line, which would not appear to be in the nature of a periodic motion. 
Actually the motion can be considered as a limiting case of the rotation type of 
periodicity, in which g; may be assigned any arbitrary period. Since the coordinate 
ina rotation periodicity is invariably an angle, such a cyclic g; always has a natural 
period of 27. Accordingly, the integral in the deGnition of the action variable 
corresponding to a cyclic angle coordinate is to be evaluated from 0 to 27, and 
hence 


4 = 2ap (10.101) 


for all cyclic variables. 
By Eq. (10.98), J; can also be written as 


J f EE Sioa ag, (40,102) 


Since q; is here merely a variable of integration, each action variable Jj is a 
function only of the » constants of integration appearing in the solution of the 
Hamilton-Jacobi equation. Further, it follows from the independence of the sep- 
arate vatiable pairs (q;, p;) that the J;’s form m independent functions of the o's 
and hence are suitable for use as a set of new constant momenta. Expressing the 
ay;'s as functions of the action variables, the characteristic function W can be writ- 
ten in the form 


We WOg1 gad tees dad = SO Wy ys Jt edds 
f 


while the Hamiltonian appears as a function of the Jj’s only: 
Ha = Hh... de (10.103) 
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As in the system of one degree of freedom, we can define conjugate angle 
variables w; by the equations of transformation that here appear as. 


aw Sh hata Wea 


10.4 
a a7, (10.104) 


w= 
fA 


Note in general w; could be a function of several of all of the qi; that is, ur = 
WilGir «+. 4es Jiy---+ Jp). The w;’s satisfy equations of motion given by 


fg x NV tad 
y= 3h = (Ij, .-0. In) (10,105) 


Because the v;"s are constants, functions of the action variables only, the angle 
variables are all linear functions of time 


w= it + fi (20,106) 


‘Note that in general the separate w;'s increase in time at different rates. 

‘The constants v; can be identified with the frequencies of the multiply peri- 
odic motion, but the argument to demonstrate the relation is more subtle than for 
periodic systems of one degree of freedom. The transformation equations to the 
(w, J) set of variables implies that each gj (and p,) is a function of the constants 
Jj and the variables w;. What we want to find is what sort of mathematical func- 
tion the q’s are of the w’s. To do this, we examine the change in a particular w; 
when each of the variables g, is taken through an integral nurnber, m j, of cycles 
of libration or rotation. In carrying out this purely mathematical procedure, we 
are clearly not following the motion of the system in time. It is as if the flow of 
time were suspended and each of the q’s were moved, manually as it were, inde- 
pendently through a number of cycles of their motion. In effect, we are dealing 
with analogues of the virtual displacements of Chapter 1, and accordingly the in- 
finitesimal change in w; as the q;'s are changed infinitesimally will be denoted. 
by Su; and is given by 


aw: ew 
bu; > 3g, = Lana qj, 


where use has been made of Eg. (10.104). The derivative with respect to g: van- 
ishes except for the W; constituent of W, so that by Eq. (10.98) 5w; reduces to 


@ 
bw = BR Lew Jdq;. (10.107) 
ji 
7 


Equation (10.107) represents 5w; as the sum of independent contributions each 
involving the qj motion. The total change in w; as a result of the specified ma- 
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neuver is therefore 


a 
ami = Day f ear Dea. (40.208) 
™ 


the differential operator with respect to J; can be Kept outside the integral signs 
because throughout the cyclic motion of g; all the J’s are of course constant. Be- 
low each integral sign, the symbol m indicates the integration is over m, cycles 
of qj. But each of the integrals is, by the definition of the action variables, exactly 
mJ). Since the J's are independent, it follows that 


Aw; = mj. (10.109) 


Further, note that if any 9; does not go through a complete number of cycles, then 
in the integration over 4, there will be a remainder of an integral over a fraction 
of a cycle and Aw; will not have an integral value. If the sets of w's and m’s are 
treated as vectors w and m, respectively, Eq. (10,109) can be written as 


Aw =m, (10.109') 


Suppose, first, that the separable motions are al! of the libration type so that 
each q;, as well as p,. returns to its initial value on completion of a complete 
cycle. The result described by Eq. (10.109) could now be expressed somewhat 
as follows: 9 (the vector of q’s and p's) is such a function of w that a change 
44 = 0 corresponds to a change Aw = m, a vector of integer values, Since the 
number of cycles in the chosen motions of g, are arbitrary, m can be taken as zero 
except for m, = 1, and all the components of 4 remain unchanged or return to 
their original values. Hence, in the most general case the components of 4 must 
be periodic functions of each w; with period unity; that is, the q"s and p's are 
multiply periodic functions of the w's with unit periods. Such a multiply periodic 
function can always be represented by @ multiple Fourier expansion, which for gx, 
say, would appear as 


ow 20 
n= vee DS a etal iweb aunt iseate-theom), — Gibration) 


(10.110) 
where the j’s are n integer indices running from ~oo to oo. By treating the set of 
J's. also as a vector in the same n-dimensional space with w, the expansion can be 
written more compactly as 


k= DP, Gibration). 0.1109 
T 


If we similarly write Bq. (10.109) as a vector equation, 
wewtB, (10.106) 
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then the time dependence of gx appears in the form 
gilt} = Saf eb048), Gibration). dO. 
i 


Note that in general gz(t) is not a periodic function of 2. Unless the various v;'s 
are commensurate (that is, rational multiples of each other), qi Will not repeat its 
values at regular intervals of time. Considered as a function of ¢, qi is designated 
as a quasi-periodic function. Finally it should be remembered that the coefficients 
a can be found by the standard procedure for Fourier coefficients; that is, they 
aie given by the multiple integral over the unit cell in w space: 


‘| 1 
of = f of gucwe 273 dw), (10.412) 
Oo o 


Here (dw) stands for the volume element in the n-dimensional space of the w,"s. 

When the motion is in the nature of a rotation, then in a complete cycle of the 
separated variable pair (gg, pg) the coordinate gx does not return to its original 
value, but instead increases by the value of its period gox. Such a rotation coordi- 
nate is therefore not itself even multiply periodic. However, during the cycle we 
have seen that w; increases by unity. Hence, the function g¢ — weqox does return 
to its initial value and, like the librational coordinates, is a multiply periodic fune~ 
tion of all the w's with unit periods. We can therefore expand the function in a 
multiple Fourier series analogous to Eq, (10.110) 


a ~ wagon = Yale", (rotation) (10.113) 
4d 


or 


9 = qoelvat + Pr) + DafPerbOr®, (rotation). (10.114) 
i 


Thus, it is always possible to derive a multiply periodic function from a rotation 
coordinate, which can then be handled exactly like a tibration coordinate. To sim- 
plify the further discussion, we shall therefore confine ourselves primarily to the 
libration type of motion. 

The separable momentum coordinates, ps, are by the nature of the assumed 
motion also multiply periodic functions of the w's and can be expanded in a mul. 
tiple Fourier series simitar to Eq. (10.110). It follows then that any function of the 
several variable pairs (gz, px) will also be multiply periodic functions of the w’s 
and can be written in the form 


FQ. p) = J bye" = Spe B, (10.115) 
i i 


For example, where the Cartesian coordinate of particles in the system are not 
themselves the separation coordinates, they can still be written as functions of 
time in the fashion of Eq, (10.315). 
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While Eqs. (10.110) and (40.141) represent the most general type of motion 
consistent with the assumed nature of the problem, not all systems will exhibit 
this full generality. In particutar, for most problems simple enough to de used as 
iHlustrations of the application of action-angle variables, Eq. (10.104) simplifies 
to 


wi = Fas SiveeeeSn) (10.116) 


and each separation coordinate g, is a function only of its comesponding wy. 
‘When this happens, gg is then a periodic function of uz (and therefore of time), 
and the multiple Fourier series reduces to a single Fourier series: 


ge = Yaar ae LaPetuenreay, (10.117) 
7 7 


In the language of Chapter 6, in such problems the gx"s are in effect the normal 
coordinates of the system. However, even when the motion in the g’s can be so 
simplified, it frequently happens that functions of all the q's, such as Cartesian co- 
ordinates, remain multiply periodic functions of the w’s and must be represented 
as in Eq. (10.315). If the various frequencies vj are incommensurate, then such 
functions are not periodic functions of time. The motion of a two-dimensional 
anisotropic harmonic oscillator provides a convenient and familiar example of 
these considerations, 

Suppose that in @ particular set of Cartesian coordinates the Hamiltonian is 
given by 


1 
H = [pp + 4x mate?) + (py + nm yy)). 


These Cartesian coordinates are therefore suitable separation variables, and each 
will exhibit simple harmonic motion with frequencies v, and vy, respectively. 
‘Thus, the solutions for x and y are particularly simple forms of the single Fourier 
expansions of Eq. (10.117). Suppose now that the coordinates are rotated 45° 
about the z axis; the componeats of the motion along the new x’, y’ axes will be 


vs plrooondntvet + By) + yo. cos 2 (yt + By)}, 


= Fzlrncos 2m + By) ~ xpcos2n(vyt + By}. (10.118) 


If u;/2y is a rational number, these two expressions will be commensurate. corre- 
sponding to closed Lissajous figures of the type shown in Fig. 10.4. But ifr, and 
vy are incommensurable, the Lissajous figure never exactly retraces its steps and 
Eqs. (20.118) provide simple examples of multiply periodic series expansions of 
the form (10,117). 

Even when gy is a multiply periodic function of all the w's, we intuitively feel 
there must be a special relationship between gj and its corresponding wi (and 
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FIGURE 104° Lissajous figures for Ea. (10.118). (a) Bx = By = }, B= § (0) Bx = 4, 
By = 0, Ba}. 


therefore vz), After all, the argument culminating in Eq. (10.109) says that when 
4 alone goes through its complete cycle, wy increases by unity, while the other 
w's return to their initial values. It was only in 1961 that J. Vinti succeeded in 
expressing this intuitive feeling in a precise and rigorous statement.* 

Suppose that the time interval 7' contains m complete cycles of q4 plus a frac- 
tion of a cycle. In generat, the times required for each successive cycle will be 
different, since qx will not be a periodic function of t. Then Vinti showed, on the 
basis of a theorem in number theory, that as 7’ increases indefinitely, 


mm 
Lim = ve. (10,119) 
The mean frequency of the motion of qx is therefore always given by t, even 
when the entire motion is more complicated than a periodic function with fre- 
quency ve. 

Batting commensurability of all the frequencies, a multiply periodic function 
can always be formed from the generating function W. The defining equation 
for Ji, Bq. (10.102), in effect states that when q; goes through a complete cycle; 
that is, when w; changes by unity, the characteristic function increases by Jj. It 
follows that the function 


Wa W-\ eh (40.120) 
k 


remains unchanged when each ws is increased by unity, all the other angle vari- 
ables remaining constant. Equation (10.120) therefore represents a multiply peri- 
odie function that can be expanded in terms of the w; (or of the frequencies vr) 
by a series of the form of Eq. (10.3 15}. Since the transformation equations for the 


41 Vinti, J Res. Nat. Bur Standards, 68B, 133 (1961). 
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angie variables are 
aw 
=e 


it will be recognized that Eq. (10.120) defines a Legendre transformation from 
the g, J basis to the g. w basis, Indeed, comparison with Eq. (9.15) in combina- 
tion with Eq. (9.12) shows that if W(q, J) is a generating function of the form 
Fr(q. P), then W'(q, w) is the corresponding generating function of the type 
Fi(q, Q), transforming in both cases from the (q, p) variables to the (w, J) vari- 
ables, While W’ thus generates the same transformation as W, it is of course not 
a Solution of the Hamilton Jacobi equation. 

thas been emphasized that the system configuration is multiply periodic only 
if the frequencies v are not rational fractions of each other, Otherwise, the con- 
figuration repeats after a sufficiently long time and would therefore be simply 
periodic. The formal condition for the commensurability of two frequencies ¥, 
and uv, is that they satisfy the relation jj; = j,, (no sum) where jj and j; are 
nonzero positive integers. For complete commensurability, all pairs of frequencies 
must satisfy relations of the form 


wy 


Sid = jee, (nO sum) (10.121) 


where the j; and jp are nonzero positive integers. 

‘When we can express any vj as a rational fraction of any of the other frequen- 
cies, the system is said to be completely commensurate, If only m + 1 of the 
frequencies satisfy Bq. (10.121), the system is said to be m-fold commensurate. 
For example, consider the set of seven frequencies »j == 3 MHz, vp = 5 MHz, 
v3 = 7 MHz, vg = 2/2 MHz, v5 = 3.2 MHz, ug = V3 MHz, v7 = V7 MHe, 
‘The first three vy, uz, and v3 are triply commensurate, the next two vg and us are 
doubly commensurate. 

‘There is an interesting connection between commensurability and the coordi- 
nates in which the Hamilton—Jacobi equation is separable, It can be shown that the 
path of the system point for a noncommensurate system completely fills a limited 
region of both configuration and phase space. This can be seen in the Lissajous 
figures of incommensurate frequencies. 

Suppose the problem is such that the motion in any one of the separation coor- 
dinates is simply periodic and has therefore been shown to be independent of the 
motion of the other coordinates. Hence, the path of the system point as a whole 
must be limited by the surfaces of constant g; and p; that mark the bounds of the 
oscillatory motion of the separation variables, (The argument is easily extended to 
rotation by limiting all angles to the region 0 to 27r.) These surfaces therefore de- 
fine the volume in space that is densely filled by the system point orbit. It follows 
that the separation of variables in noncommensurate systems must be unique: the 
Hamilton—Jacobi equation cannot be separated in two different coordinate sys- 
tems (aside from trivial variations such as change of scale). The possibility of 
separating the motion in more thas one set of coordinates thus normally provides 
evidence that the system is commensurate. 
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The simplest example of being commensurate is degeneracy which occurs 
wher two or more of the frequencies are equal. If two of the force constants 
in a three-dimensional harmonic oscillator are equal, then the corresponding fre- 
quencies are identical and the system is singly degenerate. In an isotropic linear 
oscillator, the force constants are the same along all directions, all frequencies are 
equal, and the system is completely degenerate. 

Whenever this simple degeneracy is present, the fundamental frequencies are 
no longer independent, and the periodic motion of the system can be described 
by less than the full complement of m frequencies. Indeed, the m conditions of 
degeneracy can be used to reduce the number of frequencies ton ~m + 1. The 
reduction of the frequencies may be most elegantly performed by means of a point 
transformation of the action-angle variables. The m degeneracy conditions may be 
written where jx; are positive or negative integers 


im =O, k= 3,....m, (10.122) 


ft 
Consider now a point transformation from (w, J) to (w', J’) defined by the 
generating function (cf. Eq. (9.26) where the summation convention is used): 


» 


Fe SS daw + SY sper. (10.123) 


ket tet k 


‘The transformed coordinates are 


Yaw. 


ii 
= We, k=m+l,...n (10.124) 


Correspondingly, the new frequencies are 


a 


uh =e = Divs =O ke m, 


= kem+leon (10.125) 


‘Thus in the transformed coordinates, m of the frequencies are zero, and we are left 
with a set of n — m independent frequencies phis the zero frequency. It is obvious 
thal the new w may also be termed as angle variables in the sense that the system 
configuration is multiply periodic in the wi coordinates with the fundamental 
period unity. The corresponding constant action variables are given as the solution 
of the 7 equations of transformation 


R= iit YO Tsu. (10.126) 
c= Pet 
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‘The zero frequencies correspond to constant factors in the Fourier expansion. 
These are of course also present in the original Fourier series in terms of the 
v's, Eq, (10.110), occurring whenever the indices jj are such that degeneracy 
conditions are satisfied. Since 

aH 
a 


the Hamiltonian must be independent of the action variables J/ whose corre- 
sponding frequencies vanish. In a completely degenerate system, the Hamiltonian 
can therefore be made to depend upon onty one of the action variables, 

‘Note that Hamilton’s characteristic function W also serves as the generating 
function for the transformation from the (g, p) set to the (w’, J) set. Since the J’ 
quantities are independent constants, the original constants of integration may 
bbe expressed in terms of the J’ set, and W given as W(q, J’). In this form, itis a 
generating function to a new set of canonical variables for which the J’ quantities 
are the canonical momenta. But by virtue of the point transformation generated 
by the F of Eq, (10.123), we know that w’ is conjugate to J’. Hence, it follows 
that the new coordinates generated by W(q, J’) must be the angle variable w’ set, 
with equations of transformation given by 


aw 
w= 7 (10.127) 
(For a more formal proof of Eq. (10.127) based on the algebraic structure of 
Eq. (10.123), see Derivation 3.) 

The problem of the bound motion of a particle in an inverse-square law central 
force illustrates many of the phenomena involved in degeneracy. A discussion of 
this problem also affords an opportunity to show how the action-angle technique is 
applied to specific systems, and to indicate the connections with Bohr’s quanturn 
mechanics and with celestial mechanics. Accordingly, the next section is devoted 
to a detailed treatment of the Kepler problem in terms of action-angle variables. 


THE KEPLER PROBLEM N ACTION-ANGLE VARIABLES* 


To exhibit all of the properties of the solution, we shall examine the motion in 
three dimensional space, rather than make use of our a priori knowledge that the 
orbit lies in a plane. In terms of spherical polar coordinates, the Kepler problem 
becomes a special case of the general treatment given above in Section 10.5 for 
central force motion in space. Equations (10.70) through (10.77) can be taken 
over here immediately, replacing V(r) wherever it occurs by its specific form 


(10.128) 


Vin= 


*The summation convention will be resumed from here on. 
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Since the potential V(r) depends only upon one of the three coordinates, it fol- 
lows that the Hamitton—Jacobi equation is completely separable in sphericat polar 
coordinates. We shail confine our discussion to the bound case, that is, E < 0. 
Hence, the motion in each of the coordinates will be periodic—Hibration in r and 
9, and rotation in 6. The conditions for the application of action-angle variables 
are thus satisfied, and we can proceed to construct the action variables on the basis 
of the defining equation (10.102). From Eq. (10.72), it follows that 


=p Bao= fasdo. (10.129a) 


Similarly, on the basis of Eq. (10.74), Jg is given by 


a= 4 wom dO = $y - bw, (10.1290) 


Finally the integral for J, from Eq. (10.75), is 


nag Parag 2mE + ME 8 ay, (40.1296) 


The first integral is trivial; goes through 2m radians in a complete revolution 
and therefore 


Jg = Ing = 2xpy. (10.130) 


‘This result could have been predicted beforehand, for p is a cyclic coordinate 
in H, and Eq, (10.130) is merely a special case of Eq. (10.101) for the action 
variables corresponding to cyclic coordinates. Integration of Eq. (10.129b} can 
be performed in various ways; a procedure involving only elementary rules of 
integration will be sketched here. If the polar angle of the total angular momentum 
vector is denoted by /, so that 


cos = 2%, (10.131) 
ag 
then Eq. (10.129) can also be written as 
do = 00 h Vim carat do. (20.132) 


‘The complete circuital path of integration is for @ going from a limit 6p to +0 
and back again, where sin) = cosi, or 6 = (x/2) ~ i. Hence, the circuital 
integral can be written as 4 times the integral over from 0 to 8, or after some 


manipulation, 
Je = eg [ csco enti cos? @.d8. 
o 
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‘The substitution 
cos@ = sini sin yy 


transforms the integral to 


"2 cost dy 


ae i en 10.133) 
a Sega t 1 — sin? isin? y ¢ > 
Finally, with the substitution 
us tany, 
the integral becomes 
~ du 
‘ed. in? cichpnsnipiigionacreestet oii, 
Ae ee if TTT T woot 
1 
= ay f~ a(t (20.134) 


This last form involves only well-known integrals, and the final result* is 
Jo = 2na9() ~ cosi) = In{ag ~ ag). (10,135) 
‘The last integral (Eq. (10.129c)), for J,, can now be written as 


_ Yor+ Vet Je? a, 


Dm + 2k et 


(10.136) 
After performing the integration, this equation can be solved for the energy Es 
#1 in termas of the three action variables Jy, Jo, J-. Note that Jg and Jp can occur 
in E only in the combination Jo + J, and hence the corresponding frequencies 
up and ug must be equal, indicating a degeneracy, This result has not involved the 
inverse-square law nature of the central force; arty motion produced by a central 
force is at least singly degenerate. The degeneracy is of course a consequence 
of the fact that the motion is confined to a plane normal to the constant angular 
momentum vector L. Motion in this plane implies that @ and @ are related to 
each other such that as @ goes through a complete 27 period, @ varies through a 
complete cycle between the limits (27/2) +. Hence, the frequencies in @ and 
are necessarily equal. 

‘The integral involved in Eq. (10.136) can be evaluated by elementary means, 
but the integration is most elegantly and quickly performed using the complex 
+*Io evaluating the integral of the second term in the final integrand of Bq. (10.134), thas been assumed. 
that cos/ is positive. This is always possible, since there is no preferred direction for the z axis in the 
problem and it may be chosen at will. If cos? were negative, the sign of ag in Bq. (30.135) would be 
positive. Far changes in the subsequent formulas, see Exercise 23. 
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contour integration method of residues. For the benefit of those familiar with this 
technique, we shall outline the steps involved in integrating Eq. (10.136), Bound 
motion can occur only when E is negative (cf. Section 3.3), and since the inte- 
grand is equal to p, = m#, the limits of the motion are defined by the roots r} and 
72 of the expression in the square root siga. If 7, is the inner bound, as in Fig. 3.6, 
a complete cycle of r involves going from r; to r2 and then back again to ry. On 
the outward half of the journey, from r, t0 72, pr is positive and we must take 
the positive square root. However, on the return trip to ry, pr is negative and the 
square root must likewise be negative. The integration thus involves both branches 
of a double-valued function, with ry and rp as the branch points. Consequently, 
the complex plane can be represented as one of the sheets of a Riemann surface, 
slit along the real axis from r; to r2 (as indicated in Fig. 10.5). 

Since the path of integration encloses the line between the branch points 7, 
and rz, the method of residues cannot be applied directly. However, we may also 
consider the path as enclosing all the rest of the complex plane, the direction of 
integration now being in the reverse (clockwise) direction. The integrand is single 
valued in this region, and there is now no bar to the application of the method of 
residues. Only two singular points are present, namely, the origin and infinity, and 
the integration path can be distorted into two clockwise circles enclosing these 
‘Wo points. Now, the sign in front of the square root in the integrand must be neg- 
ative for the region along the real axis below r;, as can be seen by examining the 
behavior of the function in the neighborhood of rj. If the integrand is represented 
as 


3B 
aja= 5. 
r r 
the residue at the origin is 
Ro = ~V2E. 


Above rp, the sign of the square root on the real axis is found to be positive, 
and the residue is obtained by the standard technique of changing the variable of 
integration to z =r}: 


1 
~$ 3VA+ I~ CE dz. (10.137) 


Positive: 
Square root a 


FIGURE 10.5 The compiex r plane in the neighborhood of the real axis; showing the 
paths of integration occurring in the evaluation of J 
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Expansion about z = 0 now furnishes the residue 


B 
ROE Te 
‘The totat integral is —27i times the sum of the residues: 

B 
dp = 2ni{ V-C +}, 10.138) 
(e+) Wee 

‘or, upon substituting the coefficients A, B, and C: 
Je = (Up + Jy) + nk (10.139) 


Equation (10.139) supplies the functional dependence of H upon the action 
variables; for solving for E, we have 


2? mk? 
BES Tae Sata 


Note that, as predicted, Jg and Jy occur only in the combination Jo + Jy. More 
than that, all three of the action variables appear only in the form J, ++ Jo ++ 
Jo. Hence. all of the frequencies are equal; the motion is completely degenerate. 
‘This result could also have been predicted beforehand, for we know that with 
an inverse-square law of force the orbit is closed for negative energies, With a 
closed orbit, the motion is simply periodic and therefore, in this case, completely 
degenerate. If the central force contained an r~} term, such as is provided by first~ 
order relativistic corrections, then the orbit is no longer closed but is in the form 
of a precessing ellipse. One of the degeneracies will be removed in this case, but 
the motion is still singly degenerate, since up = vg for ali central forces, The one 
frequency for the motion here is given by 
aH aH aH 4x ?mk? 

“8h” Ola” 8g” Oe FoF Hey 
If we evaluate the sum of the J's in terms of the energy from Eq. (10.140) the 
period of the orbit is 


(10,141) 


[a 
= ae 10.14; 
tars (10.142) 


This formula for the period agrees with Kepler's third law, Eq. (3.71), if it is 
remembered that the setsimajor axis a is equal to ~k/2E. 

‘The degenerate frequencies may be eliminated by canonical transformation 
to a new set of action-angle variables, following the procedure outlined in the 
previous section, Expressing the degeneracy conditions as 


te =0, =O, 


10.8 The Kepler Probiem in Action-angle Variables art 
the appropriate generating function is 
F = (we — we) + we — wy) At wh. (10.143) 
‘The new angle variables are 
Wi = Wy — we 


Uh = Wg — Wey 


w= wp, (10.144) 


and, as planned, two of the new frequencies, »; and v2, are zero. We can obtain 
the new action variables from the transformation equations 


Ig= Ty 
Wg=h-hy 
= h- dy 
which yields the relations 
hap, 
Jy t+Jo, (10.345) 


Ke dg+ lord. 
In terms of these transformed variables the Hamiltonian appears as 


2n?mk? 
Bo 


(10.146) 


a form involving only that action variable for which the corresponding frequency 
is different from zero. 

If we are willing to use, from the start, our a priori knowledge that the motion 
for the bound Kepler problem is a particular closed orbit in a plane, then the inte- 
grals for Ja and J, can be evaluated very quickly and simply. For the Jo integral, 
we can apply the following procedure. It will be recalled that when the defining 
‘equations for the generalized coordinates do not involve time explicitly, then (ef. 
Eq. (8.20) and the material following (8.20)) 


Pid = 2Logig = 27. 
Knowing that the motion is confined to a plane, we can express the kinetic energy 
T either in spherical polar coordinates or in the plane polar coordinates (r. ¥). It 
follows, then, that 


27 = prf + ped + pod = prt + pi, (10.347) 
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where p (= f) is the magnitude of the total angular momentum. Hence, the defi- 
nition for Jz can also be written as 


a7 =f pede =f av ~ f rode. (10.148) 


Because the frequencies for # and @ are equal, both @ and y vary by 2x as 8 goes 
through a complete cycle of libration, and the integrals defining Jp reduce to 


Jo = 2a(p ~ py) = 2m (ag ~ a). 


in agreement with Eq. (10.135). 

‘The integral for J,, Eq. (10.136), was evaluated in order to obtain H w E in 
terms of the three action variables. If we use the fact that the closed elliptical orbit 
in the bound Kepler problem is such that the frequency for r is the same as that 
for 8 and ¢, then the functional dependence of H on J can also be obtained from 
Eq. (10.147). In effect then we are evaluating J, in a different way. ‘The virial 
theorem for the bound orbits in the Kepler problem says that (ef. Bq. (3.30)) 


V=-2F, 


where the bar denotes an average over a single complete period of the motion. It 
follows that 


Hek= 


4 V x FP. (10.149) 


Integrating Bq. (10.147) with respect to time over a complete period of motion we 
have 
oF 
on p+ et dg = Ss, (10.150) 
where v3 is the frequency of the motion, that is, the reciprocal of the period, 
Combining Eqs. (10.149) and (10.150) teads to the relation 
2 wy 1 dH 
-s=5-5—. 1015 
ko HO Hddks P 
where use has been made of Eq. (10.105). Equation (10.151) is in effect a differ- 
‘ential equation for the functional behavior of H on J3. Integration of the equation 
immediately leads to the solution 


D 


H=s, 
R 


(10.152) 
where D is a constant that cannot involve any of the J’s, and must therefore de- 
pend only upon m and k. Hence, we can evaluate D by considering the elementary 
case of a circular orbit, of radius ra, for which J, = 0 and J, = 2np. The total 
energy is here 


40.8 The Kepler Problem in Action-angle Variables 473 


k 
2rq 


(10.153) 


(as can most immediately been seen from the virial theorem). Further, the con- 
dition for circularity, Eq. (3.40), can be written for the inverse-square force law 
as 


(10.154), 


(10.155) 


‘This result has been derived only for circular orbits, But Eq. (10.152) says it must, 
also be correct for ali bound orbits of the Kepler problem, and indeed it is identical 
with Eq. (10.146). Thus, if the existence of a single period for all coordinates is 
taken as known beforehand, it is possible to obtain H (/)} without direct evaluation 
of the circuital integrals. 

In any problem with three degrees of freedom, there must of course be six 
constants of motion. It has previously been pointed out that in the Kepler problem 
five of these are algebraic functions of the coordinates and momenta and describe 
the nature of the orbit in space, and only the last refers to the position of the 
particle in the orbit at a given time (cf. Sections 3.7 to 3.9), It is easy to see that 
five parameters are needed to completely specify, say, the elliptical orbit of the 
bound Kepler problem in space. Since the motion is in @ plane, two constants are 
needed to describe the orientation of that plane in space, One constant is required 
to give the scale of the ellipse, for example, the semimajor axis a, and the other 
the shape of the ellipse, say. through the eccenteicity e. Finally, the fifth parameter 
must specify the orientation of the ellipse relative to some arbitrary direction in 
the orbital plane. 

‘The classical astronomical elements of the orbit provide the osbital parameters 
almost directly in the form given above. Two of the angles appearing in these 
elements have unfamiliar but time-honored names. Their definitions, and func- 
tions as orbital parameters, can best be seen from a diagram, such as is given in 
Fig. 10.6. Here xyz defines the chosen set of axes fixed in space, and the unit 
vector m characterizes the normal to the orbital plane, The intersection between 
the xy plane and the orbital plane is called the line of nodes. There are two points 
on the line of nodes at which the elliptical orbit intersects the xy plane; the point 
at which the particle enters from below into the upper hemisphere (or goes from 
the “southem” to the “northem” hemispheres) is known as the ascending node. In 
Fig. 10.6, the portion of the orbit in the southem hemisphere is shown, for clarity, 
as a dashed line. The dot-dashed line ON is a portion of the line of nodes contain- 
ing the ascending node. We can measure the direction of ON in the xy plane by 
the angle xON, which is customarily denoted by ©, and is known as the longitude 
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FIGURE 10.6 Angular elements of the orbit in the bound Kepier problem, 


Of the ascending node. Finally, if C denotes the point of periapsis in the orbit, 
then the angle NOC in the orbital plane is denoted by w and is called the argu- 
ment of the perihelion.* The more familiar angle i, introduced in Bq, (10.131), is 
in its astronomical usage known as the inclination of the orbit, One usual set of 
astronomical elements therefore consists of the six constants 


i, Q,a.e,@,T, 


where the last one, T, is the time of passage through the periapsis point. Of the 
temaining five, the first two define the orientation of the orbital plane in space, 
while a, e, and @ directly specify the scale, shape, and orientation of the elliptic 
orbit, respectively. 

‘The action-angle variable treatment of the Kepler problem also leads to five 
algebraic constants of the motion. Three of them are obvious as the three constant 
action variables, Ji, J2, and J3. The remaining two are the angle variables w; 
and w2, which are constants, because their corresponding frequencies are zero. It 
must therefore be possible to express the five constants Jj, J2, J3, wy, and w in 
terms of the classical orbital elements i, 2, a, e, and w, and vice versa. Some of 
these interrelations are immediately obvious. From Eqs. (10.145) end (10,435) it 
follows that 


Ay = 2nag 2, (10.156) 
and hence, by Eq. (10.131), 
3 = casi. (10.457) 


As is weil known, the semimajor axis a is 2 function only of the total energy E 
(ef. Eq. (3.61)) and therefore, by Eq. (10.146), ¢ is given directly in terms of J5: 


"This terminology appears to be commonly esed even for orbits that are not around the sun. The 
proper term for orbits about stasis periastra; for Earth-orbiting satellites, this term is perigee. 
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k Ie 
TE 4n®mk” 


in terms of Jo, Eq. (3.62) for the eccentricities can be written as 


| JE 
ex ji-—-, 
aimka 
2 
e=#,1- (3) , (10.159) 
Vs 


It remains only to relate the angle variables w; and w2 to the classic orbital 
elements. Obviously, they must involve & and «. In fact, it can be shown that for 
suitable choice of additive constants of integration they are indeed proportional to 
Q and w, respectively. This will be demonstrated for wy; the identification of w, 
will be left as an exercise, 
‘The equation of transformation defining w; is, by Eq. (10.127), 
aw 
m= ar 

It can be seen from the separated form of W, Eq. (10.71), that W can be written 
as the sum of indefinite integrals: 


a= 


(10.158) 


w= f rodo+ f red+ f pede (10.460) 


‘As we have seen from the discussion on J,, the radial momentum p, does not 
involve J,, but only Js (through E) and the combination Jy + Jy = J2. Only the 
first two integrals are therefore involved in the derivative with respect to J. By 
Eq. (10.130), 


pe =o = 2, (0.161) 


and by Eq. (10.74), with the help of Eqs. (10.156) and (10.161), 


pe ie ook, (10.162) 
sin? @ 2” sin? 6 

Jt turns out that in order to relate w; to the ascending node, it is necessary to 
choose the negative sign of the square root.* The angular variable wy is therefore 
determined by 

‘Note that when the particle passes through the ascending node (cf. Fig. 10.6) @ is decreasing and 
the comesponding momentum is negative. In calculating Jp, it was not necessary to worry about the 
choice of sign because in going through s complete cycle both signs are encountered. 
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sin? 8/2 — JP osc? 


wy ae 


By a change of variable to u, defined through 
sin = coti cota, (10.163) 
the integration can be performed wivially, and the expression for w; reduces to 
nw = ou. (10.464) 


‘The angle coordinate @ is the azimuthal angle of the projection on the xy plane 
measured relative to the x axis, Clearly, from Eq, (10.163) « is a function of the 
polar angle @ of the particle. But what is its geometrical significance? We can. 
see what u is by reference to Napier’s rules* as applied to the spherical triangle 
defined by the line of nodes, the radius vector, and the projection of the radius 
vector on the xy plane. However, it may be more satisfying to indulge in a little 
trigonometric manipulation and derive the relation ab initio, In Fig, 10.7, the line 
ON is the line of nodes. OR is the line of the radius vector at some time, and the 
dotted line OP is the projection of the radius vector on the xy plane. The angle 
that OP makes with the x axis is the azimuth angle @. We contend that u is the 
angle OP makes with the line of nodes. To prove this, imagine a plane normal 
both to the xy plane and to the line of nodes. which intersects the radius vector 
at unit distance OB from the origin O. The points of intersection A, B, and C of 
this plane, with the three tines from the origin, define with the origin four right 
triangles. Since OB has unit length, it follows that BC = cos@ and therefore 
AC = cos@ cot. On the other hand, OC = sin@ and therefore it is also true that 
Ac in@ sin u. Hence. sinu = coti cot@, which is identical with Eq. (10.163) 
and proves the stipulated identification of the angle w. Figure 10.7 shows clearly 
that the difference between @ and x must be &, so that 


Inw, = 2. (10.165) 


Ina similar fashion, we can identify the physical nature of the constant w2. Of 
the integrals making up W, Eq. (10.160), the two over @ and r contain Jy and 


‘For an explanation of Napier’s rules for spherical triangles, see handbooks such as the Handbook of 
Mashematical Tables (Chessical Rubber Publishing Co.) or Handbook of Applied Marhematics (Van 
Nostrand-Reinhold). 
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FIGURE 10.7 Diagram illustrating angles appearing in action-angle treatment of the 
Kepler problem. 


are therefore involved in finding w2. After differentiation with respect to Jz, the 
integral over 6 can be performed by the same type of trigonometric substitution as 
employed for wy. The corresponding integral over r can be carried out in a number 
of ways, most directly by using the orbit equation for r in terms of the polar 
coordinate angle in the orbital plane. By suitable choice of the arbitrary lower 
limit of integration, it can thus be found that 27 wy is the difference between two 
angles in the orbital plane, one of which is the angle of the radius vector relative 
to the fine of nodes and the other is the same angle but relative to the line of the 
perispsis. In other words, 2 w» is the argument of the perihelion: 


2rwy =o. (10.166) 


Detailed derivation is teft to one of the exercises. 

‘The method of action-angle variables is certainly not the quickest way to solve 
the Kepler problem. and the practical usefulness of the set of variables is not ob- 
vious. However, their value has long been demonstrated in celestial mechanics, 
where they appear under the guise of the Delaunay variables.* As will be seen in 
Section 12.2, they provide the natural orbital elements that can be used in pertur- 
bation theory, to describe the modifications of the nominal Kepler orbits produced 
by small deviations of the force from the inverse-square law. Many of the basic 
studies on possible perturbations of sateltite orbits were carried out in terms of 
the action-angle variables. 


*As customarily defined, the Delaunay variables differ from the (J, w,) set by multiplicative con 
stants. 


478 


Chapter 10 Hamilton-jacobi Theory and Action-Angle Variables 
DERIVATIONS 


1. For a conservative system show that by solving an spproprite partial differential 
equation we can construct 2 canonical transformation such that the new Hamiltonian 
is a function of the new coordinates only. (Do not use the exchange transformation, 
F).) Show how a Formal solution to the motion of the system is given in terms of the 
new coordinates and momenta, 


2, In the text, the Hamilton—Sacobi equation for $ was obtained by seeking a con- 
tact transformation from the canonical coordinates (q, p) to the constants (a, 6). 
Conversely, if S(gj;,a;.4) is any complete solution of the Hamilton-Jacobi equa. 
tion (10.3), show that the set of variables (Qj, pi) defined by Eqs. (10.7) and (10.8) 
are canonical variables, that is, that they satisfy Hamilton's equations. 


3. In the action-angle formalism, the arguments of Harailton’s characteristic function are 
the original coordinates aj and the action variables Jy. In the case of degeneracy. a 
subsequent canonical transformation is made to new variables (w/, J) from (we, Jk 
in order to replace the degeneracies by zero frequencies. By considering each Jy & 
function of the J/ quantities as defined by Eq. (10.126), show that it remains true that 


aw 
aif 

4. The so-called Poincaré elements of the Kepler orbits can be written as 
oy + 1) +073, Jo. 
be deg 
eosaa(wn + wy), Lsinda(wy +0), 
2 ocganw;, 4 gin2ewy. 
= 7 


Show that they form a canonica} set of coordinates, with the new coordinates forming. 
the feft-hand column, their conjugate momenta being given on the right-hand side. 


EXERCISES 


5. Show that the fimetion 
S= Sa +0) coter — manger ese et 
is a solution of the Hamilton-Jacobi for Hamilton's principal function for the linear 
harmonic oseitlator with 
He Ee + mata), 


‘Show that this function generates a correct solution to the motion of the harmonic 
oscillator. 

6. A charged particle is constrained to move in a plane under the influence of a centrat 
force potential (nonelectromagnetic) V = }4r?, and a constant magnetic field B 
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pespendicular to the plane, so that 
AsiBxr 


Set up the Hamikton—facobi equation for Hamilton's characteristic function in plane 
polar coordinates. Separate the equation and reduce it t quadratures. Discuss the 
motion if the canonical momentum pg is zero at time f= 0, 


7. (@) A Single particle moves in space under a conservative potential, Set up the 
Hamilton-Jacobi equation in ellipsoidal coordinates u, v, @ defined in terms of 
the usual cylindrical coordinates r, z, ¢ by the equations 

rsasinhusinu, z= acoshucosu. 


For what forms of V (Ge, v, 6) is the equation separable? 
(b) Use the results of part (a) to reduce to quadratures the problem of a point particle 
of mass m moving in the gravitational field of two unequal mass points fixed on 
the z axis a distance 2a apart. 
8. Suppose the potential in 2 problem of one degree of freedom is linearly dependent 
upon time, such that the Hamailtonian has the form 


2 
He & mats, 


where A is @ constant, Solve the dynamical problem by means of Hamilton's principal 
function, under the initial conditions ¢ = 0, x = 0, p = mug. 
9 Set up the plane Kepler problem in terms of the generalized coordinates 


usrdx, 


ver~x 


Obtain the Hamilton-Jacobi equation in terms of these coordinates, and reduce it to 
quadratures (at least). 

10, One end of a uniform rod of length 2/ amd mass m rests against a smooth horizontal 
floor and the other against a smooth vertical surface. Assuming that the rod is con- 
strained to move under gravity with its ends always in contact with the surfaces, use 
the Hamilton-Jacobi equations to reduice the solution of the problem 1 quadratwres. 

‘LL. A particle is constrained to move on a roller coaster, the equation of whose curve is 

Qex 
= Acos* = 
2 Aces! = 


‘There is the usual constant downward force of gravity. Discuss the system trajectories 
jn phase space under all possibie isitial conditions, describing the phase space orbits 
in as much detail as you can, paying special attention to turning points and transitions 
between different types of motion. 


12, A particle of mass m moves in a plane in a square well potemial: 
Voj=s-V G<r<rm, 


=0 r> 7 
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B. 


ccm 


1S, 


16. 


ta 


18. 


9. 


(a) Under what initial conditions can the method of action-angle variables be applied? 

(b) Assuming these conditions hold, use the method of action-angle variables to find 
the frequencies of the motion. 

A particle moves in periodic motion in one dimension under the influence of a poten- 

tial V(x) = Fix}, where F is a constant. Using action-angle variables, find the period 

of the motion as a function of the particle’s energy. 


A particle of mass m moves in one dimension under a potential V = ~k/Jx|. For 
‘energies that are negative, the motion is bounded and oscillatory. By the method of 
action-angle variables, find an expression for the period of motion as a function of the 
particle's energy. 


A particle of mass m moves in one dimension subject to the potential 


Obtain an integral expression for Hamilton's characteristic function. Under what con- 
ditions can action-angle variables be used’? Assuming these are met, find the frequency 
of oscillation by the action-angle method. (The integral for J can be evaluated by ma 
nipulating the integrand so that the square root appears in the denominator} Check 
your result in she kimit of oscillations of small amplitude. 


A particle of mass m is constrained to move on a curve in the vertical plane defined 
by the parametric equations 


y=1(1 ~ cos2¢), 
x = 1(2$ + 8in24). 


‘There is the usual constant gravitational force acting in the vertical y direction. By 
the method of action-angle variables, find the frequency of oscillation for all initial 
conditions such that the maximum of ¢ is less than or equal to 7/4, 


Solve the problem of the motion of a point projectile in a vertical plane, using the 
Hamilton-Jacobi method. Find both the equation of the trajectory and the dependence 
Of the coordinates on time, assuming the projectile is fired off at time ¢ = 0 from the 
origin with the velocity xq, making an angle a with the horizontal, 


For the system described in Exercise 12 of Chapter 6, find a linear point transformation, 
to variables in which the Hamilton-Jacobi equation is separable, By use of the action- 
angle variables, find the eigenfrequencies of the system. 


A three-dimensional harmonic oscillator has the force constant & in the x- and y- 
directions and 3 in the z-direction, Using cylindrical coordinates {with the axis of 
the cylinder in the z direction), describe the motion in terms of the corresponding 
action-angle variables, showing how the frequencies can be obtained. Transform to 
the “proper” action-angle variables to eliminate degenerate frequencies. 


Find the frequencies of a three-dimensional harmonic oscillator with unequal force 
constants using the method of action-angle variables. Obtain the solution for each 
Cartesian coordinate and conjugate momentum as functions of the action-angle vari- 
ables. 
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24. (a) fn the harmonic oscillator of Exercise 20, allow all the frequencies to become 
‘equal (isotropic oscillaior) so that the motion is completely degenerate. Transform 
to the “proper” action-angle variables, expressing the energy in terms of only one 
of the action variabies. 


(b) Solve the problem of the isotropic oscillator in action-angle variables using spher- 
ical polar coordinates. Transform again to proper action-angle variables and com- 
pare with the result of part (a). Are the two sets of proper variables the sume? 
‘What are their physical significances? This problem iliustrates the feasibility of 
separating a degenerate motion in more than one set of coordinates. The nonde- 
‘generate oscillator can be separated only in Cartesian coordinates, not in polar 
coordinates. 


22, The motion of a degenerate plane harmonic oscillator can be separated in any Carte- 
sian coordinate system. Obtain the relations between the two sets of action-angle vari- 
ables corresponding to two Cartesian systems of axes making an angle @ with each 
other. Note that the transformation between the two sets is not the orthogonal trans 
formation of the rotation. 


23, (a) Evaluate the Jp integral in the Kepler problem by the method of complex con- 
tour integration. To get the integral into a useful form, it is suggested that the 
substitution cos@ = x sini might be made. 


(b) Verify the integration procedure used for Jp in the text, carrying out the final 
integrations in Eq. (30.134). 


(©) Follow the consequences of the inclination being greater than 90°, that is, cos 
negative. In particular, what are the changes in Bq. (10.135), in the canonical 
transformations to zero frequencies and therefore in Eqs. (10.145)? Can you write 
these equations in such a form that they are valid whether cos is positive ot 
negative? Justify your answer. 


24, Evaluate the integral for Jp in the Kepler problem by elementary means, This includes 
using tables of integrals, but if so, explicit and detailed references shoutd be given to 
the tables used. 


25. Show, but the method outlined in the text (or any other), that 27 wg is «the argument 
of the periapsis, in the three-dimensional Kepler problem. 


26. Set up the problem of the heavy symmetrical top. with one point fixed, in the 
Hamilton-Jacobi method, and obtain the format solution to the motion as given 
by Eq. (5.63). 


27. Describe the phenomenon of small radial oscillations about steady citcular motion in 
‘a central force potential as a one-dimensional problem in the action-angte formalism. 
‘With a suitable Taylor series expansion of the potential, find the period of the small 
oscillations. Express the motion in terms of J and its conjugate angle variable. 


28, Set up the problem of the relativistic Kepler motion in action-angte variables, using 
the Hamiltonian in the form given by Eq. (8.54), Show in particular that the total 
energy (including rest mass) is given by 
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i ~ 4th : 
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Note that the degeneracy has been partly lifted, because the orbit is no longer closed, 
Dut is still confined to a plane. In the limit as c approaches infinity, show that this 
reduces to Eq, (10.146). 


CHAPTER 


11 


Classical Chaos 


‘We have in the previous chapters devoted most of our attention to integrable prob- 
Jems, that is, problems in which the equations of motion can be integrated to 
provide solutions in closed form. For example, in Sections 3.7 and 3.8 we found 
‘exact solutions for the two-body, inverse-square force law problem by integrations 
of the equations of motion. For many physical situations exact solutions cannot 
be found. In the next chapter we shall cxamine problems with potentials that can 
be broken into a main integrable part and a weaker additional part that renders the 
probiem nonintegrable, but that can be taken into account by applying classical 
perturbation theory. A weak interaction term might, for example, couple together 
two equations of motion so the variables are no longer separable. The present 
chapter deals with some situations involving perturbations and lack of integrabil- 
ity that cannot be conveniently handled by classical perturbation theory. 

If the interaction term is no longer “small” in the sense of classical perturbation 
theory (cf. Section 12.1), the solutions may become complex and differ consider- 
ably from those of the uncoupled equations. In some cases new solutions appear 
that cannot be gencrated from the uncoupled equations. These solutions are often 
well bebaved in the sense that a smal! change in the initial conditions brings about 
only a smail change in the motion. When this is the case, the solutions are referred 
to as regular or normal. There also exist cases in which the motion evolves in en- 
tirely different ways even for nearly identical stasting circumstances, Solutions 
of this type are referred to as chaotic. It is important to point out that this chaos 
still involves deterministic solutions to deterministic equations. They are called 
chaotic because, although deterministic, they are not predictable because they are. 
highly sensitive to initial conditions. If we consider two bounded solutions in 
the noncbaotic regime that start nearby within a small region of phase space, the 
phase space region covered by the solutions at a later time will stilt be relatively 
smail and compact as expected from Liouville’s theorem (cf. Section 9.9). In the 
chaotic regime, the sector of phase space covered by these solutions wili continu- 
ally disperse in one or more directions with the passage of time, 

Chaos is a type of motion that lies between the regular deterministic tra- 
jectories arising from solutions of integrable equations and a state of noise or 
unpredictable stochastic behavior characterized by complete randomness. Chaos 
exhibits extensive randomness tempered by some regularity. Chaotic trajectories 
arise from the motion of nonlinear systems, which is sonperiodic, but still some- 
what predictable. Specific solutions change exponentially in response to small 
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changes in the initial conditions. In this chapter we shall examine some of the 
properties of this chaotic motion, and give examples of it. 

This chapter is only an introduction to the subject of chéos; it presents the 
general principles that underlie chaotic motion, We begin with a discussion of pe- 
riodic motion in general, and we discuss ways to transform it to circular motions 
in phase space. Then we add perturbations that disturb the regular motion, and 
examine the Kolmogorov-Amold~Moser (KAM) theorem, which provides con- 
ditions for the breakdown of regularity. We introduce the Liapunov exponent as 
a quantitative measure of chaos through dispersion in phase space and use it to 
summarize some predictions concerning the stability of the solar system, The role 
played by attractors in nonchaotic motion is explained, as well as the character- 
istics of the strange attractor involved in chacs. Our next task is to show how to 
conveniently display the regularities and irregularities of motion with the aid of 
Poincaré sections. We then examine the motions of independent osciflators and, 
using the Hénon-Heiles Hamiltonian as an example, we introduce the effect of a 
perturbation interaction and demonstrate that orbits that are initially regular will, 
when subject to a continual increase in the magnitude of the perturbing coupling 
potential, gradually transform to a state of chaos. The logistic equation is treated 
in detail and used to explain bifurcations and invariants, including a universal 
constant associated with chaos, Some brief comments are made on nonintegral 
dimensionality and fractals before closing. 


14.1 Mi PERIODIC MOTION 


In Chapter 3, we discussed bounded motion with an emphasis on motion in which 
the orbits are closed; that is, the trajectory repeats itself every period. The sim- 
ple harmonic oscitlator and the Kepler problem are exampies of closed periodic 
motion. In the latter case there are two periodicities, the radial coordinate r varies 
from its minimum value r; at perihelion to its maximum rz at aphelion and then 
back to perihelion during the time that the angular motion goes from @ = 0 10 
@ = 2, Hence, the periods for the radial and the angular motions are the same. 
‘These periods exemplify two types of motion that are degenerate. We know from 
Section 3.2 that the rate of change, 6, depends upon the radial distance r 


b=. G8) 
Por 
and the rate of change of r is a complicated analytical closed-form expression. 
‘The angular speed vp = r6 depends upon the angle @ in the manner sketched in 
Fig. 3.17. In Chapter 3, we showed how to integrate the equations of motion to 
obtain the polar coordinate equation for the orbit 


aQ ~e%} 
1+ecosé* 


3.64) 
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where the origin of the angular coordinate, @ = 0, is chosen at perihelion. Fig- 
ures 3.36 and 3.17 present phase space plots in the v, versus r and vp versus @ 
planes, respectively, for Kepler orbits with the same energy and different eccen- 
ticities. 

In Section 10.6, we found that a convenient way to represent periodic motion is 
to carry out a variant of the Hamilton—Jacobi procedure and transform the Hamil- 
tonian to action-angle variables. The sew momentum, called the action variable 

= § p.dq is a constant of the motion, and the new conjugate coordinate w 
depends linearly upon the time: w = ot + 8. We are interested in a Hamilto- 
mian H(i. G2, +--+ ni Pls P2s 43 f) of a conservative system containing 
several variables p;, 9:, which exhibits bounded motion. If this Hamiltonian is 
transformed to a new set of canonical variables P;, Q; in which all of the Qj's are 
eyctic, that is, 1 = HP, Po,.... Pr; #), then Hamilton's equations (8.18) can 
be readily integrated to provide the solution 


Qilt) = w(t) = ext + Bi Pit) = PO) ~ au, (Ib) 


where the 2n constants of integration £; and a, arc invariants of the motion, When 
canonical transformations exist that provide this type of solution, then the Hamil- 
tonjan is said to be integrable. This solution is similar to the action-angle variables 
discussed in Chapter 10, For the motion to remain bounded, that is, confined to 
a finite region of phase space, the coordinates w(t), which are growing linearly 
with the time, must be arguments of bounded functions, and in many cases, they 
will be arguments of periodic functions, as is the case with the radial variable r of 
Eq. (3.64) quoted above. 

In Sections 10.2 and 10.7, we showed that the Hamiltonian of a harmonic os- 
cillator can undergo @ canonical transformation to conjugate coordinates and mo- 
menta with the time dependencies of Eqs. (11.1). It follows that a Hamiltonian 
with the coordinates Q;(t) and P;(r) can be transformed to that of a harmonic 
oscillator in standard form, with the coordinates q/, pj. For the case n = 2, this 
gives 


pe pt 
He a + Smiota? + Say t pmeoiad. (1.2) 


which corresponds to a system of two uncoupled harmonic oscillators with a 
Hamiltonian that equals the total energy 


H=hy +h = Er, 31.3) 
where we have, in action variable notation (cf. (10.94)) 


Fis Soon 
wk = ts = Bp. 114) 
Ay SB md =F E2 (14) 


486 


Chapter 11. Classical Chaos 


‘To visualize the motion, we can express cach individual oscillator in normalized 
coordinates 


1 ote and qi = gi(dmaly'?. aus) 


Each part #4; of Hamiltonian (11.3) corresponds to the equation of a circle in its 
Pi. 4 Plane of phase space 


op +a 1.6) 
Figure 11.1 illustrates these circles by presenting constant total energy Ep = 
E + Bp plots in the py, gy plane for Ey < Ey (small circle), E} ~ £2 (medium- 
size circle) and E, > Ep (large circle). 

‘This representation of an oscillator by uniform circular motion provides us 
with an easy way to picture the motion associated with the double oscilla- 
tor (11.2), where for convenience we select #2 >> «1. Consider the movement 
of the low-frequency oscillator « proceeding along a circle of Jarge radius in 
the py, 91 plane and then plot the trajectory of the high-frequency oscillator 2 
along a small circle in a po, g2 plane drawn perpendicular to the circle of co) and 
centered on its circumference, as shown in Fig. 11.2 for the case 2 % a. The 
joint motion in the total phase space is a spiraling of the system point along the 
surface of a torus, as illustrated in the figure, If the frequency «2 is a multiple of 
1, meaning that their ratio is an integer 


=n, (1.7) 


FIGURE 11.1 Circular orbits in the py. gy phase space for three values of the energy 
ratio E,/ Ez of two uncoupled harmonic oscillators plotted for the same total energy Ex = 
Ey +E, 


N2e 
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FIGURE 11.2 Circular motions of a low-frequency («}) harmonic oscillator in the hor- 
izontal p;, 91 plane and of a high-frequency («2 > a1) harmonic oscillator in the uni- 
formly moving pz. q2 vertical plane. The oscillators are uncoupled, and the resultant spi+ 
raling motion of the second oscillator generates a torus, as shown. 


then the trajectory will close on itself and repeat the same pattern every period 
ty = 2st/y. More generally, if the frequencies are commensurate, meaning that 
nin this Bq. (11.7) is a rationa) number like % then the orbit will still be closed, 
but it will trace out more than one path around the p;, 41 circle before closing. 
on itself. If, however, the frequencies are incommensurate, meaning that n in 
Bq. (11.7) is an irrational number, then the trajectory will never close, but will 
gradually cover the surface of the torus, without ever passing through exactly the 
same point twice. Eventually, however, it will pass arbitrarily close to every point 
on the surface. This is called a dense periodic orbit. Such an orbit is bounded and 
confined to a surface, but it is not closed. 

‘This approach can be generalized fo more than two oscillators, If there are 
three such oscillators with the frequencies @, w2, and a3, then the motion will 
be confined to a three-dimensional surface called a 3-torus in the six-dimensional 
Piy P2s P3s 1, 42s 93 Phase space. For N oscillators, there will be an NV-torus in a 
2N-dimensional phase space. It is not easy to visualize the N-tori for N > 2. 


PERTURBATIONS AND THE KOLMOGOROV-~ 
ARNOLD-MOSER THEOREM 


In the real world we can often express the dynamics of a system in terms of an in- 
tegrable Hamiltonian perturbed by a small interaction that makes it nonintegrable. 
‘An example is the motion of Earth in a Keplerian orbit around the Sun primarily 
perturbed by the presence of the planets Mars and Jupiter. This interaction is so 
weak that there is very litle disturbance of Earth’s orbit. Weak interactions of this 
type are most conveniently treated with the aid of canonical perturbation theory, 
which is explained in detail in Chapter 12. The following ontline of the method 
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discussed in Section 12.2 is sufficient for the consideration of chaos. References 
are given 0 the equations in Chapter 12 but reading the chapter is not necessary 
to follow the arguments, so we have placed this chapter first. 

‘We assume a Hamiltonian 1 involving a dominant interaction arising from an 
integrable Hamiltonian Ho for which the solution is known, plus an additional 
interaction arising from a small perturbation term A71 


H= Ho +t AH. 1.8) 


Ht is convenient to use the generating function S(q, P.t) = F2(q, P,t) intro- 
duced in Section 9.1 to transform the dominant Hamiltonian term Mo from the 
phase space coordinates p, q to new coordinates P, Q of a transformed Hamilto- 
nian Ko(Q, P), that is identically zero, as was illustrated in the Hamilton—Jacobi 
approach of Chapter 10. Hamilton's equations (10.1) for Ko = 0 provide new 
coordinates and momenta, Qp and Po, which are constants of the motion. The 
same transformation carried out for the total Hamiltonian, H = Ho -+ AH, pro- 
vides a transformed Hamiltonian AKo, which can be used to obtain first-order 
corrections P;, Q; to the time derivatives of the coordinates and momenta via 
Hamilton's equations (cf. Equation (12.4)) 

a 
FprkoPQ=-A. (is) 
After differentiation, Q and P are replaced in AKo by their unperturbed forms, 
that is, by g = Qo and p = Po. These expressions (11.9) can be integrated 
over time to give the first-order determination of Q@ = Q) and P = P), The 
procedure provides us with a new generating function S(Qy, Pi, f), and hence a 
new perturbed Hamiltonian AK}, which can be iterated to give the next higher+ 
order terms Q2 and P2, and so on. Further cycles of perturbation are obtained by 
iteration with the aid of the following relations (cf. Eq. (12.6)) with no summation 
intended: 


a m 
pp okolP, ) = 1 


4 a 
Qi, FO, A KitPe Or) = Pint. (11.10) 


8Q; 

Thus, we have a systematic canonical iteration technique for obtaining better and 
better approximations to the solution when the perturbation AH is present. This 
method can be continued to higher order, as discussed in Chapter 12. 

‘We have seen that perturbation theory provides us with a solution when A? is 
smal! relative to Mo, but the question arises as to whether the perturbed solution is 
stable, and whether or not the orbits will remain close to the unperturbed ones over 
Tong periods of time. Large perturbations can clearly disturb the regular motion. A. 
theorem known as the Kolmogorov-Amnoid-Moser (KAM) theorem provides the 
conditions for the breakdown of regularity. This theorem fells us that 


é 
BRAK, Od 


If the bounded motion of an integrable Hamiltonian Ho is disturbed by a small 
perturbation, AH, that makes the total Hamiltonian, H = Hg + AY, noninte- 
grable and if two conditions are satisfied: 


1.3 8 


143° Attractors 489 


(a) the perturbation AH is small, and 
(b) the frequencies w; of Ho are incommensurate, 


then the motion remains confined to an N-torus, except for a negligible set of 
initial conditions that result in a meandering trajectory on the energy surface. 


Thus, the perturbed orbits will be stable, only slightly altered in shape, and lo- 
calized in the same region as the unperturbed ones. Another way to say this is 
to observe that for a perturbation of the Hamiltonian that is sufficiently smail, 
most quasi-periodic orbits will only experience minimal changes. The method of 
proof for this theorem was originally suggested by Kolmogorov in 1954, and the 
proofs themselves, approached from different viewpoints, were worked out inde- 
pendently by Amold and by Moser a decade later. A great deal of mathematical 
sophistication is needed for the proof, and references can be consulted for de- 
tails.* For example, the second condition (b) of the theorem is mathematically 
more complex than simple incommensurability. 

‘The caveat “except for a negligible set of initial conditions” introduces the pos- 
sibility of initial conditions for which the theorem does not hold. This is analogous 
to the case of a differential equation with well-bchaved solutions over an entire 
domain except for one or more singular points where the solutions blow up to 
infinity. The exceptions are so few that they have very little effect on applications. 
Chaos can occur when KAM does not hold. 


ATTRACTORS: 


‘The previous section was concerned with an integrable Hamiltonian 9 being 
disturbed by a small perturbation A71. We found that stable orbits of Ho persist 
as slightly modified but still stable orbits of the total Hamiltonian, 1 = Ho-+ AH. 
Another case to consider is that of a system in which the initial conditions start the 
motion on a trajectory that does not lie on a stable path but that evolves toward a 
particular fixed point in phase space or toward a stable orbit in phase space called 
a limit cycle. A fixed point of this type as well as a timit cycle are examples of 
attractors. 

In general, an attractor is a set of points in phase space to which the solution 
of an equation evolves long after transients have died out. It might be a point with 
dimension d4 = 0, a trajectory or timit cycle orbit (cf. Fig, 11.1) with dimension. 
da = I, or perhaps a toroidal surface or torus with dimension da = 2. For a reg- 
ular attractor, the attractor dimension, d., is an integer that is less than the overall 
dimensions of the phase space. In higher dimensions, the attractors can be N- 
dimensional tori, where dq = 2 for the torus generated by the orbit in Fig. 11.2. 
There also exist somewhat bizarre types of attractors called strange attractors, 
**See, for example. H. Bai-Lin, Chaos, Singspoce: World Science, 1984; &. A. Jackson, Perspectives 
of Nonlinear Dynamics, Cambridge, England: Cambridge University Press, 1989: L. E, Reichl, The 
Fransition to Chaos, Berl: Springer-Verlag, 1992. 
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associated with chaos, which tend to be widely dispersed rather than localized in 
phase space. In addition, they have fractal dimensions~in other words, dimen- 
sions that are fractions or irrational numbers rather than whole numbers. These 
properties, as well as the term fractal dimension, are counterintuitive. We shall 
clarify the meanings of strange attractors and fractal dimensions later in the chap- 
ter, 

An example of a fixed-point attractor is the equilibrium position of a pendu- 
Jum at rest. If the pendulum is oscillating while subject to the action of a weak 
frictional drag force, then successive oscillations will decrease in amplitude until 
the pendulum finally comes to a stop at its equilibrium position, We say that the 
motion is drawn to the attractor. If the drag force is a perturbation on the main 
Hamiltonian, then the motion is underdamped and the pendulum undergoes many 
oscillations before stopping at the attractor point. If the damping term exceeds the 
main Hamiltonian term, then the motion is overdamped and the pendulum falls to 
rest without undergoing any oscillations, Either way, the motion of the pendulum 
finds its way to the attractor. Being a point, it is clear that the dimensionality of 
this attractor is zero; da = 0. 

An example of a limit cycle type of attractor is provided by the van der Pol 
equation, 


2 
m5 ~ eh 2) Be moge = Fos wot, Guin 


which has been employed to describe oscillations in mechanical and electrical 
systems, as well as cardiac rhythms. If we set ¢ = 0, then we have a driven simple 
harmonic oscillator with a resonant frequency wy and a driving frequency wp. If 
wp is close to «op, then the motion repeats itself at the frequency wp of the applied 
force. If F = 0, then the motion will be simple harmonic at the resonant frequency 
‘@o, Hf the smal} damping term €(1~x2) dx/d1 is included in the equation, then the 
motion will be drawn toward the limit cycle, which in this case is a circle of unit 
radius, If x? > 1, the damping is positive and the motion spirals inward toward 
the limit cycle, while for x2 < 1, the damping is negative and the motion spirals 
outward toward the limit cycle. Both cases are shown in Fig. 11.3a, The final 
state of motion has long-term stability since the damping vanishes for x = 1, and 
the system point moves along the circular path, which by its nature has dimension 
da = 1, Ife is large enough, the damping term becomes comparable in magnitude 
to the other terms in the equation of motion, and the damping still draws the 
trajectories toward the limit cycle, but the cycle itself becomes distorted from a 
circular shape. as shown in Fig. 11.36, The distortion in shape does not change the 
dimension of the path, which remains dg = 1. In addition, the strong damping 
causes the previously simple harmonic oscillations x = sinaot to decrease in 
frequency and become distorted, as shown in Fig. 11.3c. For very large damping, 
the shape approximates a square wave, 
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FIGURE 11.3 Limit cycles (darkened curves) of the van der Pol equation in the X, x 
phase space showing (a) circular motion for a small damping coefficient ¢, and (b) distorted 
curve for large damping. Approaches to the limit cycles via orbits outside and inside them. 
fre shown. Part (c) sketches the distorted sine wave obtained for the case of appreciable 
damping (large €). 


‘onueroneasy accesstosnoorsensté4 CHAOTIC TRAJECTORIES AND LIAPUNOV EXPONENTS 
oe 492-310-545-450-3 


‘The orbits that we have discussed thus far have been well behaved, and confined 
to a relatively small region of phase space. Examples are the ellipses of the Kepler 
problem, the circles of the simple harmonic oscillator, and the limit cycle of the 
van der Pol equation (1 1.11). Under certain conditions, trajectories, called chaotic 
‘trajectories, will be encountered in which the motion wanders around an extensive 
and perhaps irregularly shaped region of phase space in a manner that appears 
to be random, but that in fact is tempered by constraints. This path or region 
where the meandering takes place is an example of a strange attractor. It is calied 
strange because of its (fractal) geometry and chaotic because of its dynamics.* 
‘The chaotic trajectory roams here and there, back and forth through this strange 
attractor region seeming to fill the space, but without ever actually passing through 
the same point twice. In short, chaotic motion has affinities with ergotic motion 
(cf. Section 9.8), with characteristics between regular deterministic trajectories 
and totally random roaming. 

‘The motion involved in chaos has the properties of mixing, dense quasi- 
periodic orbits, and sensitivity to initial conditions. The properties are as follows. 
Mixing means that if we choose two arbitrarily small but nonzero regions, fy and 
Ih, of the domain of the motion and we follow an orbit that passes through region, 
fh, then it will eventually pass through region /2. The osbits are quasi-periodic 


*See A.B. Cambel, Applied Chaos Theory, New York: Academic Press. 1993, p. 70. 
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in the sense that they repeatedly and irregularly pass through the whole range 
of the domain without ever closing on themselves, and without any particular 
time period associated with successive transits. They are dense because they pass 
through or arbitrarily close to every point of the domain, a property that conforms 
with the ergotic hypothesis (cf. Section 9.8). A chaotic orbit that visits and revisits 
{that is, mixes with) all regions of the available phase space is identified with what 
is called a strange attractor. Its association is not with a localized attractor such 
ag a fixed point or a limit cycle, but rather with a very extended region of phase 
space, hence the designation strange. The property of ergodicity, which involves 
covering all accessible regions of a domain, is shared by incommensurate non~ 
chaotic orbits with respect fo an ordinary attractor (for example, a torus), and by 
chaotic orbits with respect to a strange attractor. 

Sensitivity to initial conditions means that a small change in the initial con- 
ditions can result in a large change in position and velocity many transits or it- 
erations later. For example, a small change can convert a parabolic orbit of the 
Kepler problem to either a weakly bound elliptic orbit or to a hyperbolic orbit that 
extends to infinity. In the Hénon-Heiles Hamiltonian, (cf. Section 11.6), a small 
increase in the energy can induce the onsct of chaos with the Liapunov exponent 
(defined below) giving the time scale for this breakdown of order. 

‘The KAM theorem of the previous section is valid for small perturbations. As 
the perturbation increases, the effect on the motion of the system becomes more 
and more pronounced. If the perturbation becomes sufficiently large, the behavior 
may become chaotic, Then successively calculated orbits move farther and far- 
ther away from each other. Even if the first few orbits of a chaotic sequence lie 
relatively close to the original one, each itcration involves a greater recession than 
the previous one, so the extent to which they move apart can increase exponen 
tally with the sumber of iterations. An example is a spaceship in an Earth orbit. 
A small rocket boost will move it to a nearby orbit whereas a strong boost could. 
throw it out of orbit, heading for outer space. Another common example of how 
linear and chaotic motions differ when periodicity is not present is turbulence in 
water. While there is streamline flow, two nearby points in che water stay close 
together as they move along; after the onset of turbulence the same two points, on 
average, keep moving farther and farther apart. 

A quantitative measure of this exponential divergence is a coefficient, A, called 
a Liapunov exponent, (sometimes speiled Lyapunov or Ljapunov), In the chaotic 
region of many systems, if two orbits are separated by the small distance so at the 
time 1 = 0, then at a later time 1 their separation is given by 


8) ~ spe, (1.12) 


If > Othe motion is chaotic, and the Liapunov exponent A quantifies the average 
growth of an infinitesimally small deviation of a regular orbit arising from a per- 
turbation. It sets a time scale t ~ 1/2 for the growth of divergences brought about 
by sufficiently large perturbations. The chaos becomes appreciable for 12> t 
when the trajectory winds its way around the extensive, but bounded, phase space 
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of the strange attractor. Eventually the separation s(¢) becomes comparable to the 
dimensions of the accessible coordinate space so it can no longer increase further, 
and from that point on the separations s(t) vary randomly ia time. 

If the system evolves by an iterative process rather than by a temporal process 
then Eq. (11.12) assumes the form 


s(n) ~ spe, (14.13) 


where # is the number of iterations, and the exponent A is now dimensionless. 
Moreover, this divergence of orbits is not reversible. In a chaotic region it is im- 
possible to reconstruct the distant past history of a system from its present state. 
‘This means that current trajectories can no longer be projected back to determine 
the initial configuration. 

If the Liapunoy exponent is negative it measures the rate at which a system 
point approaches a regular attractor. In other words, in the nonchaotic region 4 < 
and the distance s(¢) from an attractor at time ¢ is given by the expression 


s(t) ~ spe (1.14) 


where so is the initial distance at time = 0. For an iterative process we have the 
analogous expression 


s(n) ~ spe“ (11.15) 


for the distance s(t) after 1 iterations. A negative exponent characterizes the rate 
at which the orbit spirals into the circle on Fig. 11.3a. In the previously consid- 
ered damped pendulum case the time constant t of the damping process is the 
reciprocal of the associated negative Liapunov exponent, t ~ 1/{f 

‘As an example, consider the elliptic orbit of a planet in the solar system that 
is perturbed by the gravitational interaction with another planet. The perturbation 
is nonlinear, and it is also small since the gravitational interactions of the two 
planets with the much larger Sun are dominant. We might expect that the KAM 
theorem would predict that any perturbed orbit is stable, but this is not comect 
for two reasons, First, many natural frequencies in the solar system correspond 
to resonances involving individual planets and asteroids. Second, many of the 
objects in the solar system are asteroids, and perturbations resulting from their 
presence no longer remain small. Both of these effects Jead to chaotic results. 
‘Some of this chaos simply means that we cannot make exact predictions about 
the future. Other effects may lead to the eventual ejection of one or more bodies 
from bound orbits, a possibility that was mentioned in Section 3,12 on the three- 
body problem. 

When we consider natural frequencies, it is not only the orbital periods that are 
important. The rotation, obliquity (axial tilt), rotational plane, orbital plane, and 
eccentricity provide some of the other frequencies that may interact in surprising 
ways. The massive planets of the outer solar system have apparently settled into 
quasi-periodic orbits of marginal stability. Marginal stability means that their or- 
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bital motion is stable on a time scale comparable with the age of the solar system. 
Other orbital parameters occasionally change. The obliquity of Earth’s axis is ap- 
parently stabilized by the presence of the Moon, Both Venus and Earth interact 
in a bounded chaotic fashion with little change in their periods. Mercury, Mars, 
Piuto, and many asteroids may undergo much more chaotic motion, 

Cafculations, projecting motions for the next 100 Gyr, show that there is a finite 
probability that Mercury will be ejected or collide with Venus some time during 
the next 3.5 Gyr. Using the approximation ¢ ~ 1/JA] with r = 3.5 Gyr provides 
a Liapunov exponent 2 ~ 3 x 107" per year as the time scale for planetary 
chaos. The eccentricity of the orbit of Mars could increase to 0.2, while its axiat 
tilt can vary by 60°, pethaps sufficient to release water on the surface through the 
possible melting of its ice caps. Pluto also has chaotic motions, but they seem 
to be bounded. Thus, chaos has been a mechanism for the reorganization of the 
planetary bodies since the formation of the solar system. 

Motions in both the outer (> 2.8 AU) and inner (< 2.5 AU) asteroid belts 
are chaotic. The outer belt chaos is dominated by Jupiter and the Jupiter-Saturn— 
asteroid interactions, while the inner belt chaos involves Mars and Mars~Jupiter~ 
asteroid resonances. These interactions provide a steady impetus for Mars ctoss- 
ing asteroids. Once established along such a path, the Liapunov exponent is much 
Jarger, teading to changes in orbit. 

‘We must note that these conclusions are based upon the results of numerical 
calculations. Every effort has been made to ensure that current limits of numerical 
accuracy, as well as the inclusion or exclusion of members of the solar family, do 
not affect the conclusions. Although there is evidence of past chaos in the solar 
system, we must remember that our future predictions are based upon our mode} 
of the solar system, not the system itself, Stability could be better or worse than 
the model predicts, but the chaos itself is definitely present, 


POINCARE MAPS 


In Section 11.1, we discussed the periodic motion of uncoupled oscillators. When 
two one-dimensional oscillators become coupled by adding a term such as x7y to 
the Hamiltonian, then the motion becomes rather complex in the four-dimensional 
PxXPyy phase space, and it is no longer feasible to follow the trajectories. It is 
mote convenient to sample the motion at regular intervals and use the resulting 
information to deduce some of its general characteristics. A convenient way £0 
sample the motion is to map it on a cross section of phase space. 

When the total energy, Ey, of a double oscillator is fixed, the dimensionality 
of the space is lowered by one, and the motion is confined to a three-dimensional 
region in this phase space called an energy hypersurface. Some authors refer to 
it. as a “three-dimensional energy surface.” To avoid the complications of tracing 
out orbits wandering around this three-dimensional region, it is more advanta- 
geous to study 2 two-dimensional slice or section through the hypersurface. The 
slice is called a Poincaré section. We calculate the positions of points where or 


11.5 Poincaré Maps 495 


bits pass through the section. A convenient choice for this section is either the 
xx of the pyy plane. Since the equations of motion are known via Hamilton's 
equations (8.18), the positions where successive orbits pass through this two- 
dimensional section can be calculated. For bounded motion, such sequences of 
points map out closed curves. The paths on the section defined by these points 
constitute what is called a Poincaré map. 

‘As ap example of the determination of a Poincaré map, consider the Kepler 
problem that was solved in Section 3.7 for the case of negative energies. We now 
reexamine this problem using Cartesian coordinates x, py = m.i. y and py = my, 
taking into account a perturbation that causes the elliptical orbit to precess in the 
xy (that is, in the r, 8) coordinate space plane, as shown in Fig. 11.4. The energy 
E is conserved with the value 


Ex fi? + fms? ~ ka? + yA, GL16 


On this figure we imagine a vertical plane located at the position y == 0, with the 
vertical ordinate py axis and the horizontal abscissa x axis shown in Fig, 11.5. To 
calculate a Poincaré map on this pxx cross section, we start the motion (¢ = 0) at 
the perihelion point A of Fig. 11.4 with the initial values x = r1, y = 0, = 0, 
and the velocity component a maximum value determined by Eq, (11.16), The 
polar coordinates for this starting point are r = 7; and 6 = 0. The equations of 


FIGURE 11.4 Precessing elliptic orbits of the Keplerian problem sketched in Cartesian 
coordinate space, The figure shows the vector velocity v tangent to the orbit at a point 
(7,8), together with its radial (F) and angular (r6) components. Points A. B, and C along 
the x axis near perihelion denote successive penetrations of orbits through the £, x Poincaré 
section of Fig. 11.5 located along the x axis where y = 0. 
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FIGURE 11.5 A p,x Poincaré section for the Kepler problem with the solid curve on 
the right tracing out the orbit generated by points A, B,C, ... of the precessing ellipse of 
Fig. 11.4, Points 4’, B’, C’ are not shown but are located at negative values of x. 


motion are used {0 caiculate successive points that trace out the orbit. Every time 
the orbit passes through the pxx section, a point is marked on it indicating the 
value of px. Since the orbit is fixed for the unperturbed Kepler problem, the orbit 
will always pass through the same two points on the section, point A going from 
back to front and A’ going from front to back, with p, = 0 for both points, as 
indicated in Fig. 11.5. Poincaré maps generally only show points going through 
the section in one direction, which does not include point A’, so this Poincaré 
map consists of only one point A. When the perturbation is taken into account, 
perhaps arising from the attractive forces of other planets on Earth as it travels 
around the Sun, then the orbit can precess in time, in the fashion of Fig. 11.4. 
Successive orbits pass through the x axis at different orbital distances indicated 
by points A, B, C, ... on Fig, 11.4. These points map onto the p,x section at the 
positions indicated in Fig. 11.5, and trace out the solid curve called the Poincaré 
map on the right side of the figure. The amount of precession that takes place for 
each cycle has been greatly exaggerated on these figures. 

‘We have seen that in a four-dimensional phase space a Poincaré section is a 
two-dimensional slice through a three-dimensional constant-energy hypersurface. 
More generally, a Poincaré section is a 2N-2 dimensional slice through a 2N- 
1 dimensional constant energy hypersurface in a 2N dimensional phase space. 
Although the concept of a Poincaré section is defined for these higher dimensions, 
its main usefulness is for the N = 2 case where it provides a two-dimensional 
representation of the orbits, which is easy to visualize. For N > 2, it is not nearly 
as easy to visualize the orbits. 


HENON-HEILES HAMILTONIAN: 


‘Over three decades ago, M. Hénon and C. Heiles were investigating the motion of 
stats about the galactic center. Two constants of the motion are the vector angular 
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momentum £ and the scalar energy E. The observed motions of stars near the Sun 
suggested that one additional constraint might, under certain conditions, restrict 
the possible motions. Under other energy conditions, however, the motion is not 
restricted, so only the two standard constants the angular momentum ¢ and the 
energy E are available. Rather than solve this problem with the the actual potential 
of the galaxy, which is relatively unmanageable, Hénon and Heiles restricted the 
motion to the xy plane, as in the Kepler problem, and studied a relatively simple 
analytic potential V(x, y) that illustrates the general features of the problem.* 
This potential, called the Hénon—Heiles potential, provides two cubic perturbation 
terms, which couple together two standard harmonic oscillators, corresponding to 
the Hamiltonian, 


= recmeree 2) +2 (x?) i) ny) 
= te y yoy) . 


where the coefficient A is small so the last term serves as a perturbation. These 
cubic terms prevent the equations of motion from being integrated in closed form. 
‘When this Hamiltonian is expressed in polar coordinates x = 7 cos@, y = rsin@ 
the perturbation potential exhibits threefold symmetry, 


ay <a 
Pe Pi es OF 
Mem Be Phe 4 bir? + far? sin 30. (11.18) 


‘To simplify their computer calculations, Hénon and Heiles set py == mi and 
py = my, expressed the Hamiltonian in normalized form using dimensionless 
units, and Set it equat to a dimensionless energy E, with A = 1, 


E= hate hy? + hx? + byt arty = dy (11.19) 


‘The equations of motion, which may be obtained from either Lagrange’s equa- 
tions or Hamilton’s equations, 


~x~ dry 
y— x+y, (11.20) 


are coupled together and nonlinear, so there is no solution in closed form. We 
can see from the form of the dimensionless potential energy expressed in polar 
coordinates, 


¥,6) = dr? + fr sin 30, (1.21) 


that for a particular value of V, the radiai coordinate r attains its maximum value 
for sin3@ = ~1 (that is, for @ = 90°, 210°, 330°), and it atiains its minimum: 


*M. Hénon, Numerical Exploration of Hamiltonian Systems, Course 2 in Chaotic Behavior of Deter- 
ministic Systems atthe 1981 Les Houckes Ecole D'Eié de Physique Théoretique, Session 36, 6. 10058, 
RH.G. Helleman, and R. Stora (eds.}, New York: North Hofland, 1983. 
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FIGURE 11,6 Hénon-ticites equipotentials labeled with their dimensionless energies 
E plotted on the y, x plane. Closed curves for energies F < } reduce to an equilateral 
triangle for the limit £ = }. Open curves outside the triangle (not shown) exist for higher 
energies. Adapted from M. Hénon (1983), Fig. 19. 


value for sin 36 = +1 (that is, for @ = 30°, 150°, 270°). Figure 11.6 presents 
equipotential curves (that is, curves of constant V) drawn for several values of the 
energy E. For the limit E < , not represented in the figure, the cubic perturba- 
tion terms x*y — 4? are negligible relative to the quadratic harmonic oscillator 
potential terms, $(x? + y), and the curves closely approximate circles centered 
atx = y = 0. When the cubic terms are appreciable for E < £, the equipotentials 
form closed curves as shown , and for E = }, the curve becomes an equilateral 
triangle with rmax/Fmin = 2. For energies exceeding {, the equipotentials (not 
shown) lie beyond the equilateral triangle, are open, and diverge to infinity. Thus, 
the magnitude of the energy determines whether or not the cubic terms constitute 
a perturbation or serve as main potential terms. 

‘When the energy is fixed at a value E < 3, the sum of the terms in the Hamil- 
tonian must be equal to £, which means that the kinetic and potential terms both 
satisfy the inequalities 


Vaysk 
pe +h sk (11.22) 


because the potential is positive definite. The first inequality tells us that any tra- 
jectory started inside the closed equipotential curve V(x, y) = E must remain. 
entirely within that line, the second inequality sets limits to the allowed Kinetic 
energy, and the overall effect is to restrict the motion to a finite region in four- 
dimensional phase space. To help us visualize what is happening, we examine 
Poincaré sections in the 3, y plane located at x = 0. The accessible region in such 
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a section lies withie the limits set by letting x = 0 and # = 0 in Eq. (11.19), 
bythe ek (11,23) 


The maximum velocity occurs at y = 0, and the extrema of the coordinate y 
fare found by solving the cubic equation (11.23) with } set equal to zero. 

To give an example of the calculation of a Poincaré map on a 3, y section 
focated at the position x = 6 in phase space, we follow Hénon and Heiles and 
select the energy E = 7b and the values 5, = —0.08, y = 0.02 as starting points 
for the calculation. The initial velocity, 2, is fixed by Bq. (11.39) with x = 0 


3 Wa 
(Qe-st-t+ pi)". (41.24) 


where we set x; = 0 since the starting point is on the section. A numerical calcu- 
lation provides the sequence of points (2, y2), (¥3. 93), (Day Ya)... which are 
labeled 2, 3, 4... on the Poincaré map of Fig. 11.7. The first eight points lie on 
a closed curve, as shown, the next nine points retrace this same curve, as do the 
subsequent points 18, 19, 20,.... A number of trajectories that were calculated 
by Hénon-Heiles for the same energy and different starting points are displayed 
in Fig. 11.8(2). 

‘Note that Fig. 11.7 provides an enlargement of the large oval curve on the right 
side of Fig. 11.8(a). The outermost curve of the fatter figure marks the boundary 
of the accessible region defined by solutions to Eq. (11.23). For E == 4h, the 
velocity 5 reaches its maximum value y = :(2£)'/? <= 0.408 at the position 
y == 0, and the coordinate y attains its extremal values at the velocity = 0 given 
by the two roots to the cubic equation (11.23), 


yah -}03-) (11.25) 
O2b gp ues 2, 
oat 
a 
y OF 
6 
oak 
~o2k tee 2 
ean iid 


@ Of OF 83 Oa “OF 


FIGURE 41.7 Poincaré section in the jy plane showing the successive points 1,2.3.... 
of a Hénon-Heiles orbit for the energy E = 7s. This particular curve also appears on the 
right side of Fig. 11.8a. From M. Hénoa (1983), Fig. 20. 
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FIGURE 11,8(a) Poincaré maps in the j, y plane showing several Hénon-Heiles orbits: 
(a) B = +y with regular orbits, 


as indicated in Fig. 11.8(@). The third root of the cubic equation +4(/3 + 1) 
violates condition (11.22), so it is not acceptable. The figure shows that there are 
four regions with oval-shaped orbits, which (if calculated for smaller and smaller 
circumferences) would shrink to four fixed points called elliptic fixed points. Sep- 
arating and bounding these regions of elliptic type closed orbits is @ single con~ 
tinuous curve that crosses itself three times at what are called hyperbolic points. 
A horizontal line drawn for 3 = 0 is a line of mirror symmetry with the curves 
above this line being mirror images of those below it. This symmetry results from 
the Hamiltonian being invariant under the transformation j > —}, but not in- 
variant under the transformation y —> —y because odd powers of y in Eq, (11.19) 
produce asymmetry in the y-direction. 

If the energy is increased to E = } and the calculations are repeated, an un- 
expected result is obtained, The regions where the oval orbits were found for 
the lower energy E = 7 still produce closed trajectories with fixed points at 
their centers; however, in the regions between these closed trajectories, there is 
No continuous curve and the points there appear to have no regularity, as shown 
in Fig. 11.8(b). If we follow the order in which these scattered points appear, we 
find that, instead of following a regular curve, they jump around in a more or less 
random fashion from one part of the Poincaré section to another, All of the scat- 
tered points on Fig. 11.8(b) arose from the same single chaotic trajectory, and the 
chaotic region where they appear on the figures constitutes a cross section of a 
strange attractor. In other words, they all originate from a single orbit meandering 
through the strange attractor region of phase space and repeatedly penetrating the 
Poincaré section randomly throughout the chaotic region of this section, Raising 
the energy still further to the critical value E = 3 causes the strange attractor 
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FIGURE 11.8(b&c} (b) E = } with regions of regular motion and regions of chaos, and 

(©) E = | with chaos dominant. The orbit on the right side of (a) is plotted in Fig, 11.7 on 

an enlarged scale, From M. Hénon (1983), Figs. 21, 22, and 23. 


to fill most of the available phase space, and this has the effect of extending the 
chaotic region to include almost the entire accessible area of Fig. 11.8(¢). An in- 
dex of the extent of the chaos is the fraction of the accessible region where the 
calculated points lie on regular trajectories. Figure 11.9 shows how the relative 
area of the regular region declines as the energy increases. The onset of chaos 
‘occurs near E = §, beyond which the region of regularity decreases linearly with 
the energy until complete chaos sets in at about E = 4. Calculations for this 
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FIGURE 11.9 Fraction of the available Hénon-Heiles Hamiltonian phase space occu- 
pied hy regular (nonchaotic) orbits plotted as a function of the energy £. From M. Hénon 
(1983), Fig. 26. 


figure at higher energies are not meaningful because the equipotential lines no 
tonger close on themselves, and the accessible area becomes infinite. 

Chaos can also be viewed as a breakdown of integrability. The trajectories of 
Figs. 11.7 and 11.8(a) for E = 7; can be obtained by integrating the equations 
of motion for particular initial conditions; the results obtained by carrying out the 
integrations are unique and reproducible, and the path followed by the position 
point is predictable. At the higher energy E = {, the equations are integrable 
for some initial conditions, but produce points randomly located in the chaotic 
region for other initial conditions, in accordance with Fig. 11,8(b). For E = 4 
integrability breaks down over virtually the entire accessible region of phase space 
depicted in Fig. 11.8(c). 

Another interesting feature of chaos is the appearance of what are called is- 
lands. For very smait coupling, such as for energies in the range E ~ 1074, the 
3 versus y section consists of closed orbits slightly perturbed from being circular, 
“The much larger perturbation for the energy E = 4; produces four sets of elliptic 
type orbits, and the increase in the energy to E = 4 results in the appearance of 
five islands of integrability along the border of the chaotic region on the right side 
of Fig. 11.8(b). Figure 11.8(c) shows that such islands persist even when almost 
complete chaos reigns. 
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In addition to the above features, the chaotic region can exhibit an hierarchy 
of islands, and these are most easily visualized by plotting constant energy orbits 
in xy coocdinate space. This can be done for the Hénon-Heiles system, but it will 
be more instructive for us to plot these coordinate space orbits and display some 
features of the hierarchy of islands with the aid of another chaotic system called 
quadratic mapping, which arises from the set of coupled equations 


Snet = Xn COSA — yy Sine + x2 sina 

Yne1 = Xp SING + Yn COS — x2 COSA, (41.26) 
where the variables lie in the ranges ~1 <x < +1,—1 <y < +1, anda, which 
might be called a contro! parameter, determines the extent to which the solutions 
are regular or chaotic. These equations are solved by an iteration technique similar 
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FIGURE 11.10{a) (a) Trajectories in coordinate space for the quadratic mapping sys- 
tem (11.26) at an energy near the onset of chaos. From M. Hénon (1983), Figs. 33 and 34. 
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to that described for the logistic equation at the beginning of Section 11.8. Trajec- 
tories calculated numerically for the case cosa = 0.4 are plotted in Fig. 11.10(a). 
‘We see from the figure that this system exhibits one main centrally located elliptic 
type region, five hyperbolic poiots where trajectories appear to cross, five outlying 
elliptic-type regions, and what appears to be a somewhat irregular distribution of 
dots called islands. The main trajectories can also be referred to as zero-order is- 
Jands. When the area near one of the hyperbolic points (for example, x =: 0.57, 
y = 0.15) is enlarged by a factor of 20, we see from Fig. 11.10(b) that the tra- 
jectories do not actually cross at a hyperbolic point, but rather there are several 
series of istands in this region, and some hint of incipient chaos. The well-formed 
curves on the left are associated with the main central elliptic-type zero-order is- 
land region, and the structure at the upper right involves a continuous curve that 


FIGURE 11.10) (b) Enlargement of the rightmost hyperbolic point of (a) showing 
several orders of “islands.” 
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encircles the ordered region of Fig, 11.10(a). The long dashed curves at the bottom 
of Fig. 1.10(b) are part of an outlying elliptic-type region of zero-order istands, 
and directly above them are first-order islands, each of which has four second- 
order islands nearby. At the upper border of the figure are first- and second-order 
islands associated with the zero-order island out of view above the figure. In gen- 
eral, islands tend to be organized in an infinite hierarchy, they are self-simifar, and. 
the relatively few islands at one level of enlargement are associated with many 
islands at the next lower level, Indeed, Fig. 11.10(b} shows islands with a large 
range of diameters: ~ 1.0, 0.3, 0.01, 0.003, and 0.0005. 

‘The property of “islands” being replicated at higher and higher levels of mag- 
nification is a property characteristic of entities called fractals. This self-similarity 
is much more regular in the case of fractals because highly magnified regions can 
look almost identical to views at much lower magnification, The nonintegral di- 
mensionality associated with a strange attractor that was mentioned earlier in the 
chapter is also characteristic of fractals. We will have more to say about fractals 
later in the chapter. 


11.7 i BIFURCATIONS, DRIVEN-DAMPED HARMONIC OSCILLATOR, 
AND PARAMETRIC RESONANCE 


The minimal requirements for a system of first-order equations to exhibit chaos 
is that they be nonlinear and have at least three variables. While many nonlinear 
equations in physics are second order, it is possible to reduce a set of second-order 
nonlinear differential equations to a larger system of first-order nonlinear differ- 
ential equations. Recall from Section 8.1 that a set of N second-order Lagrange 
equations reduces to a set of 2N first-order Hamilton equations. Oar present topic 
deals with the nonlinear analogue of this behavior. 

The Hénon-Heiles Hamiltonian satisfies these minimum criteria for chaotic 
motion. This can be seen by rewriting its two nonlinear second-order equations of 
‘motion (11.20) as four first-order equations, two of which are nonlinear 


dv, 
aad 
ey BY) ae yt Saka yA 
a Get Ets (1.27) 


where there are now four generalized coordinates x, y, v,, and vy. 
Let us consider, as another example, the driven, damped, harmonic oscillator 


that has the following equation of motion (cf. Eq. (6.90)): 
@e  fi\ a 
— =~} in? = Al. 
a +G) a + in8 = gcostwpt), (11.28) 


where wp is the driving frequency which is independent of time, and the angle 
and time coordinates have been renormalized to absorb the excess constants, This, 
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nonlinear second-order differential equation can be converted to a system of three 
first-order differential equations by writing 


—=o (4429) 


do 1 
= = ajo sind + gcosy 


where ¢ is the phase of the driving term. There are now three dependent variables, 
(#), 9(¢), a(t), and one independent variable #. Since the third of these equations 
is nonlinear, we expect that particular values of the parameters q, g, and @p might 
produce chaotic motion. One physical way to justify this expectation is to note 
that the motion of the pendulum should depend upon the interplay between the 
“natural” frequency « and the driving frequency wo. 

To obtain quantitative results, we choose q = 2 and let the amplitude g of 
the forcing function play the role of what is called a control parameter. Such a 
parameter is an index that delineates regions of normal and chaotic behavior, In 
Fig. 11.1 1(a), we show the @ = 6 versus @ Poincaré section for the contro! param- 
eter g = 0.9, We see from this figure that the motion is regular, while Fig. 11.11(b) 
constructed for g = 1.15 displays chaotic motion, that is, randomness in the dis 
tribution of points. The periodic nature of the differential equations (11.29) pro- 
duces regions of stability, and then regions of chaos as the control parameter g is 
increased. 

If we examine how the frequency of oscillation, w, depends upon this fore 
ing function amplitude g for a fixed choice of phase, @, we find that the system 
undergoes a number of bifiurcations in the measured frequency of the oscilla- 
tor. At each bifurcation, the number of allowed frequencies doubles. A plot of 
this is shown in Fig. 11.12. The bifurcations are associated with normal or non- 
chaotic behavior. The figure also shows shaded regions where the oscillator ex- 
hibits chaos. Fig. 11.12(b}, which is a factor of ten enlargement of a region of (a), 
shows that bifurcations and chaos have a complex dependence upon the control 
parameter, Figures of this type are called bifiurcation diagrams or Feigenbaum 
plos. A comparison of the two Feigenbaum plots of Fig. 11.12 makes it clear 
that this system exhibits the property of self-similarity whereby the behavior of 
o(t) in the neighborhood of one bifurcation resembles that in the neighborhood 
of other bifurcations. even though the scale or linear dimensions are so much dif- 
ferent. It is also evident that the quantity g seems to “control” the extent to which 
the system bifurcates and displays chaos. In the Hénon-Heiles system discussed 
in the previous section, the control parameter is the magnitude of the perturba- 
tion AX = x*y — 4? In the dimensionless units being used there, the effective 
magnitude of A7L was set by the choice of energy. 
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(b) 


FIGURE 11.11 Phase space diagram of an orbit of the driven, damped harmonic oscil- 
ator (a) in the normat behavior region for ¢ = 2 and control parameter g = 0.9, and (b) in 
the chaotic region for q = 2 and g = 1.15, Reprinted with the permission of Cambridge 
University Press. From G. L. Baker and J. P. Gollub, Chaotic Dynamics, An Introduction, 
‘Cambridge, England: Cambridge University Press. 1990, Figs. 34a and 3-40, 
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FIGURE 11.12 Feigenbaum plot of the driven, damped harmonic oscillator showing 
regions of regular and of chaotic behavior. Part (b) is an enlargement of the region on 
the right side of (a). Reprinted with the permission of Cambridge University Press. From 
G. L. Baker and J. P. Gollub, Chaotic Dynamics, An introduction, Cambridge, England: 
Cambridge University Press, 1990, Fig. 4-22. 


An example of a parametric harmonic oscillator type system that can become 
chaotic is the parametric oscilfator, which satisfies the equation 


dx dx 2 
mag tGe.s=m ss + (moh +k) x = 0 (11.30) 
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where G(t, x) is the parameter of the oscillator, and the term k(t) = k(t + 1) 
is a perturbation periodic in the time r. Many functions k(¢) produce what is 
called parametric resonance, and we give an example of one. Recall that for a 
simple rigid rod pendulum of tength L, corresponding to k = 0 in Eq, (11.30), 
the resonant frequency oy = (g/L)!/? and the oscillations can be perturbed by 
changing the length of the bob. Parametric resonance can be induced in a simple 
pendulum by shortening the length L by a small amount AL when the mass is at 
its lowest point with the maximum kinetic energy, and increasing the length by 
the same amount AL at the top of the motion where the mass is instantaneously 
al rest, with the kinetic energy zero and the potential energy a maximum. More 
energy is added at the bottom than is subtracted at the top, $0 there is a continual 
increase in energy every cycle. 

In general, the evolution in time of the solution of Eg, (11.30) can be highly 
sensitive to small changes in the initial conditions and the nature of k(t). This is 
a condition for chaos. 


11.8 M THE LOGISTIC EQUATION 


Since the driven-damped harmonic oscillator and the parametric resonance os- 
cillator solutions can only be calculated with the aid of sophisticated numerical 
techniques, we shall consider the detailed analysis of a much simpler mathemat- 
ical equation called the logistic equation or quadratic iterator, which lends itself 
to elementary calculations and exemplifies most of the characteristics of chaos. 
Its solutions exhibit regularities as well as chaotic behavior. The properties of this 
equation, using successive iterations, are easy to carry out on a small calculator, 
and the description of chaos that the calculations provide has much in common 
with many realistic physical situations. This ubiquitous equation describes be- 
havior in various disciplines such as physics, engineering and economics. For 
example, in biology it describes population dynamics, or the rise and decline 
of populations interacting with each other through predator-prey relationships. 
Other simple functions with a quadratic term also give gualitative and quantita- 
tive results similar to those of the quadratic iterator. 
‘The logistic equation is defined by the expression 


Xntl = G%n(Qh ~ Xn), (UL3 1) 
where a is the control parameter, with the variable x is restricted to the domain 
O<x<l (11,32) 


Successive iterations of this equation are expected to bring x,.43 closer and closer 
toa limiting value, x20, So that further iterations produce no additional change in 
An. This limiting value xoo is called a fixed point, and it is obtained by setting 
nti = 2p in the logistic equation (11.31), which gives 


ae) (41.33) 
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Since xy is limited to the range given by Eq. (11.32), the control parameter must 
be positive with the limit 1 < a. Eguation (11.33) does not set any upper limit on 
the control parameter, and ordinarily the range I <a < 4 is studied. 

It is of interest to know the conditions for the fixed point 10 be stable. For 
stability, a value of x, near the fixed point will iterate to a value Xn4.1, which is 
closer t0 too than x, was. To check this, we can select a value of x, that is close 
to the fixed-point value by writing 


—— £3, (iL34a) 
a 


where 5 < 1, We shall show in Derivation 4 that this gives, to first order in 6 


Xn 


Fatt = om 82 ~ a). (11.34b) 


For convergence {0 Xoo, we require the coefficient (2-~a) of 5 to have an absolute 
value less than 1, which means that this stable fixed point has the condition 


b<a<3. (11.35) 


‘Such a fixed point constitutes an attractor since values of x» are attracted to it; that 
is, they iterate toward it, We see from a left-hand column of Table 11.1 that for 
the choice a = 2 and the initial value xp = 0.3, less than half a dozen iterations 
are needed to reach the fixed point eo = 4 obtained from Kg. (11.33). 

It is of interest to find out what happens when we iterate the logistic equation 
for contro} parameters beyond the value a = 3. For a =: 3.2 then, we find that 
after two dozen iterations the value of x, alternates between two final values or 
attractors as follows: 


Xq = 0.51304 
Xngt = 0.79946, (11.36) 


as shown in the center columns of Table 11.1, and for the control parameter 
a@ = 3.5, a double bifurcation corresponds to a fourfold cycle involving the four 
attractors 


An = 0.508 
Xng1 = 0.875 
Ang? = 0.383 
Ane3 = 0.827. 1137) 


There is an eightfold cycle for a = 3.55, a sixteenfold cycle fora = 3.566,.... 
Figures 11.13(a) and Fig. 11.14 illustrate the bifurcations. These Feigenbaum di- 
agrams, which plot Xoo against a, show how the number of values of xoo succes- 
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‘TABLE 11.2 Examples of iterations of the logistic equation (11.31) before bifurcation 
‘with controt parameter a = 2.0 (left side), after one bifurcation with contro! parameter 
a = 3,2 (center), and in the chaotic region (@ > aga) with control parameter a = 4.0 
(right side). In the normal regions, values of {xq = Xoo{ art given, and in the chaotic 
region, values of Ax, = |x» — xy! are given for two iterations xp, and xj, which start 
close together 


Normal, a = 2.0 Normal, @ = 3.2 
nan ee —xo0l X 10% xn btn — Kool X10" ap xh Aan x 108 
© 0.3000 2000 0.3000 2130 03000 0.3001 i 
1 0.4200 800 0.6720 1590 0.3400 0.8402 2 
2 0.4872 128 0.7053 942 05376 0.5372 4 
3 0.4997 3 0.6651 1821 0.9943. 0.9948 5 
4 0.5000 ° 0.7128 867 0.0225. 0.0220 5 
5 0.5000 Oo) 0.6551 1421 0.0879 0.0859 20 
6 0.5000 ° 0.7230 765 0.3208 0.3143 65 
7 05000 ° 0.6408 1278 08716 0.8621 95 
8 0.5000 ° 0.7365 630 0.4476 0.4755 (279 
9 0.5000 ° 0.6210 1080 0.9890 0.9976 86 
10 0.5000 ° 0.7531 264 0.0434 0.0096 338 
n 0.5950 820 0.1661 0.0381 1280 
12 0.7711 284 0.5542 0.1465 4077 
3 0.5647 5i7 0.0734 0.4714 4268 
14 0.7866 129 0.2720 0.9967 7247 
1s 0.5372 22 0.7922 0.0199 7723 
16 0.7960 35 0.6586 0.2877 3709 
7 0.5204 4 0.8999 0.8197 802 
18 0.7987 8 0.3619 0.5911 2292 
19 0.5146 16 0.9237 0.9668 431 
20 0.7993 2 0.2819 0.1282 1537 
2 0.5233 3 0.8097 0.4472 3625 


sively doubles: 1, 2, 4, 8, ..., for increasing control parameter @ until the value 
qo = 3.5699456... (11.38) 


called the Feigenbaum point is reached, beyond which the behavior becomes 
chaotic. For the choice of control parameter @ = 4.0 in the chaotic region be- 
yond ago, successive xq-terms generate a sequence of what seems like randomt 
‘numbers. If we start with two very close initial values, such as x9 = 0.3000 and 
x) = 0.3001, we see from the right-hand columa of Table 11.1 that after 10 or 11 
iterations x, and x, become widely separated from cach other, and their differ- 
ence Ax, = 1, — x} becomes comparable to their values. Additional iterations 
produce seemly random values of xq and x). 

A Feigenbaum diagram has some other interesting properties, When the re- 
gion near each bifurcation is enlarged, we find successive bifurcations that are 
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FIGURE 11.13 Correlation between Feigenbaum plot (a) and the Liapunov exponent 
2. (b) of the logistic equation in the control parameter range from a = 3.4 toa = 4.0. 
‘The figures are aligned with corresponding values of a to show how sharp minima in 
correlate with bands of normal behavior embedded in the chaos. The Liapunov exponent 
is negative in the range @ < doo of normal behavior, and positive in the chaotic region 
4 > dco, except where regions of normal behavior appear in the chaos beyond a = doo. 
From Peitgen et al. (1992), Fig. 11-1 (upper figure) and 8. Shaw, Z. Naturforsch, 36a, 80 
(8981) dower figure). 
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FIGURE 11.14 Feigenbaum diagram of the logistic equation aver a wide range (1~4) of, 
controt parameter a (a). Diagrams (b). (c), and (d) show successively greater enlargements 
of regions near bifurcations, Note the reversals in order of the ordinate scales on the right 
Side of successive figuees. From Peitgen et al. (1992), Fig. 11.3. 
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self-similar to each other, but on successively smaller scales. This is illustrated 
graphically in the sequence of enlargements, Figs. 11.14(a~d). The ratio of the 
horizontal spacing between successive bifurcations converges to a limit called the 
Feigenbaum number 5 


b= tim SoS 
BO One} —~ Gq 


4.6692016..., (11.39) 


and the ratio of successive vertical spacings also converges to a limit a: 


x 


lim 
RCO Xngt ~ Xn 


a == 2,50290787,.., (41,40) 


‘The Feigenbaum number 5 is a universal constant found with many chaotic sys- 
tems, but the numbers a and doo depend upon the specific model, which in the 
present case is the logistic equation. Another interesting property of a Feigen- 
baum diagram is the presence of regions of normality embedded in the chaos. 
‘This is evident in Fig. 11.13(a), and is more prominent in the expanded diagrams 
of Fig. 11.15, which display bifurcations for three levels of enlargements. Each 
enlargement displays more bifurcations and new regions of normality within the 
chaos. The fractal property of self-similarity is evident. 

In Section 11.4, we discussed how the rate of approach to a normal-state fixed 
point or to randomization in the chaotic region is determined by the value of the 
associated Liapunov exponent A. This exponent A from Eq. (11.13) is dimension- 
less, and we write for the normal and chaotic regions, respectively, as 


Pea ~ Xoo} =e" =e" (normal region) (114lay 


fap — xh] =e = oP (chaotic region). (11L41b) 


Note that the exponent nd is written as ~njA{ for the normal region because A 
is negative there. In the normal region x, => Xoo for large n, so the difference 
lta — Keo} goes t0 zero. In the chaotic region, the difference [xn = x4} grows 
exponentially until it becomes comparable to the overall range of values, namely 
0 <x < 1, which means exponential growth in separation untit perbaps [xn — 
xi} > 0.2. Further iterations keep this separation x, ~ x/, in the approximate range 
0.2 < x < 1. These behaviors are clear from the data in the right-hand cotumns 
of Table 11.1. Figure 11.13 shows how the Liapunov exponent depends upon the 
control parameter. We see from the figure that A is negative in the normal range 
@ < Goo, and rises to zero at bifurcation points, as can be seen by comparing 
Figs. 11.13¢a) and (b). It is positive in the chaotic region where a > ao, except 
where regions of normal behavior that appear white in Fig. 11.13(a) are embedded 
in the chaos. Near control parameter a = 3.83, we see three successive minima of 
2 in the region of negative values that correspond to the period doublings visible 
in Fig. 11.13{a), and that appear considerably enlarged in Fig. 11.15. 

‘We must remember when studying systems such as the logistic equation that 
values of x, obtained from the iterative process of Eq. (11.31) do net correspond 
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Lae aaa SASL 
3.8476 3.848 3.849 3.8498 
FIGURE 11.15 Feigenbaum diagram of the logistic equation showing regions of normal 
behavior embedded in regions of chaos. Three successive enlargement figures are shown, 
4s indicated by their abscissa and ordinate scales. From Peitgen et al. (1992), Fig. 11.41 
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to a particle moving in space. Successive iterations merely illustrate some of the 
properties of chaos. We must maintain a clear distinction between the chaos that 
results from simplified models such as that of Hénon—Heiles, and the actual mo- 
tion of real stars in the galaxy. These simplified models display many of the fea- 
tures that are found in numerical solutions that more closely approximate the real 
world, but they cannot make reasonable quantitative predictions about the onset 
of chaos in real physical situations. 

By way of summary, we have seen that where the logistic equation behaves 
in a normal manner, the solutions occur at values of x called attractors, stable 
fixed points that constitute one-dimensional analogues of limit cycles. Beyond 
this, successive bifurcations are found. In the chaotic region the equation gener 
ates numbers in a random manner so that if we start with a value of x in one small 
interval, the iteration will eventually produce. a number in another previously des- 
ignated small interval, corresponding to the property of mixing, We also saw that 
in the chaotic region two points that are initially yery close generate successive 
sequences that do not remain near each other, corresponding to the property of 
sensitivity to initial conditions. There are also regions of order with attractors, 
period doublings, and negative Liapunov exponents imbedded in the chaos. 


FRACTALS AND DIMENSIONALITY 


‘The phenomenon of “islands” being replicated at higher and higher levels of mag- 
nification, as described in Section 11.6, is characteristic of many chaotic systems, 
and also of entities called fractals. A fractal is an object or set with nonintegral 
dimensions that exhibits the property of self-similarity. For example, consider a 
fine segment, remove its middie third to produce two line segments, remove the 
middie third of these latter line segments to produce a total of four, and so on, 
as indicated in Fig. 11.16(a). If this process of removing the middle third of suc~ 
cessively smaller tine segments is continued indefinitely, we end up with a series 
of dots with characteristic spacings called a Cantor set. The Cantor set at various 
stages in its generation is self-similar in the sense that magnifications of the set 
at later stages of generation have the same appearance as the set itself at earlier 
stages of formation. The dimensionality of the Cantor set is a little more subtle to 
deduce because the recursion process of its gencration continually increases the 
number and reduces the size of the residuat “dots.” 

Before discussing the dimensionality of the Cantor set it will be helpful to say 
a few words about dimensionality d in ordinary Cartesian or Euclidian space. In 
‘one dimension consider a line segment of length ag divided into a large number 
of equal subdivisions each of length a < ap. in two dimensions we have a square 
of side ag subdivided into many equal subdivisions each of side @ < ao. In three 
dimensions the same type tiny squares are made of a cube of side ao, In each case 
the total number of subdivisions, which we denote by N(a@), is given by 


Ma) = (aojay 
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FIGURE 11.16 Recursive procedure that generates (a) the Cantor set, anid (b) the Sier~ 
pinski carpet shown after four steps of iteration. From R. 3. Creswick, H. A. Farach, and 
©. P, Poole, Jr. Introduction to Renormalization Groups in Physics, New York: Witey 
(1992), Figs. 1.4.1 and 1.2.3. 


where the dimensionality d = 1, 2,3 for these three cases, Solving this expression 
for the dimensionality of the space we obtain 


log N(a} 


ba Fah 11.42} 
log(a/a) ve 


‘This formula for the dimension d is intuitively obvious for systematic subdivi- 
sions of ordinary Euclidian space in any number of dimensions, We will also find 
it applicable for what we might call the pathological subdivisions of space that 
are characteristic of fractals. In this application the dimensionality d determined 
by the application of Eq. (11.42) is called the Hausdorff ot fractal dimension dp. 
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Returning to the Cantor set, it involves subdividing a line originally of length 
ap, which is one-dimensional; that is, its Euclidean dimensionality dg = 1. Bven- 
tually we feel by intuition that after an infinity of splittings the Hines diminish 
to points that have a dimensionality of zero, and we say that the topological di- 
mensionality of the Cantor set dy = 0. Further consideration, however, leads us 
to think that the limit is never really reached, and that any large but finite num- 
ber of splittings stil! leaves an enormous number of infinitesimal one-dimensional 
fine segments present. This suggests that we need another way to assign dimen- 
sionality. This can be done by noting that at the nth level of subdivision the line 
segments are of length a = a9/3”, and the number of them N{a) is 2”. Thus, we 
have 


a=3 "ag 
N(@) = 2". (11.43) 
‘The fractal dimension or Hausdorff dimension dp is defined by the expression 


_ beg N(@) 
** jogtao/a)” 


This definition is chosen to be consistent with the results of Eq, (11.42). Inserting 
Eqs. (11.43) into Eq. (11.44) to get for the Cantor set 


(i144) 


dp = ~~ = 0.6309, (1.45) 


In the following discussion, we shall use dg for the initial Euclidean dimen- 
sion, dr, for the final limiting Euclidean (called topological) dimension, and 
dg for the counterintuitive non-integer dimension characteristic of fractals and 
strange attractors. The fractal dimension dy is always between the two limiting 
values dy and de, 


dy <dp <de, (11.46) 
and we see that this relation is satisfied for the Cantor set 
0 < 0.6309 < 1. (11.47) 


It will be instructive to determine the fractal dimensions of an initially two- 
dimensional (dg = 2) self-similar figure called the Sierpinski carpet of linear 
dimension ap and area A = a2 iusteated in Fig. 11.16(b). To start, a square is 
divided into nine squares of length a = ao/3 and area A = a* = (ap/3)?, and the 
middle square removed. Then each of the remaining eight squares is divided into 
nine smaller squares, and the middle one of each is removed. The figure shows 
the fourth step in this iteration process, At the nth level of subdivision, the squares 
are of length a = a3” and the number of them (a2) is 8". Thus, we have 
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a=ag3" 
N@) = 8". (11.48) 


‘The appropriate limic is a set of edges of squares delineating intersecting jagged 
filamentary lines, which become progressively thinner and thinner with successive 
iterations, appearing to approach dy = }. The fractal dimension dp is again given 
by Eq. (11.44), 


dy = #8 ~ 1 g028, (11.49) 
in3 
and Eq, (111.46) is satisfied by the Sierpinski carpet, as expected, 
1 < 1.8928 <2. (11.50) 


In the general case of a fractal object in a de-dimensional Euclidean space, we 
define the fractal dimensionality dp, also referred to as the capacity dimension, 
by a covering of the region occupied by the object by dg-dimensional spheres in 
accordance with the expression 


ge 1oRNG) 
= HSS fog Gol)" 


where r is the radius of the dg-dimensional spheres. This definition is clearly 
independent of the value of ro. If dg = 2, the sphere is a 2-sphere or circle of 
radius r, and if dg = 1, the “sphere” is a 1-sphere or line segment of length 2r. 
In the case of the Cantor set the object being covered by line segments or one 
dimensional spheres of radius r = a/2 is the multitude of residual tine segments 
after many subdivisions. In the Sierpinski carpet case the covering is by circles of 
radius r = a/./2, where a circle of radius r = a9/4/2 covers the initial square 
before any subdivisions. Fractal dimensions have been evaluated for many chaotic 
systems.* For example, the logistic equation was quoted as having a strange at- 
tractor dimension of 0.538, which is between the topological dimension dr = 0 
corresponding to the individual points x, and the Euclidean dimension dg = 1 
corresponding to the range of x given by Eq. (11.32). The driven-damped pen- 
dulum with the equation of motion (11.25) exists in two-dimensional (x, y) Bu- 
clidean space, and has one-dimensional orbits of the type shown in Fig. 11.11(a). 
Its fractal dimensionality determined from Liapunov exponents ranges from 1.2 
to 1.4 for various damping factors, which is between the values of dp = 1 and 
dg = 2 that we just mentioned. 

We saw in the previous section that chaotic systems exhibit a type of self- 
similarity, but less regular than in the case of systematically constructed fractals 
such as those in Fig. 11.86. This does, however, suggest that chaotic systems 
could have a fractal-type nature, and that nonintegral dimensionality might be a 
‘*See A. B. Cambel, Applied Chaos Theory, New York: Academic Prese, 1993, p. 70; G. L Baker and 


J.P. Gollub, Chaotic Dynamics, An introduction, Cambridge, England: Cambridge University Press, 
1996. 
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characteristic of chaos. This suggestion is correct. The fractal dimensionality de 
of a strange attractor can be calculated from the Liapunov exponents associated 
with its expansion in phase space. To illustrate this, we consider the particular case 
of a strange attractor in two-dimensional configuration space, which evolves in 
time by continuously expanding in one direction and continuously contracting in 
its orthogonal direction in such a manner that its area A(r) continuously decreases 
in magnitude with the passage of time, This permits it to continuously elongate 
and meander throughout the available regions of phase space. We start with a 
square zone in the x, y plane of a chaotic region with the initial dimension ap in 
the x- and y-directions and the corresponding initial area, Ag = a2, as shown in 
Fig. 11.17a. This means that dp = 2. If the area evolves in time by contracting 
in the x-direction with the negative Liapunov exponent 4; and expanding in the 
y-direction with the positive Liapunov exponent A2 it gets continuously thinner 
and evolves toward a fine of topological dimension dp = 1, In terms of these 
Liapunov exponents, the x- and y-dimensions of the area have the respective time 


6,0) = age! 


Faget 


TOOT TTT 


% 
2.40) = age"Pale 
@® &) 
FIGURE 11.17 Role of the Liapunov exponents Ay <@ and Az > 0, subject to the con- 
dition {24} > A2, im the evolution of an initially square area (a} in phase space that expands 
along one cootdinate direction and contracts along the other with the passage of time (b). 
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dependencies from Eq. (11.12), 
a,(t) sage” ay ft) = age, (HLS) 
and the area A(t) evolves in time as 
A(t) = Age@2“il, (11.53) 


where Ag = a2. Since A; is negative and A2 is positive, it is necessary to have 
Jay{ > Az so that the area (11.50) will continually decrease with time. The feature 
of a continuous decrease in the fractal area A(t) of Eq. (11.50) is analogous to the 
continuous decrease in overall length of the line segments in the Cantor set, and 
of the continuous decrease in the net remaining area in the Sierpinski carpet case, 
as the iterations progress to the limit n =} 00. 

If we consider the evolved elongated area A(t) as containing a number N(t) 
of small squares of individual area AA(r) = a?, as indicated in Fig, 11,17b then 
we have 


AA) = age", (1.54) 


where A; is negative, and 
N(t) = ene = a we ea (11.55) 


By analogy with Eq. (11.44), the strange attractor dimension dp, is given by 


log NG) de 

4° = Foptaojax() | * Thal’ 

which has a nonintegral or fractal value. For the present case, 42 < {A1], 80 
Eq. (11.46) is satisfied with 1 < dp < 2. Thus, a strange attractor is related 
to a fractal in the sense that its dimension is “strange”; that is, it is not an integer. 
‘There is a fundamental difference between the time evolution and the space- 
filling effect of regular trajectories and chaotic trajectories. We saw in Sec- 
tion £1.1 how the orbits of incommensurate oscillators can “fill” the space of a 
torus by ranging over the entire domain. However, technically speaking, these 
regular orbits do not occupy any of the area of the toroidal surface because they 
are one-dimensional curves without any width, meaning that the actuall area taken 
up by them is zero. Chaotic orbits also range over their entire domain of phase 
space, but they do so by occupying area in this space. What is strange is that the 
more the chaotic orbits “fill” phase space, the smaller the area that they actually 
occupy (ef Eq. (11.53)). This makes it appropriate to refer to the domain over 
which the chaotic orbits roam as a strange attractor. The onset of chaos may be 
fooked upon as the increase in the dimension of a regular orbit from its topolog- 
ical value dr = 1 to its fractal value | < dp < 2 as it begins to occupy space 
in an area of Euclidean dimension dg = 2. The fractal dimension may be looked 


(11.56) 
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upon as an index of how much space is occupied by the fractal orbit, We should 
of course confinue to bear in mind the fact that the main difference between the 
space-“filling” aspects of regular and chaotic orbits is that in the regular incom- 
mensurate case the space is “filled” in a systematic manner by the predetermined 
spiraling motion around the torus, while in the chaotic case the orbit “fills” space 
in a random, meandering, manner. 

‘This nonintuitive manner in which chaotic orbits in a sense spread out more 
and more, and in another sense become more attenuated, as they develop in time 
is very analogous to the behavior of fractals, We saw above how the Cantor set 
and the Sierpinski carpet illustrated in Fig. 11.16 both become more disperse 
and more attenuated as they go through successive iterations, always remaining 
finite throughout the process. There is an analogue of the Sierpinski carpet in 
three-dimensional Buctidian space called a Sierpinski sponge. which evolves in 
an analogous manner through an iterative process, dispersing through space while 
losing volume in accordance with a fractal dimension. Chaotic trajectories are 
indeed closely related to fractals. 

In our treatment of the quantitative aspects of chaos, we have placed more 
emphasis on the fractal property of nonintegral dimensionality than we have on 
its property of self-similarity. In the applications of fractals outside the domain 
of classical mechanics, the emphasis is often more on the self-similarity aspect. 
Many books display beautiful pictures of precisely drawn figures that iBustrate 
self-similarity down to infinite levels of subdivision, such as the Sierpinski carpet 
sketched in Fig. 11.16. There are also examples from nature, such as the dendritic 
growth of the branches of a tree, in which the self-similarity is more approximate 
and irregular. 


DERIVATIONS 


1. Show that the system yn41 = 1 — yy? with 1 < y < }andO< y < 2canbe 
transformed to the logistic equation (11.31) by the substitution y = cx +t d. Find y, 
c, and d in terms of the contro} parameter a of the logistic equation. 


2. Show that the Hénon~Heiles Hamiltonian (11.17) can be written in polar coordinates 


as 
2 a hag, 
Ht apd Pak? + gh sin 30. 


‘This form explicitly exhibits the threefold symmetry. 
3. Show that for the energy E = 3, the bounding equipotential (Vr, 6) = $) for the 
dimensiontess Hénon-Heiles potential 
Vir.@) = dr? + 47? sin3e, 
forms an equilateral triangle in the x, y plane (cf. Fig. 11.6). 


4. Show that Eq. (11.34b) follows from inserting Eq. (1 1.34a) into Bq. (11.34), in addi- 
tion, show that the stability range given in the text (cf, Bq. {11.35)) also follows, 
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EXERCISES 
Most of the following exercises are best completed using a personal computer 


able to run programs such as Maple™, Mathematica™, or Maxima™, In these 
exercises the notation dz/dt = 


8. Find the first three bifurcations for the system yn4.1 = 1 ~ dy, where ~1<y <1 
and0 <6 <2. 


6. Jn an attempt to predict weather patterns, Edward N. Lorenz developed a model in 
1969 with the following three coupled equations (Lorenz model) in x(t), y(t), and 
2): 


a 
emyor, may obs, 


dy 

a a 
where o, r, and b are positive constants and x, y, and z are real. Lorenz, chose, for 
physical reasons, « = 10 and b = §, and the parameter r is increased from 0, Let 
x(0) = 2, y(O) = 5, and 2(0) = 5. Investigate the behavior for 
(a) r = 0, 10, and 20, 01 < 20 
(b) r= 28,0. <4 < 20, where chaotic behavior sets in for ¢ 7 
In both cases, investigate the trajectories by using either three-dimensional plots of 
the coordinates x(t), y(t), z(t) for different time steps or, if your numeric programs 
do not generate such plots, plot x(¢) versus ¢. 


a: 
F =o». 


RY 


1. A system of equations simpler than the Lorenz equations of Exercise 6 were proposed 
by O. E. Rossier in 1976, wish only one nonlinear system coupling term. This system 
had no physical intent except to show chaos. 


dx dy dz 

BOD Barton FT 

with a, b, and c positive constants and x(¢), y(t), and z(t} real. 

(a) Take a = b = 0.2, and initial conditions x(0) = ~1, y(0) = 2(0) = 0. Investigate 
the effects of changing c around c =: 5.7, holding a and b fixed. 

(b) Take a = b = 0.2, ¢ = S.7 and investigate the effects of changing the initial 
conditions starting with x(0) == ~1, (0) = <(0) = 0. 


b+ ex ~o), 


& The general forced damped oscillator equation studied by F. Dufing in 1918 (Dufing 
oscitlator) can be written a, 
ax dx 3 
Ga tty G tartan = Fecset 


fa) Take @ = 1, 8 = 02,7 = 0, F = 4.0, fdx/dthop = 0 and choose a set 
of values of x29 and @ to show that the amplitude {absolute magnitude of the 
maximum x) of the steady-state oscillation shows hysteresis. This is best done by 
plotting the behavior for increasing « until there is a jump in the amplitude and 
then continuing the plot for slowly decreasing @ from a value slightly larger than 
‘where the jump occurred, 

(b) Having solved part (2), pick a value of in the range of the jump and slightly 
vary F to determine how the amplitude varies for a fixed w as F is changed. 
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9. Suady the van der Pot equation (11.11), 
ex 2dax 2 

may mL 22) St mabe = Feoswpt 
(a) For the initial conditions near x = 0.5 and dx/dé = 0 for the values of ¢ = 0, 
0.1, 0.2, and 0.3, Plot x(t} as a function of time to determine empirically the rate 
at which the orbit approaches the attractor atx = 
(b) Repeat for the initial conditions x = 1.5,dx/d¢ 


10. Construct the Poincaré section xp for the particular Duffing oscillator 


ax dx oy 
Ga 107 G 4 = 0.75 cost, 
where p = i = 42, with initial conditions x(0) = $£(0) == 0. 


‘11. Construct the Poincaré section, as in Exercise 10, for the inverted Duffing oscillator, 


@r ax 3 
Fa tesa ters = F cost, 


for values of F in the range 0.24 to 0.35. This oscillator is said to be inverted because 
the coefficient of the Jinear term is negative. 


12. The diffusion equation is 0u/4t <= Vx where u(x,t) is the density and 7 is the 
diffusion constant. The mode! of diffusion by Witten and Sadler can be approximated 
for numerical integration in two dimensions by considering a two-dimensional square 
lattice and defining the size of a cluster as the minimum radius that includes all of its 
particles. Mathematically perform the following: 

(a) Place a particle at the center of a 25 x 25 lattice of spacing a, 

{b) Place a particle at a random position away from the center but not adjacent to 
the center and allow this particle to randomly move one location at a time until it 
either leaves the lattice or becomes adjacent to the original particle, For the latter 
eventuality, draw a circle centered on the center of the cluster that just includes 
these two particles. Call this radius Ryyig- After completing this step Rinin = 4/2. 

(©) Repeat this process by adding additional particles at random, increasing Ronin if 
necessary to include al! adjacent particles. 

{d) After a reasonable number of particles, NY, are aggregated, calculate the fractal 
dimension, D, by the rule 

Jan 
in Ria 


43. Construct a Poincaré section for the Hénon-Heiles potential, Its suggested that you 
make the plot in the jy plane so that you can compare your resuits with Figs. 11.7 
and 11.8. Choose an energy, £, and initial conditions, x = Q and & = 0, and initial 
conditions on y and to satisfy the energy condition and find the boundary curve, 
Relax the condition on £ and choose conditions on i, y, and } that satisfy the energy 
condition for x = 0, Integrate the equations of motion to find the crossings, 

(a) Choose E = 75, yg = 0.01, 5g = 0.02, and xq = 0. Use the energy equation to 
determine ip. integrate the equations to find the values of t where x(t} ~ O saving 
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the values ¢, x(6) 0, 4, @), 0, Find the first 27 crossings and compare 
with Fig. 11.7. 


(b) Repeat this process for E = 4 and plot the chaotic behavior. 

60. 

1S. Refer to Figs. 11.13 and 11.25 for the logistic equation. Find the values of the three 
ceycle attractors embedded in the region of chaos. Use the control parameter a = 3.83. 


Aso find the values of the next higher cycle obtained for a larger controt parameter in 
this same embedded region of normality. 


44, Construct the entries in Table 11.1 fora = 3,55 anda = 


46. Show that in the control parameter range between the first and second bifurcations of 
the logistic equation the two final values of the attractors, xp and xn4.3 such as those 
given by Eq, (11.36) satisfy the cubic equation, 


@x22~ x) -a@at txt (a? ~1) 20. 


CHAPTER 


1 2 Canonical Perturbation Theory 


12.1 @ INTRODUCTION 


Almost all of the problems in classical mechanics discussed in Chapters 1-10, 
whether in the text or in the exercises, have had exact solutions, Nevertheless, 
it should be clear from Chapter 11 on chaos that the great majority of problems 
in classical mechanics cannot be solved exactly. We have found solutions for the 
two-body Kepler problem, but with the exception of a few special cases the clas- 
sical motion of three-point bodies acted upon only by their mutual gravitational 
forces has proved intractable (see Section 3.12). Even for two bodies the solutions 
are implicit; no closed explicit formula can be found for the coordinates as a func- 
tion of time (cf. Section 3.8). There is thus considerable incentive for developing 
approximate methods of solution. 

It often happens, fortunately, that in a physical problem that cannot be solved 
directly the Hamiltonian differs only slightly from the Hamiltonian for a prob- 
Jem that can be solved rigorously. The more complicated problem is then said 
to be a perturbation of the soluble problem, and the difference between the two. 
Hamiltonians is called the perturbation Hamiltonian. Perturbation theory consists 
of techniques for obtaining approximate solutions based on the smallness of the 
perturbation Hamiltonian and on the assumed smaliness of the changes in the so- 
lutions. We know from the discussion in Chapter 11 that even when the change in 
the Hamiltonian is small, the eventual effect of the perturbation on the motion can 
be large. This suggests that any perturbation solution must be carefully analyzed 
to be sure that it is physically correct. 

The development of perturbation theory goes back to the earliest days of ce~ 
lestial mechanics. Newton realized, for example, that most of the oscillations in 
the Moon’s motion were the result of smail changes in the attraction to the Sun 
as the Moon revolves about Earth, His initial attempts at a lunar theory including 
these effects corresponded roughly fo a form of perturbation theory. Many of 
the subsequent developments in the formal structure of classical mechanics, such 
a8 Hamilton's canonical theory, stemmed in large measure from the desire to 
perfect perturbation techniques in celestiat mechanics. The need for predicting 
highly accurate orbits for space vehicles and the enormously increased capacity 
for numerical computations have spurred further improvernents in perturbation 
theory. 
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Classical perturbation theory can be divided into two approaches: time- 
dependent and time-independent perturbations. The terminology is chosen with 
an eye to perturbation theory as developed for quantum mechanics, and indeed 
there are many points of analogy between the classical perturbation techniques 
and their quantum counterparts. Generally speaking, classical perturbation theory 
is considerably more complicated than the corresponding quantum mechanical 
version. We shail treat time-dependent perturbation first as being the easier form 
to understand. While perturbation theory can be developed for all versions of 
classicat mechanics, it is simplest to use the Hamilton-Jacobi formulation. 


TIME-DEPENDENT PERTURBATION THEORY 


Let Ho(@, p, 1) represent the Hamiltonian for the soluble, unperturbed probtem, 
We imagine the solution has been obtained through Hamilton's principal function 
S(q, «, t), which generates a canonical transformation in which the new Harilto- 
nian, Ko, for the unperturbed problem is identically zero. The transformed canon- 
ical variables, (a, 8), are then all constant in the unperturbed situation, Now let 
us consider the perturbed problem for which we write the Hamiltonian as (cf. 
Bq. (11.8)) 


Hq. p.t) = Hol(g. p.t) + SHG, pt). (12.1) 


As has been emphasized before, the canonical property of a given coordinate 
transformation is independent of the particular form of the Hamiltonian. There- 
fore. the transformation 


(p,q) > (@, B) 


generated by S(q,a,t) remains a canonical transformation for the perturbed 
problem. Only sow the new Hamiltonian will not vanish and the transformed 
variables may not be constant. For the perturbed problem, the transformed Hamil- 
tonian will be 


as 


Ka, B,) = Ho + AH + 5) = AH, 8,1). (12.2) 


Hence, the equations of motion satisfied by the transformed variables are now 


SAH (a, B,t} 


_, BAH 8.1) 
a Bey 


a= 


(12.3) 


Equations (12.3) are rigorous; no approximation has yet been made. If the set of 
2n equations can be solved for a, and #; as functions of time, then the equations 
of transformation between (p, g) and (a, 8) give g; and pj as functions of time, 
that is, solve the problem, However, the exact solution of Eqs. (12.3) is usually 
no tess difficult to obtain than for the original equations of motion, The use of 
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gs. (12.3) as an alternative approach to the rigorous solution is therefore not 
particularly fruitful, 

In the perturbation technique, however, advantage is taken of the fact that AH 
is small. The quantities (a, 8), while no longer constant, therefore do not change 
rapidly, at least compared to the explicit dependence of AH on time. A first-order 
approximation to the time variation of («, 8) is obtained by replacing a and 8 of 
the right-hand side of Eqs. (12.3) by their constant unperturbed values: 


BAH(@, 8.1) fy = BOAO gy 


8B ‘9 da lo 


Here a; and fy, stand for the first-order perturbation solutions for ay and 61, 
respectively, and the vertical lines with subscript 0 indicate that after differentia- 
tion a and 8 are to be replaced by their unperturbed forms; that is, the constants 
(a9, Bo). Equations (12.4) can be placed in matrix form by designating y as the 
column matrix of the 8 and a canonical variables, so that 


y= 


OAH(y,1) 


nat iy lo (12.5) 
where J is the matrix given by Eq. (8.38a). Equations (12.4) can now be integrated 
directly to yield the a and f; as functions of time. Through the transformation 
equations, we then obtain (q, p) as functions of time to first order in the pertur- 
bation. Clearly, the second-order perturbation is obtained by using the first-order 
dependence of a and 8 on time in the right-hand sides of Eqs. (12.4), and so 
‘on. In general, the nth-order perturbation solution is obtained by integrating the 
equations (in matrix form) for 7 given by 


aAHy,t) 
BY Sant 


% (12.6) 


As a trivial example of these procedures, let us consider as the unperturbed 
system the force-free motion in one dimension of a particle of mass m, The un- 
perturbed Hamiltonian is 

2 


aie, 
Ho= a: 


‘The momentum p is clearly conserved; call its constant value a. For this system 
the Hamilton-Jacobi equation is 


1 fas\? 435 

im \Sx} ~ 3t 

Because the system is conservative and x is cyclic, we know immediately that the 
solution for Hamiiton’s principal function is 


(12.7) 
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ar 
Ssax- >. (12.8) 


‘The transformed momentum is a; the transformed constant coordinate is 


or 
at 

x=—4+8, (12,9) 
™ 


the expected solution for the force-free motion. While Eq. (12.9) is obvious a pri- 
ori, this formal derivation via the Hamilton-Jacobi equation at least shows that a 
and 8, so defined, form a canonical set. 

Now suppose the perturbation Hamiltonian is 


2 
AH = 72>, (12.10) 
2 
where @ is some constant, The total Hamiltonian is 
Ha Hot OH = h(pt + mats), (2a) 


We are thus considering the harmonic oscillator potential as a perturbation on 
force-free motion! In terms of the a, 8 variables, the perturbation Hamiltonian, 
by Eq. (12.9), is 
mor (at Wi 
AH= T +8) . (12.12) 


In the perturbed system, the equations of motion for «, B are (cf. Eqs, (12.3)) 


= —mot & + *) ; (12.13a) 
m 
soy (%t 
Axor (S +6). (12.136) 
Note that 
f+teso. (12.44) 
m 


A tigorous solution of Eqs. (12.13) can be obtained by taking the time derivative 
of Eq. (12.134): 


& = oa — mo* (3 - 2) =-we, (2.45) 


m 
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‘Thus, a in the perturbed system rigorously has a simple harmonic variation with 
time, From Eqs. (12,134) and (12.9), it follows x = —é/(me*), and hence the 
solution for x is also simple harmonic motion. Considered as rigorous equations 
of motion, gs. (12.13) therefore lead properly to the correct and well-known 
solution. 

But now fet us treat ma” (= &, the force constant) as a small parameter and 
seek perturbation solutions. The first-order perturbation is obtained by replacing 
@ and B on the right by their unperturbed values ao and fp. For simplicity, we 
shall take x = 0 initially, so that 8p = 0; the initial value of p is then wo. The 
first-order equations of motion are then 


2y2 
& = ~or aot, Ay = a9, (2.16) 
with immediate solutions 
: aot? agute? 
a = ag— Fm, B= mm. (22.17) 


Solutions for x and p vo first order are then 


(12.184) 


(12.286) 


Substituting Eqs. (12.17) for a and 8 on the right-hand side of Bgs. (12.13), the 
second-order equations of motion become 


(12.19) 


with solutions: 


(12.20) 


‘The corresponding second-order solutions for x and p are 


531 


(12.21) 


By now we have enough to see where the nth-order solution is going. The quan- 
lities in the parentheses in Eqs. (12.21) are the first three terms in the expansion 
of the sine and cosine, respectively. In the limit of infinite order of perturbation, 
clearly 


xo = since a 
> sinet, p> apcoset, 
mas p> my 


which are the standard solutions consistent with the initial conditions. 

‘The constant transformed variables (a, 8) incorporate information on the pa- 
rameters of the unperturbed orbit. Thus, if the Kepler problem in three dimensions 
describes the unperturbed system, then a suitable set of (a, 8) are the Delaunay 
variables, that is, the constant action variables J; and the constant terms in the cor- 
responding angle variables w;. We have seen in Section 10.8 that the Delaunay 
variables are simply related to the orbital parameters-—semimajor axis, eccentric- 
ity, inclination, and so on. The effect of the perturbation is to cause these parame- 
ters to vary with time. If the perturbation is small, the variation of the parameters 
within one period of the unperturbed motion will also be small. Time-dependent 
perturbation theory thus implies a picture in which the perturbed syster moves 
during small intervals of time in an orbit of the same functional form as the unper- 
turbed system, an orbit whose parameters however will be changing in time. The 
unperturbed orbit along which the system is momentarily traveling is sometimes 
described as the “osculating orbit.” In position and tangent direction, it matches 
instantaneously the true trajectory. 

As determined by a perturbation treatment, the parameters of the osculating 
orbit may vary with time in two ways. There may be a periodic variation, in 
which a parameter comes back to an initial value in a time interval that to first 
order is usually the period of the unperturbed motion. Or there may remain a 
net increment in the value of the parameter at the end of each successive orbital 
period—and the perturbed parameters are said to exhibit secular change. Peri- 
odie effects of perturbation do not change the average parameters of the orbit; 
‘on the whole, the trajectory remains looking much like the unperturbed orbit. A 
secular change, no matter how smail per orbital period, means that eventually, 
after many periods, the instantaneous perturbed parameters may be quite differ: 
ent from their unperturbed vaiues. Therefore, the major interest in a perturbation 
calculation will often be in the secular terms only, and the periodic effects may be 
eliminated early in the game by averaging the perturbation over the unpecturbed 
period. Effectively, this is what was done in Section 5.8 when the perturbing 
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gravitational potential of the oblate Earth was averaged over the satellite period 
(of. Eq. (.90)).* 

Often we would like to determine the time dependence of the orbital “con- 
stants"—for example, eccentricity, or inclination—directly, rather than through 
the intermediary of the canonical set (c, 8). This can be done easily through the 
Poisson bracket formalism. Let cy be any set of 2n independent functions of the 
(q, B) constants of the unperturbed system: 


ci(a, B). (12.22) 


a 


One or more of the c; may be the desired orbital parameters. Then in the perturbed 
system the time dependence of the cj quantities is determined by the equations of 
motion 


& = [c;, K} = [ei, AH}. (12.23) 


But AH (a, B, #) may equally well, by the inverse of Eqs. (12.22), be considered 
4 function of the ¢’s and r, so that (ef. Eq (9.68)) 


bey, BAH 
Ber, 


{cj, AA} = in tr = 


Heace, 
&=[e.c)——. (12.24) 
4 


As with Eqs. (12.3), Eqs. (12.24) are rigorous equations of motion for the c's. 
‘They become first-order perturbation equations when the right-hand sides, in- 
cluding the Poisson brackets, are evahtated for the unperturbed motion. In general 
the nth-order perturbation is obtained when the right-hand sides are evaluated in 
terms of the (x — })st order of perturbation. Equations (12.24) thus correspond, 
in generalized form, to Eqs. (12.6). 


‘The circurastances are often be more complicated than as described im this paragraph. For example, 
the periodic variation of orbital parameters can exhibit more than one period. This would obviously 
‘occur when the perturbing potentiat has its own intrinsic periodicity, for example, the varying pertur- 
bation of the Sun's gravity on Barth-Moon orbit as Barth revolves around the Sus, Multiply periodic 
behavior can also appear through interactions between perturbations. Thus, the periodic perturbation 
Of satellite parameters can show both short and long periods, and itis necessary to average over both 
kinds of peciads to find the secular perturbation effects. Sometimes the dividing line between pertodic 
and secular perturbations becomes a bit vague, What may appear as 2 secular pesturbation in first order 
‘will af times on closer examination tum out to be a periodic perturbation with a very long period, as 
‘We discovered in Section 1.3 with the harmonic oscillator perturbation calculation. Depending on the 
purpose of the calculation, it ay still be advisable to treat it as 2 secular perturbation term. Nonethe 
less, the distinction between periodic and secular terms remains useful and normally straightforward, 
especially in first-order perturbation theory, 
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A version of Eqs. (12.24) expressed in Lagrange brackets (cf. Eq. (9.79)) is 
often found in the literature of celestial mechanics. Multiply the equation for ¢;, 
by the Lagrange bracket {cx, cj} and sum over /: 


@AH 
fee clés = fees ed eis ¢9) S—- 


By the theorem expressed in Eq. (9,83), this reduces to 


aan , 
GE = tej ene (12.28) 

Historically, the perturbation equations of celestial mechanics are expressed in 
terms of the disturbing function R, defined as ~A H, so that Eqs. (12.25) appear 
as 

aR ; 

5g 7 fer ae (12.25') 
Equations (12.24) or (12.25) are frequently denoted as the Lagrange perturbation 
equations. 


ILLUSTRATIONS OF TIME-DEPENDENT PERTURBATION THEORY 


A. Period of the plane pendulum with finite amplitude. In the limit of small oscil- 
fations a plane pendulum behaves like a harmonic oscillator and is isochronous; 
that is, the frequency is independent of the amplitude. As the amplitude increases, 
however, the correct potential energy deviates from the harmonic oscillator form, 
and the frequency shows a small dependence on the amplitude, The small differ- 
‘ence between the potential energy and the harmonic oscillator limit can be con- 
sidered as the perturbation Hamiltonian, and the shift in frequency derived from 
the time variation of the perturbed phase angle. 

‘The Hamiltonian for a plane pendulum, consisting of a mass point m at the end 
of a weightless rod of length J, is 


2 
2 
H Sms timate — cos6), (12.26) 


where, for simplicity, the momentum conjugate to 8 is denoted by p. Expanding 
the cos@ term in a Taylor series, the Hamiltonian can be written as 
Pe, mie? ( ee ) 


H (12.27) 


at ar ae a 


The small amplitude limit consists of dropping all but the first term in the paren- 
theses. We can get an idea of the magnitude of the correction terms by introducing 
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antificially a parameter 
2B 
2 2 
=o (12.28) 
and the related parameter 
o£ 
6 ~ 3mgl 


‘The series in the parentheses (cf. {12.27)) then looks like 


ie (8) +5 (2) - 
2a 10 \8; 

Now, the ratio 6 /0; rises to the onder of unity at the maximum amplitude. Indeed, 
9) is the maximum amplitude of oscillation when E, and therefore the amplitude, 
is small. Hence, the rate of convergence of the expansion is determined by the 
magnitude of A. 

If only one correction term is retained, first-order perturbation introduces terms 
‘of the order A in the motion. Second-order perturbation with the same perturbation 
Hamiltonian introduces A? terms. Thus, fo obtain modifications of the motion 
consistently correct to 47, we would have to compute second-order perturbation 
on the A term in the Hamiltonian, and first-order perturbation on the A? term in 
the Hamiltonian. We shail here content ourselves with a consistent treatment to 
order A; that is, retain only the first correction term in the Hamiltonian and carry 
out a first-order perturbation solution. 

The unperturbed Hamiltonian derived from Eq. (12.27) can be put in the form 
of a harmonic oscillator by writing it as (cf. Fg. (10.18)) 


stp? + Pore’), (12.29) 


where J = mi?, the moment of inertia of the pendulum, and 


mgl _g 
mea (12.30) 
A suitable set of canonical variables corresponding to a vanishing K for the un- 
perturbed system are the action variable J and the phase angle 8 in the angle 
variable: 


wau+ Bp, 2.31) 


@ 
roe 
‘The effect of the perturbation is to cause both J and f to vary with time. The 


equations of transformation relating p and 8 to J and 8, respectively, have already 
been given in Eqs. (10.96) and (10.97), which here take the form 
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@=/— sinter + 
alo 


p= y Pez +p), 
In the unperturbed system J and £ are constant and Eqs. (12.32) constitute the 
complete solutions for the motion. But the equations remain valid for the per- 
turbed case, only J and f have time dependencies to be determined. 

‘The unperturbed Hamiltonian is Hp = Jv, but the perturbation Hamiltonian 
takes the form 


(12.32) 


mal og i, 
AH= 34° = "Taint sin® 2x(vt + B). (42.33) 
‘The first-order time dependence of 8 and J are to be obtained from 

4 9AH aan 
a a 


a 
where on the right-hand side of each equation the unperturbed solutions for J and 
B are to be used; that is, J and f are considered constant. Thus, 


(12.34) 


é 


ple sin! 2r(ve 4B). (12.35) 


Equation (12.35) says that to first order, varies over the cycle of the unperturbed 
oscillation. But there is a net value for 8 when averaged over a complete cycle, 
for the average of sin‘ is 3. Hence, f exhibits a secular perturbation at a constant 
rate given by 
z i 
mae, 12.36 
8 janine (12.36) 


‘Viewed over times long compared to the unperturbed period, B has a time depen- 
dence 


B= Bt + fo. (22.37) 


Such a variation, when inserted in Ei. (12.32), says that, on average, the first-order 
solution is still simple-trarmonic with a frequency 


vavtp 
Now, in the unperturbed motion 
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so that 8, Eq, (12.36), becomes 


z oF v0? 


Ba iermgl 7 TB" (12,38) 


‘The first-order fractional change in the frequency at a finite amplitude 4) is there- 
fore 

av 6 @ 

vou ie’ 
a well-known result that can also be obtained by approximating the elliptic- 
function representation of the motion. 
From Eqs. (12.33) and (12.34), it is seen that to first order the time variation of 
Tis 


(12,39) 


Pe 
Samii sin’ 2x(vt + B) cos 2x (vt + B). 
‘The average of sin’ @ cos ¢ over even a half period of ¢ is zero; hence, J shows 
no secular perturbation. We would expect this result physically, as J is a measure 
of the amplitude of the oscillations (cf. Eqs. (12.32), and the perturbation would. 
‘not be such as to cause the amplitude to grow or decay with time. 


B. A central force perturbation of the bound Kepler probiem. In Exercise 21, 
Chapter 3, it was shown rigorously that if a potential with a 1/r? form is added 
to the Coulomb potential, the orbit in the bound problem is an ellipse in a rorar~ 
ing coordinate system. In effect, the ellipse rotates, and the periapsis appears to 
precess. Here we will find the precession rate by first-order perturbation theory, 
considering a somewhat more general form for the perturbing potential. 

Suppose the total potential is 


(12.40) 


where » is an integer greater than or equal to +2. The constant # will be assumed 
to be such that the second term is a small perturbation on the first for the range of 
r considered. The perturbation Hamikionian is thus 

h 

AH=-5. 222. (12.41) 

F 
In the unperturbed problem the angular position of the periapsis in the plane of the 
orbit is given by the constant w = 2srw2 (cf. Eq. (10.166)). With the perturbation, 
w has a time dependence determined by 

8QH _aAH 


bam Se sap (2.42) 
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using the relation Jz = 2n! (Eq. (10.156)). First-order perturbation results are 
obtained by evaluating AH, and the derivative, in terms of the unperturbed mo- 
tion, Further, the instantaneous change in w is rarely of interest. In most situations 
where the perturbation formatism is of value, @ is so small the change in «is dif- 
ficult or impossible to perceive within a single orbital period, and it is sufficient to 
measure only the secular change in w after many orbits. Therefore, what is wanted 
is & averaged over a time interval , the period of the unperturbed orbit: 


1 f* aAH 
if “a 


‘The derivative can be taken outside the integral sign, since t is a function of Js 
only (Eq. (10.142) combined with Eq. (10.146), whereas the derivative is with 
respect to [ == J2/2m. Hence, 


= SAH (12.43) 


Af‘ dt 
ef 5: (02.44) 


By using the conservation of angular momentum in the form / dt = my? dy, the 
integral can be converted into one over : 


(12.45) 


0 


where r has been expressed in terms of ¢ through the orbit equation, Eq. (3.56) 
(with % used in place of 8). In general, only terms involving even powers of the 
eccentricity e will give nonvanishing contributions to the integral. The derivative 
with respect to J also involves e and its powers, since, by Eq. (10.159), ¢ is a 
function only of J and Js. 

‘Two special cases are of particular interest. One occurs when n = 2, mentioned 
briefly at the start of this illustration. The average perturbation Hamiltonian is then 
simply 


lamh 


tt 


and the secular precession rate is 
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damh 
Pr 

which agrees with Exercise 21 of Chapter 3. 


‘The other case of interest is for n = 3 (@ 1/r? perturbation potential), for which 
Eq, (12.451) reduces to 


b= 


(12.46) 


and 


(12.47) 


‘What makes this choice of n of particular significance is that general relativity 
theory predicts a correction to Newtonian motion that can be construed as an 
> potential. The so-called Schwarzschild spherically syrametric solution of the. 
Einstein field equations corresponds for weak fields to an additional Hamiltonian 
term in the Kepler problem of the form of Eq. (12.41), with n = 3 and 


(12.48) 


80 that Bg. (12.47) becomes 


35. (12,49) 


o 


To apply &q. (12.49) to the secular precession rate for the precession of a body 
revolving around the Sun, is set equal to GMm and Eq. (3.63), valid for the 
unperturbed ellipse, is used 


2 = mka(h ~e*). (12.50) 


Equation (32.49) can then be put in the form 


Sn (2). (12.52) 


rd =e) \a, 


where R is the so-called gravitational radius of the Sun is 


oS = 1.4766 km. (12.52) 


For the planet Mercury, « = 0.2409 sidereal years, ¢ = 0.2056, and a = 
5.790 x 10” km; Eq. (12.52) then predicts a precession of the perihelion of 
‘Mercury arising from general relativity at an average rate of 


& = 42.98" jeentury. 


R 
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The observed secular precession of the perihelion of Mercury is over 100 times 
larger than this value, namely 5599.74 + 0.41” /century. Most of this is due to the 
precession of the equinoxes, of the remainder, about 531.54” /century arises from 
perturbations of the orbit of Mercury by other planets. Only afier these two sets of 
effects are subtracted from the observed precession does the small general relativ- 
ity effect of approximately 43” /century become visible. The currently accepted 
observationai value is stated to be 43.1” + 0.5” /century; the deviation from the 
theoretical prediction is not considered significant. 

One point remains to be made. In the application to relativistic effects, the 
constant A, Eq. (12.48), is a function of the value of /. It might be asked therefore. 
that in finding &, why doesn’t the derivative with respect to ! act also on h? The 
key here is that A is not functionally dependent on { as a canonical momentum, 
Equation (12.48) says only how the value of the constant A is determined in terms 
of the value of the orbit parameter /. In other words, the perturbation potential is 
a function of the dynamical variables only through r; it is not to be construed as 
velocity dependent. 


C. Precession of the equinoxes and of satellite orbits. The family of problems to 
be considered here was discussed previously in Section 5.8, which bears the same 
litle. We wish to describe the relative motion of two bodies interacting through 
their gravitational attraction, one a spherically symmetric or point body. the other 
being slightly oblate with a resultant gravitational quadrupole moment. The effect 
of the stight oblate shape of Earth is physically that the torques exerted by the 
Sun and Moon on the equatorial bulge cause Earth's rotation axis to precess very 
slowly. Reciprocally, the effect on an object orbiting around Earth, such as the 
Moon or an artificial satellite, is to cause the plane of the orbit to precess about 
the figure axis of Barth. The small magnitude of the gravitational quadrupole term, 
manifested by the very slow rate of precession, suggests that a perturbation treat- 
tment should be an extremely good approximation. We shall actually examine here 
only the case of the perturbation of a satellite’s orbit; the reciprocal phenomenon 
of the precession of the equinoxes proceeds very similarly (though with different 
notation) from the same perturbation Hamiltonian, and will be left for the exer- 
cises. 

Since the emphasis here will be on a point satellite moving about a much more 
massive Earth, the notation of Section (5.8) will be reversed here and m used 
to denote the mass of the satellite while Af stands for Earth's mass. The total 
potential acting on the satellite, by Eq. (5.88), is then 


(2.53) 


where k = GMm, P2(y) is the second-order Legendre polynomial, and y is the 
cosine of the angle 8 between the radius vector to the satellite and Barth's figure 
axis. For the perturbation Hamiltonian, we therefore have 


=k Ba Gcoste - 
AH =k 53 Ge0s!6 - 0. (12.54) 
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‘The polar angle @ can be expressed in terms of the inclination angle of the orbit, 
i, and the angle of the radius vector in the orbital plane relative to the periapsis, 
1. (the so-called true anomaly) by the relation* 


cos 8 = sini sin(y +o), (12.55) 
where w is the argument of the periapsis. A small amount of manipulation enables 
us to rewrite the angular dependence of AH as 

3c0s?@ — 1 = (4 — 3 cos?) — 3 sin? icos 20H +). (12.56) 


Now, because of the small size of the perturbation, the chief interest is in the 
cumulative effects of the secular portion. Thus, the precession of the orbital plane 
shows up as a secular change in @, the angle of the line of nodes (or longitude of 
the ascending node). By the same argument used in the previous illustration we 
can obtain the secular effects by averaging AH prior to taking derivatives: 


ce ul m fe 
wet ana= f Pandy 
th it Jy 


_ me (Is ~ hy 


2 
29 
SMEE f (i+ ecosy)(3cos*é~ 1ydy. (12.57) 


‘The term in cos 2(W + «) in Eq. (12.56) gives zero contribution fo the integral 
because it is orthogonal, in the interval of integration, to both / and cos y. Hence 
the averaged perturbation Hamittonian is 


__ mAs — hy) 
IMB 


In view of Eqs. (10.157) and (10.165) linking & and i with the action-angle vari- 
ables, the first-order perturbation value for 9 is to be found from 


(1 30s? i). (12.58) 


x -— BAH 
Bm Wis = 20 OAM 1 GAM 
re an” 7 Beost 


or 


Bam? ~ Ty} cosi 
Mir i. 


Finally, using Eq. (12.50), the average fractional change in @ per unperturbed 
revolution is 


“Equation (12.55) can be obtained in many ways, for example, by matrix rotation of the plane of 
the orbit into the xy plone. I: is given, most siinply perhaps, by some old-fashioned trigonometcic 
seasoning based on Fig. 10.7. As OB = 1, BC = cos@, but AB = sin(y +o) and therefore BC is 
also sing sinty +0). 
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ar cos i 
in 2 Ma® eh 


(12.59) 


which is the appropriate generalization of Eq. (5.96) to an elliptic satellite orbit. 
‘Once the average perturbation Hamiltonian is known, the effect of the pertar- 

bation on other average parameters of the orbit can be found. Thus, the secular 

precession of the periapsis in the plane of the orbit is immediately given by 


om 7 SAR aan 
‘ ah al 


‘The canonical variable J2 occurs in AH as given by Eq, (12.58) in two forms: in 
the term in the denominator and in the term containing cosi = Jy/J2, Upon 
carrying out the derivative, it is found that 


@ 


hh ae 
aa TH OME D- (12.60) 


The maximum value of & is thus about the same as that of $2, but the dependence 
upon / is quite different. At critical inclinations of 63°26’ and 116°34’, the pre- 
cession of the periapsis vanishes (at least to first order) and changes sign above 
and below these points, It is clear that, to first order, there is no secular change 
in either a or ¢, since AH does not contain the constant parts of any of the angle 
variables. The shape and size of the osculating ellipse, when averaged over the 
orbital period, thus does not change with time. 

It may be noted from the last two illustrations that the general relativity cor- 
rection and the gravitational quadrupole field both give rise to a precession of the 
periapsis of an orbiting body. The former is believed to be the more dominant 
factor contributing to the observed precession of the perihelion of Mercury, since 
the measured quadrupole component of the Sun's muss is too small, 


TIME-INDEPENDENT PERTURBATION THEORY 


Consider conservative periodic separable systems of arbitrary number of degrees 
of freedom with a perturbation parameter ¢. For the unpesturbed problem, we as- 
sume a set of action-angle variables (Jo;, wo) such that the unperturbed Hamil- 
tonian, Ho, is a function only of the action variables Jj, and correspondingly, the 
woy are then linear functions of time. In the notation of Eq, (10.110), the relation 
between, say, ge and the wo; can be written compactly as 


9% = SIAM dope, (22.61) 
7 


where j, Wo, and Jo are n-dimensional vectors of the integer indices, angle vari- 
ables, and action variables, respectively. 
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Tn the perturbed system, (wo, Jo) remain a valid canonical set of variables, 
‘When expressed in terms of the set (wg, Jp), the perturbed Hamiftonian can be 
expanded in powers of a smail perturbation parameter ¢: 


H (Wo, Jo. ¢) = Ho(Jo) + €Hi(0, Jo) +P H2(Wo, Jo). (12.62) 


We seek a canonical transformation from (Wo, Jo) to a new set (w, J), such that 
the J are ail constants and the w therefore linear functions of time. In this set, H 
is a function only of J (and €) and, in its functional form with respect to J, will be 
written as 


a(S, €) = aod) + an (F) + PanF) +>, (12.63) 


‘To obtain the perturbed frequencies through a given order in ¢, it suffices to find 
the appropriate functions ao, a1, ..., for then the vector representing the frequen- 
cies is 
va mre te fa 
mea Heap 
‘The generator of the canonical transformation from (wo, Jo) to (w,J) is 
¥ (wo, J, €), with a corresponding expansion in €: 


(12.64) 


Y (Wo, 5, €) = Woe F+ Fi (Wo, D +7 ¥o(wo, D too. (12,65) 


We seek to find ¥ as the solution of the appropriate Hamilton-Jacobi equation: 


(ow 20 


x ) =ai,e). (12.66) 


As before, the terms in a toa given order in ¢ are found by expanding both sides in 
powers of ¢ and collecting coefficients of the same order on both sides, We shall 
illustrate the process for a secontl-order calculation, where the Hamilton-Jacobi 
equation reduces to 


oY ey oY 
Ho (im) +h (wo, =) +2hh (ve. Fm) = ag(B) bean (I) +ea2(3). 


OW, 
(12.67) 
Each of the terms on the left are functions of ¢ through the derivative of Y: 


oY ay, 
fo= ee aye ee 


ino Iwo re aw (12.68) 


‘We again expand the terms Hj in a Taylor series around Jo = J, retaining terms 
of order <? in Ho and of order « in Hj, with Jo replaced directly by J in Hp. The 
expansions for Ho and Hf, in matrix notation, are then 
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(2) =ma+(Sise =) si 
wo. 


wo awo/ OF 
i BY; \ 87 Ho ( ayy 
+5 (< ia) agar \f =) (12.65) 
ay\_ ay; aH 
A (we. =) = Mimo Des SF. (42.70) 


Collecting powers of ¢ in Eg. (12.67) then leads to the following expressions for 
the first three terms in a: 


ag = HoT), (12.7 ta) 
ay = vo + Mito, D (12.71) 
7 So 1€Wa, J), 7 
_. aYe 
rg = a + 2(Wo, D), (2.71e) 


where 


a; ati, 16%; OH OY 


%2(Wo, J) = Ho(wo. J + Bo OF + 35wo AY 03 dwo" (12,72) 
‘Again, the equation of transformation linking w and wo is given by 
wae cyte My (12.73) 


ay ay as 


In order for the (q. p) Set to be periodic in both wo and w with period 1, all of the 
‘Yx terms must be periodic functions of wo, that is, of the form 


¥e6wo, ) = So BM (Het vo, (32.74) 
3 


Hence, alt derivatives of Y¢ with respect to wo have no constant term, and the 
first terms on the right of Eqs. (12.71b,c) do not contribute to the J dependence, 
Equations (12.71) can therefore also be written as 


aD) = HoT) (12.758) 
aT) = Hy (0, D), (12.756) 
aD = B.D. (12,75) 


where the bar denotes an average over the periods of all wo. We can conveniently 
express all of Eqs. (12.75) in a common format by 


a;(5) = S:0wo, D, 2.75) 
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where ®p = Hp and @; = Hj. in addition, Eqs. (12.71) have counterparts peri- 
odic in Wo with zero mean: 
ay; 


— ~ O. 7 
050 %; (12.76) 


Note that in second-order perturbation the terms in Y; do not necessarily vanish 
in the mean. It is true that the derivatives of ¥; themselves have zero mean, but 
they are multiplied by other functions that will be periodic in wo, and there is 
no guarantee that the average of the product vanishes. Hence, to find the second- 
order correction to the frequencies, we need to know the first-order canonical 
transformation. (Analogously in quantum mechanics, a second-order eigenvalue 
involves first-order corrections of the wave function.) In principle, the coefficients 
BS? defining Y; through Eq. (12.74) can be found directly from Eq. (12.76) for 
i = 1, Subtraction of the average means that Hy ~ Hj can be expanded in a 
Fourier series analogous to Eqs. (12.61) or (12.74) but without any constant term: 


Hy ~ Hh = Y Gayerwr, 277) 
ipo 


Using the derivative of ¥; in Eq. (12.76) with respect to one of the Wo, sy wo, 
will bring down a factor 27r/j,. Hence, the matrix product on the left-hand side of 
Eq. (12.76) can be written 


5 = SY Bf? Dari G - voy, (12.78) 
wo 570 


From Eqs, (12.76) and (12.77), the coefficients in the series for Y; can be obtamed 
as 


540. (12.79) 


Itis true the constant terms in Y, are not determined in this way, but it is only the 
derivatives of Y; that enter into the expressions for a; and these do not involve the 
constant terms (cf. Eqs (12.71). 

While we have carried out the procedure in detail only for second-order per- 
turbation, it is easy fo see that the general form of the higher-order calculations 
must be similar; oaly the details of the algebra will be more complex. For the ith 
order perturbation, we will again be able to write a; in the form 


ay; 
a(S) = Vor + (Wo, D. (12.714) 
aw 
‘The first term on the right will come from the first-derivative term in the Taylor 


expansion of H (Jp) about Jo = J, where all terms in the difference Jo ~ J are 
kept through order c'. Only in this torm will ¥; appear; hence, ©; can contain onty 


12.4 Time-independent Perturbation Theory 545 


the generators ¥; for order tess than i. By virtue of the arguments already used 
for first- and second-order perturbations, the first term on the right in the previous 
‘equation (12.714) has zero mean when averaged over complete cycles in Wo, and 
hence, Eqs. (12.75) and (12.76) are valid in all orders. Of course, for i > 2, 0 
becomes increasingly more complicated than Eq. (12.72), but it always contains 
only such functions as have already been found in lower order calculations. Thus, 
step by step, we could in principle work up to any order perturbation. 

‘There are practical problems in such a series of calculations of course, but the 
most serious and obvious conceptual difficulty occurs if the anperturbed system 
is degenerate. As we see from Eq, (10.122), the existence of a degeneracy means 
there will be at least one vector of indices j such that j-vy = 0. The corresponding 
coefficient B{” in the Fourier series for ¥; will therefore, by Eq. (12.79), blow up. 
Indeed, something similar takes place even when the unperturbed system is not 
degenerate. Even if the frequencies are not exactly equal, as we go to higher and 
higher values of the integer indices in j, eventually there will be found a vector j 
for which j + vp is very small even if not zero, and the corresponding coefficients 
B become very large (the so-called problem of “small divisors”).* This crudely 
qualitative observation is the basis of the elegant proof by Poincaré at the end of 
the last century that the Fourier series for ¥1, and therefore for the motion, are 
only semiconvergent. Nonetheless, the series can be truncated at some reasonable 
values of the indices and stil} give extremely precise results, af least for times that 
are not too Fong. 

We shail discuss later what can be done in the presence of degeneracy, but at 
this point it may be weil to illustrate a second-order calculation with 4 specific 
example of a system with one degree of freedom. 

Consider a one-dimensional anharmonic oscillator, that is, one with aq? term 
in the potential energy. The Hamiltonian can be written as 


a ee ee) gQ 
H Pal +mtate? (1428), (12.80) 


where w» is the unperturbed angular frequency: 


k 
wo = Ig = 2ef—, 
m 


go is a reference amplitude that can be left unspecified for the moment, and ¢ is a 
smalt dimensionless parameter. Taken as an expansion in powers of ¢, H consists 
of the terms 


a 
= 3 + mage’). (2.814) 


“Similar phenomena, it will be recalled, are found in quantum mechanics, where degeneracy means 
Ghat there are several states with the same energy E. Denominators of the form E; — Ej will then 
‘vanish, or become sinall even if there is no exact degeneracy. 
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3 
= nae (12.81) 

and 
(2.81e) 
He=0, i22. (281d) 


‘Using the unperturbed action-angle variables (Jp, wo) as canonical variables the 
nonvanishing parts of H can, by Eqs. (10.96) and (10.97), be written as 


Ho = Jo (12.82a) 
and 
2 2 
eee ( 2.) sin? 2s wp. (12.82b) 
2go \ aman 


The recipes of Eqs. (12.750,b) then give as the lowest two terms in or(J) 
ao(J) = Hw; a(J)=0. 


‘To obtain the second-order term a2(J), we note that since Ho is linear in J, and 
Hp vanishes, then 2 (cf. Eq. (12.72)) reduces to 


But the vanishing of Hy means that Eq, (12.76) for i = 1 has the simple form 
ay 


Bum ~~ Ye 
Combining these two results leads to 


= (12.83) 
Now from Eq. (12.82b), 
Hi Xwo, J) = at sin® 270. 
leading to 
3F ag 
92{uo, J) =~ sin® Iruy. 12.84) 
4x?mge 


Since the average of sin® over one period is 43, a2(J) is simply 
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15s? 
OV) =e (12.85) 
64n2mgé, 
and to second order in € the perturbed frequency is 
aa 215d 
Bp aia A280) 


It is convenient to use for go the maximum amplitude the oscillator would have 
for the given energy in its unperturbed form, so that to lowest order 


mange 
2 


or, since E = Jaiy/(2r}, 


map = he. (12.87) 
In terms of this reference amplitude, Eq, (12.86) is equivatent to saying that the 
second-order fractional shift in the frequency is simply 


Av 15> 
ean (12.88) 

Mention has already been made of the difficulties that appear in perturbation 
theory arising out of the existence of degeneracy, for example, the vanishing (or 
near vanishing) of j - v in the denominators of Eq. (12.79). Treatment of degen- 
eracies in classical perturbation theory is much more complicated than in quantum. 
mechanics. The mathematics that has been brought to bear on the problem is both 
subtle and complicated, and a full exposition would be out of place here, Only 
some brief and introductory remarks can be made at this point. 

‘We speak of exact (or “proper”) degeneracy, as in Section 10,7, when the un- 
perturbed frequencies vp are such that there are one or more sets of integers j for 
which j - yp == 0. As has been pointed out in Section 10.7, we can then transform 
to a new set of variables (Jo. wo) for which the degeneracies appear as zero fre- 
quencies and the remaining nonzero unperturbed frequencies are not degenerate. 
The effect of the perturbation is to lift the degeneracy so that the corresponding 
frequencies are not exactly zero but have small values. In consequence, there ap- 
pear in the solution terms that have small frequencies, that is, long periods. The 
corresponding angle variabies are known as “slow” variables, in contrast to the 
angle variables with nondegenerate frequencies, which are therefore called the 
“fast” variables. Long-period terms may appear as secular terms over restricted 
time intervals; for example, sin 2a vz can be taken as a linear function of ¢ so long 
asur<K i. 

‘When there is exact degeneracy, a transformation is first made to the (19, Jo) 
set. The unperturbed Hamiltonian will be a function only of the nondegenerate. 


546 


Chapter 12 Canonical Perturbation Theory 


Jo variables; in all other respects Eq. (12.82) still represents the complete Hamil- 
tonian, We now carry through the canonical transformation of the perturbation 
calculation, but only for the nonperturbed variables, leaving the degenerate vari- 
ables unchanged. The new Hamiltonian, Eq. (12.62), now has the form 


aS, Fy, Wo.) = ao) + car tS, Hoy wh) + Ped, Jp, Wo) Foo 


Here ws stands for the m (degenerate) variables that in the unperturbed probtem 
have zero values and J, for their conjugate momenta. The transformed nondegen- 
erate momenta are represented by J. The result of the canonical transformation 
is thus to eliminate the “fast” variables, but to leave in terms with the “slow” 
variables. Note that since a is cyclic in w, the transformed J momenta are. true 
constants of the motion, and a (J. Jo, W). €) can be considered as a Hamiltonian 
of a system with m degrees of freedom. Farther, since ao(J) is a constant, inde- 
pendent of the remaining variables, it doesn’t matter for the equations of motion 
of (J), ¥5) and can be dropped from a. Thus, the new effective Hamiltonian is 
now of order ¢; in effect, the “unperturbed Hamiltonian” is ec; (J. Jj, Wo), and in 
this unperturbed problem w, no longer consists of zero values. If there is only one 
degeneracy condition, the effective problem is of only one degree of freedom and 
is in principle immediately integrable. With more degeneracy conditions, we can 
seek a second canonical transformation to eliminate the “slow” variable terms just 
as was done for the “fast” variables. In practice, the procedure obviously becomes 
quite complicated. 

It has already been pointed out, in connection with Eq. (12.79), that even with 
nondegenerate frequencies, small values of the divisor j - v will inevitably oc- 
cur as the indices j become larger and larger. This phenomenon is referred to as 
resonance, implying that the amplitude of some particular term in the Fourier 
expansions becomes very large. It would seem therefore that the problems of de~ 
generacy will always be with us, no matter what the unperturbed frequencies are! 
‘The situation is not ail as bad as that, in part because of the nature of the perturba- 
tion Hamjltonians encountered in practice. From Eq, (12.79), it will be noted that 
what counts is not so much the value of j - vp as the ratio 


i 


where C; is the Fourier series expansion of the perturbation Hamiltonian Hi, ef. 
Eq, (12.77). It tums out that in celestial mechanics, at least, most perturbation 
Hamiltonians have what is called the D’Alembert characteristic. While the formal 
mathematical definition of the property is complicated, what it says, roughly, is 
that when the values of the integers in the J indices are larger than the exponent of 
¢ in the Hamiltonian, the magnitudes of C; fall rapidly (generally exponentially) 
with increasing values of the indices. The ratios ia Eq. (12.79) then do not become 
too large, and the expansion process actually can be proved to converge when the 
frequencies vp ate incommensurate. 
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Resonant behavior in the presence of the D’ Alembert characteristic, or gener- 
ally when Cj/(j-¥) < O(€'”), is described as a shallow resonance. In principle, 
at least, shallow resonances may not upset the perturbation expansion process and 
can be tolerated without introducing new methods. There are situations where the 
ratio Cj/( » vp} becomes large, at Jeast larger than order ¢'/?, and these ate re- 
ferred to as deep resonances. Special methods have to be devised to handle deep 
resonances, such as the so-called Bohlin expansion in powers of ¢!/? rather than 
in powers of €. 


ADIABATIC INVARIANTS. 


At the first Solvay Conference in 1911, which grappled with the problems of in- 
troducing quantum notions into physics, a deceptively simple problem in classical 
mechanics was raised, Consider a bob on a string oscillating as a plane pendulum, 
with the string passing through a small hole in the ceiling. Now imagine that the 
string is either pulled up or let down slowly, so slowly that there is little change in 
the length of the pendulum during one period of oscillation. What happens to the 
frequency of oscillation during this process? Note that the energy of the pendu- 
tum is not conserved, for work is done on the system (or extracted from it) as the 
jength of the string is altered. By elementary means it was demonstrated that for 
very slow change of the ratio E/v would be constant. It will be recognized that 
this ratio is precisely the action variable J. The adiabatic invariance of the action 
variables under slow change of parameters was a very satisfying property to physi- 
cists developing quantum mechanics. For simplicity, we shall examine only peri- 
odic systems with one degree of freedom, although the extension to many degrees 
of freedom normally is not difficult in the absence of degeneracy. We consider a 
system that initially bas no dependence on the time, and that involves a parameter 
a. Implicit in the method is a picture of the system as initially conservative with @ 
constant, Time dependence of a is then “switched on,” and a varies slowly over a 
Jong time, eventually reaching a constant value. When a is constant, the motion is 
periodic, and the slow change in the parameter does not alter the periodic nature of 
the motion. Although the changes in the motion are small in any one period, over 
a fong interval of time the properties of the motion can accumulate large quanti- 
tative changes. The switching on of the time dependence is thus in the nature of a 
small perturbation, and we are looking for secular changes in the motion. 

‘When the parameter a is constant, the system will be described by action-angle 
variables (Jo, 9) such that the Hamiltonian is H = H(Jo, a). It will be useful 
to consider these variables as derived from an original canonical set (g, p) via 
an Fy generating function W*(g, wo, a). The usual Hamilton-Jacobi equation of 
course leads to an F generating fmction of the form W(q, Jo, a), but these two 
generating functions are normally connected by a Legendre transformation (cf. 
Eq. 0.19): 


W*(g, wo, a) = WG, Jo, a) ~ Jowo. (22,89) 
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When a is allowed to vary with time, (wo, Jo) of course remain as valid canonical 
variables, but the generating function is now an explicit function of time through 
the time dependence of a. Hence, the appropriate Hamiltonian for the (wo, J) set 
is now 


K (0, Jo.) = Ho, @) + = 
snuase. (12.90) 
aa 


Since Jo is no longer a constant and wo does not vary linearly with time, the 
second term in the Hamiltonian is a perturbation. The time dependence of Jo is 
governed by the equation of motion 


‘ aK we aw 
f= FE wa (ME), (12.91) 


where of course the derivative in parenthesis is expressed, as is K, in terms of 
Jo, wo, and a. In the spirit of a first-order perturbation theory, we look for a. 
secular term, the average of Jo over the period of the unperturbed motion for the 
appropriate a. Since a varies slowly, a can be taken as constant during this time 
interval, and the average can be written as 


: lf. a (awe 
foa-t fae (Ee) a 


‘< =f x (=) dt + 0(4*,a). (42.92) 


t 


It will be remembered from Eq. (10.17) that W is given by the indefinite integeal 


we f oda. 


In one period of wo, the generating function, W, therefore increases by Jo. At 
the same time, Jowo also increases by Jo, since wo increases by unity. Hence, by 
Eq. (12.89), W* is a periodic function of wo, and both it and the derivative with 
respect to a can be expressed as a Fourier series: 


aw* 


Ga ~ 


LArdo, ae*eew, (12.93) 
€ 


‘The average, Jp, therefore has the form 


[X2xikantso eens at+ O(a", a). 
Tks 
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Since the integrand has no constant term, the integral vanishes, 


Se 


=0+4+ 04,4), (12.94) 


and Jo has no secular variation to first order in 4, proving the desired property of 
adiabatic invariance. 

Let us see how this derivation would work in detail for the problem of the 
harmonic oscillator: 


1 
= ye? tm0%’), 


where @ may be an explicit function of time. The equations of the canonical 
transformation from the (7, p) set to the (Jo, w) set are given by Eqs. (10.21) 
and (10.97), which can be written so as to facilitate the evaluation of W*: 
Jo = mag? csc? Iwo = x, 
nae - (12.95) 
Pp = mag cot 2 wo = a 
‘To within constant (and therefore irrelevant) terms, W* is found by integration of 
Eqs. (12.95) to be 


mi 


2 
W*(g, wp, w) = 22 cot 2m wp. (12.96) 


‘The derivative with respect to w is 


= 7 sindru. (12.97) 
ro 
Thus, Jo is given by the one-term Fourier expansion 
pe 
do =F Jocos drwy, (12.98) 


which, as predicted, has no constant term. So far, Bq, (12.98}is rigorous. Similarly 
the rigorous connection between wo and time is determined by the wp equation 
of motion 


ak aH |. 8 awe 
=o +o 


= Fig” Big” BIg \ BO 


or = oS wine 42.99 
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In order to calculate an average of Jo over a period, including at least the first 
correction term, we begin to make approximations. First we shall assume that over 
‘@ particular period of the perturbed motion the ratio 


we (22,100) 
o 


is a constant, and one such that ¢¢ < 1. Equation (12,100) corresponds to a varia~ 
tion 


& = ane® © w(t +e), (12.101) 


where # is measured from the start of the period interval, at which time @(0) = «wy. 
Equation (12.99) now looks like 


peg lgrigaciere? 
eT + iz sin4zwo. 12.99") 
‘The zeroth-order solution is 
2nw) = apt, 


where the constant term has been set zero by suitable choice of the initial phase. 
‘To first order in €, Eq. (12.99/) becomes 


: l+tet 
P= RUF) | 


€. 
ox ree sin Qwot, (12.102) 


with the solution 


a) ; (12.103) 


a € i. 
ee 


Correspondingly the equation for Jo correct to second order in € can be written 
as 


d 1 =doe 
CLL ae cos [aan +e (a? + hogeten')). 
dt 2a 


Expanding the cosine, treating the term in ¢ as a small quantity to first order, the 
derivative reduces to 


dindy _ 
dt 


08 Zant 
eo 


= cos 2ugt + <7 (co + ) sin2aw. 

To find the secular behavior, this equation can be averaged over the period of the 
motion as it is at ¢ = 0, that is, over an interval = 2r/cp. In the averaging, 
almost ali terms on the right drop out, except the first inside the parentheses, 
involving #7. The final result is 
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dint xe? _ a8? 

ee; 2. 
ap a ris (42.104) 
where 6 = €r, that is, fractional change in « over the period r. Correspondingly, 
the fractional secutar change in J over the period is 


oe (32,105) 


As expected from the more general considerations, the secular change in the ac- 
tion variable has no term in first order in ¢. Only by retaining quantities of the 
order €? = (@/w)* do we find any nonvanishing long-term change in J. 

‘The adiabatic invariance of the action variables has proven to be especially 
usefull in applications involving the motion of charged particles in electromag- 
netic fields. One of the simplest instances, and one with important practical con- 
sequences, concerns the motion of electrons in a uniform {or nearly uniform) 
constant magnetic field. As is well known, the charged particle in such a situation 
circles around the magnetic field lines. At the most basic level, this can be shown 
from Newton's equations of motion. The Lorentz force in a constant magnetic 
field B is (v x qB); hence, the equation of motion, Eq. (1.4), is 


Savx kl. (12.106) 


Equation (12.106) says the velocity vector v rotates, without change of magnitude, 
about the direction of the magnetic field, with an angular frequency 


fag (12.107) 


‘The frequency, called the cyclotron frequency, has a value twice the Larmor fre~ 
quency of Eq. (5.104) (cf. Eq. (7.154). 

‘An equivalent derivation can be formulated in terms of Lagrangian mechanics. 
It. was shown, in Section 5.9, that the Lagrangian in this case can be written as 


be Mw, (12.108) 


where M is magnetic moment of the moving particle defined in terms of its angu- 
lar momentum E. by 


Maf. (12.409) 


(Cf. Eq. (5.108), In cylindrical coordinates with the z axis along the direction of 
B, the component of M parallel to B is 


M,=7—, (12.110) 
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and the Lagrangian is 


SEPP A+ $876. (2.41 


Since @ is cyclic in the Lagrangian, the corresponding canonical momentum ps, 


Br? 
pes = mr? 4 Eo is (12.112) 

is a constant of the motion, Further, the radial equation of motion is 
mi ~ r6(m6 + qB) = 0. (12.143) 


A steady- motion solution to Eqs, (12.112) and (12.113) corresponds to r and 6 
constant, with 6 having the cyclotron value 


b6=a,8-L, 12.114) 
m 


in agreement with Eq. (12.107), In this case, pe = ~(qBr?/2) and the action 
variable corresponding to 9 is 


Jo = § pedo = —ngbr?. (12.115) 
By (12.110), we can write 
2M 
se — 
beac 
(a8 Mz is equal to M for this motion), and therefore Jp can also be written as 
ji ny: (12.116) 
ae q 


The adiabatic invariance theorem implies that under sufficiently stow variation of 
the magnetic field Jp remains constant, Equation (12.116) says that the magnetic 
moment is similarly invariant adiabatically. An alternative statement, on the basis 
of Eq. (12.115), is that B times the area xr? of the orbit (that is, the number of 
lines of force threading through the orbit) remains constant. 

‘An adiabatic variation of B might arise if the magnetic field configuration ce- 
mained static but was slightly nonuniform. If then the particle had a small z com- 
ponent of velocity, the resultant drift would move the particle slowly into regions 
of different B values. From Eqs. (12.114), (12.115), and (12.116), it follows sim- 
ply that the kinetic energy of motion around the lines of B is 


mr26? 


Te = = MB. G24) 
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Suppose a charged particle drifts in the direction of increasing B; by Eq. (12.117), 
the Kinetic energy of rotation increases. As the total kinetic energy is conserved, 
the kinetic energy of longitudinal drift mi?/2 along the lines of force must de- 
crease, Eventually, the drift velocity 2 goes to zero and the motion reverses in 
direction. If it can be arranged that B eventually increases in the other direction, 
the charged particle will remain confined, drifting back and forth between the two 
ends—the principle of the so-called mirror confinement, The mirror principle is 
used to contain hot plasmas for thermonuclear energy generation, The complete 
story is of course more complicated, but the significance of the adiabatic invari- 
ance of M is clearly demonstrated. 

We have seen that almost all phenomena of small oscillations about steady- 
state or steady motion can be described in terms of harmonic oscillators. In con- 
sequence, there is a good deal of practical interest in questions of the invariance of 
J for a harmonic oscillator under slow, and not so slow, variations of a parameter. 
‘The stady of oscillations in charged particle accelerators, for example, has led to 
a number of new insights. 

It has been possible to sketch here only the highlights of the subject of adia- 
batic invariants. The ramifications of the field go into many areas of classical and 
quantum physics and of mathematics. 


EXERCISES 


1. By the method of time-dependent perturbation theory, carry the solution for the linear 
harmonic oscillator (in which the potential is considered a perturbation on the free 
particle motion) out through third-order terms, assuming the initial condition fg = 0, 
Find expressions for both x and p as functions of time and show that they agree with 
the comresponding terms in the expansion of the usual harmonic solutions. 


2. A mass point m hangs at one end of s vertically hung Hook’s-law spring of force 
constant k. The other end of the spring is oscillated up and down according to zj = 
acosat. By treating a as a small quantity, obtain a first-order solution fo the mo- 
tion of m in time, using time dependent perturbation theory. What happens as oy 
approaches the unperturbed frequency ay? 

{a) A linear harmonic oscillator of force constant & has its mass suddenly increased 
by a fractional amount ¢. Use first-order time-independent perturbation theory, 10 
find the resultant shift in the frequency of the oscillator to first order in ¢. Compare 
your results with the exact solution and discuss. 

(b) Repeat par (3), for the effect of increasing & by a fractional amount ¢. 


¥ 


4, Carry out a consistent second-order perturbation cafcolation (using whichever method 
‘you choose} of the correction to the frequency of a plane pendulum as the result of a 
finite amplitude of oscillation. All terms of order 4? should be retained in the Hamil- 
tonian and in the perturbation treatment. 

A mass particle is constrained to move in @ horizontal straight fine and is attached to 
the ends of two ideal springs of equal force constants, as shown in the diagram. The 


" 


556 ‘Chapter 12 Canonical Perturbation Theory 


unstretched length of each spring is b < a. Use perturbation theory (o first-order to 
find the lowest order correction to the frequency of osciflation for finite amplitude of 
osciliation. What happens as a approaches b in magnitude? 


6. (a) Show that to lowest order in correction terms the relativistic (but noncovariant) 
Hamiltonian for the one-dimensional harmonic osciltator has the form 


ea pata let 

FylP? mag?) ~ 5 Fes, 

(b) Use first order perturbation theory to calculate the lowest-order relativistic comree- 
tion tothe frequency of the harmonic oscillator. Express your result asa fractional 
change in the frequency. 


7. A plane isotropic harmonic oscillator is perturbed by a change in the Hamiltonian of 
the form 


Hu 


Hy = byt pt 


‘where b is a constant. Use time-independent perturbation theory to first order find the 
shift in the frequencies. 


8. A model of the atomic Stark effect can be made by taking the Kepler elliptic orbit in 
8 plane and perturbing it by a potential AV = —K.x. Use perturbation theory to first 
order fo determine what happens to the frequencies of motion. This model can also 
be used as a first approximation to the effect of the light pressure of solar radiation on 
the orbit of an Earth satelite. 


9. By considering the work done to alter adiabatically the tength ! of a plane pendulum, 
prove by elementary means the adiabatic invariance of J for the plane pendulum in 
the limit of vanishing amplitude. 

40. Consider the system described in Exercise 13 of Chapter 10. Suppose the parameter 
F is slowly varied from an initial value. What happens to the energy of the particle? 
‘The amplitude of oscillation? The period? 
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LL. A plane pendulum of small amplitude is constrained to move on an inclined plane, as 
shown in the accompanying figure. How does its ampfitude change when the inclina- 
tion angie of the plane is changed slowly? 
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13 


Introduction to the Lagrangian 
and Hamiltonian Formulations 
for Continuous Systems 
and Fields 


All the formulations of mechanics discussed thus far have been devised for treat- 
ing systems with a finite or at most a denumerably infinite number of degrees of 
freedom. There are some mechanical problems, however, that involve continuous 
systems, as, for example, the problem of a vibrating elastic solid. Here each point 
of the continuous solid partakes in the oscillations, and the complete motion can 
only be described by specifying the position coordinates of all points. It is not 
difficult to modify the previous formulations of mechanics so as to handle such 
problems. The concepts of field theory can be developed by approximating the 
continuous system with a discrete system, solving that problem, and taking the 
continuous limit. 


13.1 I THE TRANSITION FROM A DISCRETE TO A CONTINUOUS SYSTEM, 


We shall apply this procedure to an infinitely long elastic rod that can undergo 
small longitudinal vibrations, that is, oscillatory displacements of the particles of 
the cod parallel to the axis of the rod. A system composed of discrete particles that 
approximates the continuous rod is an infinite chain of equal mass points spaced 
a distance a apart and connected by uniform massless springs having force con- 
stants k (cf. Fig. 13.1). It will be assumed that the mass points can move only 
along the length of the chain. The discrete system will be recognized as an exten- 
sion of the linear polyatomic molecule discussed in Section 6.4. We can therefore 


in 
equitibsium 


Displaced 
Ll i ‘equilibrium 
Tet 7 


FIGURE 13.1 A discrete system of equal mass points connected by springs, as an ap- 
proximation to a continous elastic rod, 
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obtain the equations describing the motion by the customary techniques for small 
oscillations. Denoting the displacement of the ith particle from its equilibrium 
position by ny, the kinetic energy is 


=! mi? 
T=5homi (3.4) 


where m is the mass of each particle, The corresponding potential energy is the 
sum of the potential energies of each spring as the result of being stretched or 
compressed from its equilibrium length (cf. Section 6.4): 


1 2 
V= Met ay. 3.2) 
Combining Eqs. (13.1) and (13.2), the Lagrangian for the system is 
1 
L=T-V=5 Semi? - koi — h (13.3) 


which can also be written as 
EngNet 
=5¥e [fate (252) | = Sali, 34) 
i 2 e t 


where a is the equilibrium separation between the points (cf. Fig. 13.1). The re- 
sulting Lagrange equations of motion for the coordinates 1 are 


La Nett ~ Ni Ni Mind 
iy — ka (4=") +ka (2) =. 35) 


‘The particular form of L in Eq. (13.4), and of the corresponding equations of 
motion, has been chosen for convenience in going to the limit of a continuous rod 
as @ approaches zero. It is clear that m/a reduces to j2, the mass per unit length of 
the continuous system, but the limiting value of ka may not be so obvious, For an 
elastic rod obeying Hooke’s law, it will be remembered that the extension of the 
rod per unit length is directly proportional to the force or tension exerted on the 
rod. a relation that can be written as 


F = Yé, 
where § is the elongation per unit length and ¥ is Young's modulus. Now the 


extension of a length a of a discrete system, per unit length, will be § = (41 ~ 
m)/a. The force necessary to stretch the spring by this amount is 


F = Hs) =a ( 
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so that ka must correspond to the Young’s modulus of the continuous rod. In 
going from the discrete to the continuous case, the integer index i identifying the 
particular mass point becomies the continuous position coordinate x; instead of 
the variable n; we have n(x). Further, the quantity 


ist 


ax +a) — 7) 
@ 


occurring in L; obviously approaches the limit 


dn 
dx’ 
as a, playing the cole of dx, approaches zero. Finally, the summation over a dis- 


crete number of particles becomes an integral over x, the length of the rod, and 
the Lagrangian (13.4) appears as 


di 2 
ba {|e —1(B)'] a (13.6) 


In the limit as @ goes to zero, the last two terms in the equation of motion (13.5) 


become 

ug ((#) -(22) J. 

and a{\dx),” \ax),_, 
which clearly defines a second derivative of 7. Hence, the equation of motion for 
the continuous elastic rod is 


@y dy 
wSe YS a0 3.7) 


the familiar wave equation in one dimension with the propagation velocity 
v= J. (13.8) 


Equation (13.8) is the well-known formula for the velocity of longitudinal elastic 
waves. 

This simple example is sufficient to illustrate the salient features of the tran- 
sition from a discrete 10 a continuous system. The most important fact to grasp 
is the role played by the position coordinate x. It is not a generalized coordi- 
fate; it serves merely as a continuous index replacing the discrete /. Just as each 
value of i corresponds to a different one of the generalized coordinates, 1), of 
the system, so here for each value of x there is a generalized coordinate (x). 
Since » depends also upon the continuous variable t, we should perhaps write 
more accurately (2, 1), indicating that x, like 1, can be considered as a parameter 
entering into the Lagrangian. If the continuous system were three-dimensional, 
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rather than one-dimensional as here, the generalized coordinates would be distin 
guished by three continuous indices x, , z, and would be written as n(x, y, 2,0 
‘Note that the quantities x.y, z, and t are completely independent of each other, 
and appear only as explicit variables in 7. Derivatives of 9 with respect to any of 
them can therefore always be written as total derivatives without any ambiguity. 
Equation (13.6) also shows that the Lagrangian appears as an integral over the 
continuous index -x; in the corresponding three-dimensional case the Lagrangian 


would have the form 
L =| f { cavayac, (13.9) 


where £ is known as the Lagrangian density. For the longitudinal vibrations of 
the continuous rod the Lagrangian density is 


dn\? dn\* 
[+(3) -1(2) : (13.10) 
corresponding to the continuous limit of the quantity L;, appearing in Eq. (13.4). 


It is the Lagrangian density, rather than the Lagrangian itself, that will be used 60 
describe the motion of the system, 


13.2 Ml THE LAGRANGIAN FORMULATION FOR CONTINUOUS SYSTEMS. 


It will be noted from Bq. (13.9) that £ for the elastic cod, besides being a function 
of # s 89/2f, also involves a spatial derivative of n, namely, n/8x;.x and f thus 
play a similar rote as parameters of the Lagrangian density. If there were local 
forces present in addition to the nearest neighbor interactions, then £ would bo a 
function of 7 itself as well as of the spatial gradient of 7p. Of course, in the general 
case £ might well be an explicit function of x and 1 also, So the Lagrangian 
density for any one-dimensional continuous system would appear as « function of 
the form 


Lak nat), 3.11) 
‘The total Lagrangian, following Bq, (13.103, is then the integral of £ over the 


range of x defining the system, and Hamilton’s principle, Eq, (2.2), in the limit of 
the continuous system appears as 


2 
a= ff [edear=o. (33.12) 
1 


If Hamilton's principle for the continuous system is to have any usefulness, i¢ 
must be possible to derive the continuous limit of the equation of motion, for ex- 
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ample, Eq. (13.7), directly by variation of the double integral of £ in Bq. (13.12). 
We can carry out this variation by methods that differ only slightly from those 
used in Chapter 2 for a discrete system. The variation is only on 7 and its deriva- 
tives; the parameters x and 1 are not affected by the variation either directly or in 
the ranges of integration. Just as the variation of 7 is taken to be zero at the end 
points #1 and ¢2, s0 the variation of 7 at the limits x; and xz of the integration in x 
is also to be zero. As in Section 2.2, a suitable varied path of integration in the 7 
space can be obtained, for example, by choosing 7 from a one-parameter family 
of possible 7 functions: 


ne, 5a) = n(x, 1,0) basa, 2), (13.13) 
Here n(x, #: 0) stands for the correct function that will satisfy Hamilton's princi- 
ple, and ¢ is any well-behaved function that vanishes at the end points in f and x. 


If / is considered as a function of «, to be an extremum for (x, t; 0) the derivative 
of J with respect to a vanishes at « = 0. By straightforward differentiation, 


aLan . aL a fdn @L a fdn 
a-ff sna E42 sais at) + 26-2 ($2)]- ao 


Because the variation of 7, that is, a¢, vanishes at the end points, integration by 
parts in x and ¢ yields the relations 


f oy 
oe Z)a=-f 7 BL LL 
In BGR da \ dr in a oF Ba 


"2 9L 9 (dn = *2-d {aL \ an 
i‘ ite (Zt) = [ z(3 a) ee 


Hamilton's principle can therefore be written as 


[fava BE A BEN df ae (#) 
a da en dt af de ag Ba Jy 
and by the same arguments as in Section 2.2 the arbitrary nature of the varied path 
implies the vanishing of the expression in the brackets: 


d {3 d { a ae 
s(ig)+2(sg)-B-* 


‘The Euler-Lagrange equations (13.16) (cf. Bq. (2.18) is the appropriate form of 
the equation of motion as derived from Hamilton's principle, Eq, (13.12). 


(13.15) 
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A system of n discrete degrees of freedom will have Lagrange equations of 
motion; for the continuous system with an infinite number of degrees of freedom 
‘we seem to obtain only one Lagrange equation! ft must be remembered, however, 
that the equation of motion for 7 is a differential equation involving the time only, 
and in that sense Eq. (13.15) furnishes a separate equation of motion for each 
value of x. The continuous nature of the indices x appears in that Eq. (13.15) is a 
partial differential equation in the two variables x and f, yielding n as n(x..t). 

For the specific instance of longitudinal vibrations in an elastic rod, it is seen 
from the form of the Lagrangian density, Eq. (13.10), that 


Be oy, 22 yt, 96 
an Yar of as 
‘Thus, as desired, Eq. (13.16), reduces properly to the equation of motion, 


Eq. (13.7). 

‘The Lagrangian formulation developed here for one-dimensional continuous 
systems needs obviously to be extended to two- and three-dimensional situations, 
for example, a general elastic solid. Further, instead of one field quantity 7 there 
may be several; for example, displacement from an equilibrium position would 
be described by a spatial vector 4 with three components. There is no difficulty 
in carrying out the mathematical steps for the more generat situation in close 
parallelism to the one-component one-dimensional case. However, the formulas 
become lengthy and cumbersome if written in the same manner, especiatly in 
view of the two tiers of derivatives. Considerable gain in notational simplicity 
can be achieved by noticing that time ¢ and the spatial coordinates x, y,z play 
the same type of mathematical role in Hamilton's principle. The field quantities 
are functions of the coordinates of both time and space that are to be treated as 
independent variables. No variation of the field quantities occurs at the limits of 
integration in Hamilton's principle over both time and space. 

It is mathematically convenient to think in terms of a four-dimensional space 
with coordinates x° = ct, x! = x, x? = y, x? =: z. No physical significance is 
implied for this space. The ¢ in x° is the speed of light used only to convert the 
units of x° to the same as those used for x‘. The entire tensor formalism developed 
in Chapter 7 applies. The metric tensor g will have a Euclidean metric with the 
Galilean transformation group as the allowed coordinate transformations on the 
space components of the metric tensor restricted by gio = gor = 0. A Roman 
letter superscript refers only to the three coordinates of the physical space, a Greek. 
letter superscript or subscript refers to all four coordinates. Use of the summation 
convention with respect to repeated indices will be resumed for the rest of the 
chapter. The various components of the field quantities will be symbolized by a 
subscript p, which may cover a multitude of forms. At times, it will stand for a 
single index having two, three, four, or more values. Or it may stand for multiple 
indices. Thus, if the field quantity is a spatial tensor of second rank, then p really 
refers to two subscript indices. Finally, a derivative of the field quantities with 
respect to any one of the four coordinates x will be denoted by the subscript v 
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separated from p by a comma. Where there is only one field quantity the index 
does not appear. Examples are 


aim , 40 8 en 
tev FS se mw = (3.19 


Only the derivatives of the field quantities will be symbolized in this manner. 
In this notation, the most general form of the Lagrangian density to be consid- 

ered here is written as 
£= Lp npox"). (13.18) 


The total Lagrangian is then an integral over three-space: 
te f cis), (03.19) 


but it rarely occurs explicitly. Hamilton's principle appears as an integral over a 
region in 4-space: 


él 


8 f L(dx") = 0, (13.20) 


where the variation of the 1p vanishes at the bounding surface S of the region of 
integration. The derivation of the corresponding Euler-Lagrange equations of mo- 
tion proceeds symbolically as before. We consider a one-parameter set of varied 
functions that reduce to np(x") as the parameter a goes to zero. As previously, & 
possible suitable set can be constructed, for example, by adding to 1p the product 
agp, where fp(x”) are convenient arbitrary functions vanishing on the bounding. 
surface. The vanishing of the variation of / is equivalent to setting the derivative 
of J with respect to a equal to zero:* 


at aC ane AL Anpw\ yew 
fen J aetna Be) 


Integration by parts yields 
dl ffae _ d (al Vane. 
ent in me (I je 
a (a ae) 
a pal 
+ fe a Ge Sa) 3.21 


‘The second integral vanishes in the limit as a goes to zefo, as can be seen in 
various ways, We can examine it term by term: carrying out the integration for the 
particular x” of each derivative term, which then vanishes becatise the derivative 
with respect to a is zeto at the end points. Or the integral can be transformed by 


Unless otherwise noted, the summation convention will be used in the remainder of this chapter, for 
al types of subscript-superscrigt pairs. 
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a four-dimensional divergence theorem into an integral over the surface bounding 
the region of integration in 4-space. The surface integral again vanishes because 
the variation of yp in the vicinity of the correct field functions is zero on the 
surface. Equation (13.21) in the limit as « goes to zero therefore reduces to 


(fer SGENE), om 


Again, the arbitrary nature of the variation of each 7p means that Bq. (13.22) is 
satisfied only when each of the square brackets vanishes: 


d aL ac 
prc Ply Pee 13.23! 
ae (ies) a ee) 


Equations (13.23) represent a set of partial differential equations for the field 
quantities, with as many equations as there are different values of p. It may be 
worth repeating that since the space coordinates x‘ are indices for the field quan- 
tities, each of Eqs. (13.23) in effect corresponds to an entire set of Lagrange dif- 
ferential equations of motion in the discrete case. 

For a one-dimensional continuous system, where v takes on only the values 
© and 1, Bq. (13.23) expands to the same form as Eq. (13.16). The compactness 
of the notation is evident even in so simple an example. Although we have used. 
‘covariant notation, the use of a four-dimensional space for symbolic convenience 
in no way requires covariant behavior (in the physicist’s sense of the word) of any 
of the quantities in that space. 

For discrete systems, the Lagrangian is uncertain to a total time derivative of 
an arbitrary function of the generalized coordinates and time. With continuous 
systems, the corresponding statement is that £ is uncertain to any “4-divergence,” 
that is, to a term of the form 


dF yap, x8) 


ie (13.24) 


where the F, are any four (differentiable) functions of the field quantities > and 
the coordinates x“. That such a term makes no contribution to the variation of 
the action integral is obvious. Application of the divergence theorem in 4-space 
converts the volime integral into an integral over the bounding surface where the 
variation of F, is zero, in symbols, the relevant variation can be written 


§ faye =sf Flip. x*)do" = 0, (13.25) 


where do” represents the components of an element of surface (in Euclidean 4- 
space} oriented along the direction of the outward normal. 

‘The Lagrangian formulation for a continuous set of generalized coordinates 
has been developed in order to treat continuous mechanical systems such as an 
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elastic solid in longitudinal oscillation, or a gas vibrating in such a manner as to 
set up acoustic waves. As has been implied, the formulation may also be used, 
even in the absence of a mechanical system, to describe the equations governing 
a field. Mathematically, a field is no more than a set of one or more independent 
functions of space and time, and the generalized coordinates fit this definition. 
‘There is no requirement that the field be related to some underlying mechanical 
system. In thus breaking the connection between the Lagrangian field descrip- 
tion and purely mechanical motion, we are merely recapitulating the history of 
physics. For example, the electromagnetic field was long thought of in terms of 
the elastic vibrations of a mysterious ether, Only in recent times was it generally 
realized that the ether had no other role than being the subject of the verb “to 
undulate." We recognize equally well that the variational procedures developed 
here also stand independent of the notion of a continuous mechanical system, and 
that they serve to furnish the equations describing any spacetime field. Hamilton’s 
principle then becomes in effect a convenient and compact description of the field, 
one that upon expansion leads to the field equations. 

In addition to implying the field equations, the Lagrangian density has more to 
tell us about the physical nature of the field. As with systems of a discrete number 
of degrees of freedom, the structure of the Lagrangian also contains information 
‘on conserved properties of the system. One such set of conservation theorems is 
discussed in the next section.* 


THE STRESS-ENERGY TENSOR AND CONSERVATION THEOREMS 


‘An analog to the conservation of Jacobi’s integral in point mechanics found in 
Section 2.6, can be derived here, and in much the same manner. All we have to 
remember is that the treatment of time must be extended in parailel fashion to 
the x! since they are all independent parameters in C. Thus, instead of the time 
derivative of L, we seek to evaluate the total derivative of £ with respect to x!" 


ac ae ac at 
og ey yet op ue toe 1B. 
dat = By OMT Big MYT Bea 228) 


By the equations of motion, Eq, (13.23), this becomes (with a slight change in 
notation), 


ded f ak di ae 
( ) Tow jet + 


dx* > de Laney Sipe dx” | Oxe 
d ya at 
- i (Rae) te ak 


A more general attack on the conservation properties inherent in the Lagrangian wil be found in 
Section 13.7 on Noether's theorem. 
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Combining total derivatives, this can be written 
a I aL 


aL 
a lige £5] asp (13.28) 


Let us suppose, now, that £ does not depend explicitly upon x“. This usually 
means that £ represents a free field, that is, contains no extemal driving sources 
or sinks that interact with the field at explicit space points and with given time 
dependence, In effect, this means no interaction between the field and point 
particles moving in space and time through the field. Under this condition, 
Eq, (13.28) takes on the form of a set of divergence conditions, 


aT," 
ae (13.29) 
on a quantity with the form of a 4-tensor of the second rank: 
Ty? = ny — £54". 43.30) 


np 


‘That these equations have onty the form of tensor equations in 4-space is em- 
phasized because as yet the 4-space has no transformation properties-—-space and 
time are still distinct—-and there is no transformation requirement on 7,,”. How- 
ever, the space portions of these quantities do behave like vectors and tensors in 
ordinary space; that is, 7}, are the components of a three-dimensional tensor of the 
second rank, Before considering the possible transformations, we will determine 
the physical meaning of 7),". 

‘The similarity between 7," and Jacobi's integral, Eq. (2.54), is obvious, It 
becomes especially clear for the component 7°: 


ean 
To = te L. (13.31) 
In mechanical systems, the Lagrangian density often has the form £ = TV, the 
difference between a kinetic energy density and a potential energy density. This 
is the case, for example, with the Lagrangian densities for the elastic rod, with 
the kinetic energy density having the form of one-half the mass density times a 
square of the displacement velocity: 


T = hutiptip. 


By the same arguments as used in discrete mechanics, Tp? can then be identified 
as a total energy density. 

‘Phe corresponding identification tags to be placed on the other elements of Ty," 
can be suggested by writing the set of Eqs. (13.29) as 


at,® | aTyt 
ae de 


(13.32) 
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or 


ae i BS one ge anes . 

The = pt ge apt Ga (13.33) 
where T,,, whose components are 7,,", are a set of 4-space vectors. In either form, 
Eqs. (13.32) or (13.33) appear as equations of continuity, which is to say that the 
time rate of change of some density plus the divergence of some corresponding 
flux or current density vanishes. In tum, the equations of continuity imply the 
conservation of some integral quantities providing the field volume is finite; that 
is, the field can be contained within a volume beyond which the field quantities 
ae zeto, defined, in such a case, integral quantities R,, by 


R= f Tay, (13.34) 


where the volume integral extends beyond the region containing the field. Then, 
by Eqs. (13.33), 
dR, 
“dt 
Tt is because of these conservation theorems, derived from Eq. (13.29), that the 
four arrays T,,, 4 = 0, 1. 2,3 are known as conserved currents, in analogy with 
the conservation equations for electromagnetic current. 

We should therefore expect Tp to play the rofe of the components of an energy 
current density. That this is reasonable can be seen again from considerations of 
the longitudinal vibration field in an elastic rod. Imagine the rod divided by an 
imaginary cut at point x (cf. Fig. 13.2). From the considerations that led to the 
Lagrangian, Eq. (13.6), the force exerted by the part of the rod on the right to 
extend the part that is to the left of the cut is 


=f v-taav= [t,-dd=0. (13.35) 


yo. (13.36) 


FIGURE 13.2 Diagram illustrating calculation of energy current density in elastic rod. 


13.3. The Stress-energy Tensor and Conservation Theorems 369 


Hence, there is a tension at x in the left-hand portion of equal magnitude but of 
‘opposite direction. Further, the left-hand portion is being stretched by an amount 
that atx is n, and the rate at which this extension changes in time is 7. Hence, the 
rate of work being done by the tension at the cut is 


Y=. (13.37) 


which is thus the rate at which energy is being transferred to the right per unit time. 
Comparison shows that this is exactly To! for the appropriate Lagrangian density 
of Eq. (13.10). If T° is an energy density then the quantity, Ro, of Eq. (13.34) 
can be identified as the total energy in the field. The fourth component of the con- 
servation equation (43.35) therefore says that the total field energy is conserved if 
To! vanishes on the bounding surface, that is, if the system does not radiate energy 
to the outside. 

Physical meaning for the 7;° components can be suggested similarly by turning 
once more to the vibrations of the elastic rod. If the particles in the rod move by 
the same amount all along the rod, the motion will be that of a rigid body, that 
is, no oscillatory disturbances. The net change of mass in a length dx of the tod 
as a result of the motion would clearly be zero, since as much mass moves past 
x +dx as past x. There would still be a net momentum density ;1} for this case 
of rigid-body motion. When wave motion takes place, a net mass change in the 
Jength dx exists, amounting at any given time to (cf. Fig. 13.2) 


Hin) ~ nx +dx)} = ~afPas. (13.38) 


‘The additional momentum in the interval resulting from the wave motion is there- 
fore 


40 
Hie. 


Thus, an additional momentum density, above and beyond that of the steady-state 
motion, can be identified as the wave or field momentum density: 


an 
mT (3.39) 


‘This quantity is just ~7,° for the Lagrangian density given by Eg. (13.10). Thus, 
we are fed to identify ~7;° as the components of field momentum density and 
~Rj, as the total (linear) momentum of the field, at ieast in this four-dimensional 
convention. 

‘The equations of continuity, Bgs. (13.33), then suggest that —T, must represent 
the vector flux density for the ith component of the field momentum density. We 
ascribe a vector property to 7; because there can be, for example, a flow in the. 
y-direction of the x-component of the momentum density, as measured by —T,, 
An alternative interpretation of 7;/ comes from considering the displacement field 


570 


Chapter 13. Formulations for Continuous Systems and Fields 


of an elastic sofid. It is well known that in such a solid there are also shear forces 
(besides the compression forces normal to a surface) along a surface element. The 
entire assemblage of forces can be described by saying that the force dF acting 
‘onan element of area dA is expressed in terms of a stress tensor T such that 


dB = T-dA. (13.40) 


Hence, the net force, say in the x-direction, on a rectangular volume element 
dx dy dz has a contribution from the forces on the surfaces in yz planes given by 
(cf. Fig. 13.3) (where 1 indicates the x component, 2 the y, etc.) 


1 
[Til tax) -T'@] dyde = eae dydz, (13.42) 


‘but there is also a contribution from the surfaces in the xz plane; 
2, 2 aT? 
{774 dy) - TA] dedz = way dx dy dz, (13.42) 


and similarly from the xy planes, Newton’s equations of motion here correspond 
to saying that the time rate of change of the momentum density in the x direction, 
~T,°, is equa} to the x-component of the force on a unit volume element: 


an? 
edt dx dy | dz” 


(13.43) 


which is precisely the x-component of Eq, (13.33). For this particular field 7;/ 
can be identified as the elements of the three-dimensional stress tensor, hence the 
origin of the name “stress-energy tensor” for 7,,”. 


THetde) 
Comite 


FIGURE 13.3 Force in x direction on a volume element dx dy dz of an elastic solid. 
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By considerations of a continuous mechanical system, we have thus been able 
to attach physical identifications, or associations, to each of the components of 
the stress-energy tensor, Thus, the components are 


1° field energy density divided by c, 

To, with components T/ _field energy current density, 

7° field momentum density, ith component, 

—T;, with components 7;° current density for the ith component of the field 
momentum density, 

Ti three-dimensional stress tensor 


where, as we saw discussed following Eqs. (13.33) and (13.35), 7 and 7; form 
4-space vectors each of which is conserved and thus identified, in analogy with 
the charge-current vector of electromagnetic theory as a “4-current”. All such 
conserved objects are called currents in field theory. 

In almost all cases the three-dimensional tensor T is symmetric. This is not 
only physically desirable, but almost necessarily a characteristic for the spatial 
portion of the stress-energy tensor. 

‘It must be remembered that although the example of mechanical systems gave 
birth to the procedures and nomenclature, the formalism can be applied to any 
fietd irrespective of its nature or origin. A classicat theory of fields can be con- 
structed not only for vibrations of an elastic solid, but also for the electromagnetic 
field, for the “field” of the Schridinger wave function, ot for the relativistic field 
describing a “scalar” meson, among others. We shall examine some of these ex- 
amples in more detail later on. 

Recalling the identification of Ri, the conservation equations, Eq. (13.35), say 
that for a closed noninteracting system the total linear momentum of the field is 
conserved. We would expect no less, But there should be a corresponding con- 
servation theorem for the total angular momentum of the field. It is simple to 
construct a quantity that should act as an angular momentum density. Since angu- 
lar momentum is an axial vector. We expect that the components of the angular 
momentum density are the elements of an antisymmetric tensor of the second 
rank, A suitable form for this tensor is 


Mi = —(' TP — xi 7), 3.44) 


with the total angular momentum of the field given by 
Mi = [ aay. (43.45) 


In as much as ¢ and x! are completely independent variables, the time tate of 


change of M'! is 
fi aT io 
iad -- fF -») av, (13.46) 


dt dt dt 
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or, from the continuity conditions, Eqs. (13.32), 


if aT ait 
ef (ett EE) an, asa 
Integration by parts converts this expression to 
a rar PI Fy r 
ef Soir! rhav + fa ~THav. (13.48) 


‘The first integral on the right is in the form of a volume integral of a divergence. 
It is therefore equal to an integral over the bounding surface, which vanishes for a 
closed nonradiating system. Finally, if 74 = T/', the second integral is also zero. 
‘Thus, the total angular momentum of the field is conserved if T is symmettic. 

Tf the stress tensor is not symmetric, we can often make use of the ambiguity 
in defining the stress tensor to restore this symmetry. Just as for the Lagrangian, 
the form of the stress-energy tensor, Eq, (13.30), was chosen to satisfy diver- 
gence conditions (cf. Eq. (13.29)), Therefore 7,,” is indeterminate by any func- 
tion whose 4-divergence vanishes. Usually it is possible to find such a quantity to 
“symmetrize” the stress-energy tensor. 


HAMILTONIAN FORMULATION 


It is possible to obtain a Hamiltonian formulation for systems with a continuous 
set of coordinates much as was done in Chapter 8 for discrete systems. To indicate 
the method of approach, we return briefly to the linear chain of mass points dis~ 
cussed in Section 13.1. Conjugate to each field component, 7;, there is a canonical 
momentum 


ab 
Yj =D ame (13,49) 
rae ) 
‘The Hamittonian for the system is therefore 
- abi. 
He pity —b = are ~ L, 
or 
im ) : (13.50) 


It will be remembered that in the limit of the continuous rod, when a goes to zero, 
£; ~» £ and the summation in Eq. (13.50) becomes an integral: 


n= fas (Fi-4)- (3.51) 
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‘The individual canonical momenta p;, as given by Bq. (13.49), vanish in the con- 
tinuous fimit, but we can define a momentum density, 2, that remains finite: 


neon, (13.52) 


‘Equation (13.51) is in the form of a space integral over a Hamiltonian density, H. 
defined by 


Henh-L. (13.53) 


‘While a Hamiltonian formulation can thus be introduced in a straightforward 
manner for classical fields, note that the procedure singles out the time variable 
for speciat treatment. It is therefore in contrast to the development we have given 
for the Lagrangian formulation where the independent variables of time and space 
were handled symmetrically. For this reason the Hamiltonian approach, at least as 
introduced here, tends itself less easily to incorporation in a relativistically covari- 
ant description of fields. The Hamiltonian way of looking at fields has therefore 
‘not proved as useful as the Lagrangian method, and a rather brief description 
should suffice here. 

The obvious route for generalizing to a three-dimensional field described by 
field quantities np is to define, analogously to Eq, (13.52), the canonical momen- 
tum densities 

ol 


ip 


w(t (13.54) 
‘The quantities np(x‘, 1), ©°(x!, 1) together define the infinite-dimensional phase 
space describing the classica} field and its time development. A conservation the- 
orem can be found for zp that is roughly similar to that for the canonical momen- 
tum in discrete systems. If a given field quantity np is cyclic in the sense that £ 
does not contain np explicitly (as in the case of Eq. (13.10), then the Lagrange 
field equation looks like an existence statement for a conserved current: 


ad 8 
<n =O, 13.55 
Gx inp y 1355) 
or 
dn? | d al 
i 33. 
de Gs! Bn, (13.56) 


It follows that if n? is cyclic, there is an integral conserved quantity 
WP = fw r(x. 


‘The obvious generalization of Eq. (13.53) for a Hamittonian density is 
HOP np iA. t) = wig ~ Ly 3.57) 
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where it is assumed that functional dependence upon ij, can be eliminated by 
inversion of the defining equations (13,49). From this definition it follows that 


OTe ahah Seat aia (13.58) 


by Eq. (13.51). The other haif of the canonical field equation is more cumbersome. 

When expressed in terms of the canonical variables, 7 is a function of np through 

the explicit dependence of £, and through jp. Hence, 

A8hm  OL Ay BL aL 
Ono Ah Ap Any By” 


tet (13.59) 
any 


‘Using the Lagrange equations, this can be written 


on ad al ped aL 
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Because of the appearance of £, we still do not have a useful form. By an exactly 
parallel derivation, however, we find that 


aH a Bin OL Am AL aL 
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Hence, we can write as the second half of the canonical equations 
an d an 
—— + — | ——_ ] = -#?, x 
ie a) # (13.62) 


Equations (13.58) and (13.62) can be put in a notation more closely approaching 
Hamilton’s equations for a discrete system by introducing the notion of a fune- 
tional derivative defined as 


Os Od 8. (13.63) 


Since 71 is not a function of x°,, Eqs. (13.58) and (13.62) can be written as 


._ sh ., aH 
pap Pa. (13.64) 


Note that in the same symbolism the Lagrange equations, Eqs. (13.23), take the 


form 
$Ge)-e- 
ann) bmp 


(13.65) 


13.4 Hamiltonian Formulation 575 


About the only advantage of the functional derivative, however, is that of the 
resultant similarity with discrete system. It suppresses, on the otber band, the 
parallel ueatment of time and space variables. 

‘There is a way to treat classical fields that provides almost all of the Hamilto- 
nian formulation of discrete mechanics. The main idea behind this treatment is to 
replace the continuous space variable or index by a denumerable discrete index. 
We can see how to do this by referring again to the longitudinal osciBtations of 
the elastic rod. Let us suppose the rod is of finite length L = x? ~ x1, The re- 
quirement that 7 vanish at the extremities is a boundary condition that could be 
achieved physically by placing the rod between two perfectly rigid walls. Then 
the amplitude of osciation can be represented by a Fourier series: 


2an(a — x1) 


~ 
n@) =) ansin a (13.66) 
n= 


L 


Instead of the continuous index x, we have the discrete index n, We are allawed to 
use this representation for all x only when n(x) is a well-behaved function, which 
most physical field quantities are. 

For simplicity in illustrating how the scheme may be casried out, it will be as- 
sumed that only one real field quantity, 7, can be expanded in a three-dimensional 
Fourier series of the form 


m8.) = Gis aelne*, (13.67) 
k 


‘Here k is a wave vector that can take on only discrete magnitudes and directions, 
such that only an integral (or sometimes, half-integral) number of wavelengths fit 
into a given linear dimension. We say that k has a discrete spectrum. The scalar 
index k stands for some ordering of the set of integer indices used to denumer- 
ate the discrete values of k, and V is the volume of the system, appearing in a 
normalization factor. Because 7 is real, we must have gf = ¢_-4. 

‘The orthogonality of the exponentials over the volume can be stated as the 
relation 


+ f ee ay = bay. (13.68) 


In effect, the allowed values of k are those for which the condition (13.68) is 
satisfied (as can be seen by joking at the one-dimensional Fourier series). It 
follows that the coefficients of expansion, qe(t), are given by 


et) = he ene, dV. (13.69) 


In similar fashion, the canonical momentum density can be expanded as 
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me = Hp Lae ier) (13.70) 


again with pf = p-x. Correspondingly, the expansion coefficients, px(t), are to 
be found from 


pelt) = gin fetta. nav. a3.) 


Ina sense we have almost come full circle. We began this chapter with a dis- 
crete system employing a denumerable number of generalized coordinates. By 
then going to the limit of a continuous set of variables, we were able to treat 
continuous systems. Finally, we bave introduced a description of the continuous 
system in terms of a denumerable, discrete set of coordinates that obey the same 
type of mechanics as the discrete system we started with. Because of the formal 
correspondence with the variables of discrete systems, the 94 and px quantities 
are the obvious candidates for quantization when we go from classical to quantum, 
field theory. Indeed, the a5 correspond to what are spoken of as the “occupation 
numbers” for the field. 

‘We could describe the field in terms of discrete coordinates because the finite 
size of the system, and the boundary conditions, permitted a discrete Fourier ex- 
pansion. Equivalently, we can say that the expansion is made over a discrete spec- 
trum of plane waves. Since the wave vector k is in quantum mechanics directly 
proportional to the momentum of the particle associated with the plane wave, the: 
expansions used here are often spoken of as the momentum representation. We 


TABLE 13.1 Comparison of Minkowski 4-dimensional spacetime and symplectic 
structure (after Misner, Thome & Wheeler, Gravitation, San Francisco: Freeman, 1973) 


Hamiltonian ‘Minkowski spacetime 
Comparison iter symplectic structure metric structure 
Canonical coordinates a9, pi Pa CEL X Ye 
dt @ dr ~ dx @ dy 
Canonical stracture @ = ap; Adg! + dp2 Adg* ~dy Bdy ~ dz @ dz 
Nature of “metric” antisymmetric symmetric 
‘Name for “metric” canonically (or dynamically) 
structure conjugate coordinates. Lorentz coordinates 
Field equations ‘VO = O satisfied automatically Rays = 0: flat spacetime 
4-dimensional 
manifold phase space spacetime 
Coordinate free 


description vO=d Riemann = 0 
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need not be restricted to plane wave expansions. A denumerable set of coordi- 
nates can be found whenever the field functions can be expanded in terms of a 
discrete set of orthonormal eigenfunctions, 

‘One final comment. The Hamiltonian or symplectic structure can be expressed 
in tensor notation. Table 13.1 compares the metric structure of 4-dimensional 
Minkowski spacetime with the symplectic structure of a Hamiltonian with co- 
‘ordinates g!, g?, py, and po. 


RELATIVISTIC FIELD THEORY 


‘We saw in Chapter 7 that there is considerable difficulty in constructing relativis- 
tically covariant Lagrangian and Hamiltonian descriptions of particle mechanics, 
Part of the problem can be traced to the separate roles played by space and time 
coordinates. For point particles, the space coordinates are mechanical variables 
while time is a monotonic parameter. But in classical field theory there is a nat- 
ural similarity in handling space and time coordinates. They are all parameters, 
together defining a point in the spacetime continuum at which the field variables 
ase to be determined. While the four-dimensional spacetime system has been used 
so far only for reasons of notational simplicity, the easy and natural way it fits into 
the formulation suggests that a retativistically covariant description is quite fea- 
sible for classical fields. Indeed, only relatively minor tinkering has to be done 
to the formulation already presented so that it can handle relativistic fields in a 
tanner that is manifestly Lorentz, covariant. 

Three points requite specific attention: (1) the nature (and metric) of the four 
dimensional space used; (2) the Lorentz transformation properties of the field 
‘quantities, Lagrangian densities, and related functions; and (3) the covariant de- 
scription of the limits of integration. The simple Cartesian, 4-space with coordi- 
nates , x,y,z that we have implicitly used so far in this chapter is not conve- 
nient for exhibiting Lorentz invariance, We will use the notation and conventions 
adopted in Chapter 7 as well as the results of that chapter. Accordingly, the Greek 
etter indices will still run from 0 to 3, with x° = ct, Note that the Lagrange 
equations (13.23) are unaffected by this change. Indeed, the term 


d (a ) 
a Ga 
remains unaltered by a scale change of any of the x", and the other term in the 
Lagrange equation does not involve the coordinates at all. Further, the change in 
space does not affect the formulation of Hamilton’s principle in Bq. (13.20), since 
it only introduces a multiplicative constant. 

All of the quantities related to the field and associated equations must now have 
some definite Lorentz covariant properties. The field quantities must therefore 
consist of 4-tensors of some given rank—~scalar, 4-vector, and so on. In principle, 
np need not be restricted to any one of these categories but may stand for a set of 
such, for example, two scalars. The Lagrangian and Hamiltonian densities must 
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also be covariant. In Hamilton's principle, the volume clement (dx") of 4-space is 
invariant under Lorentz transformation. Since we usually think of the action [ asa 
scalar, this means that the Lagrangian density (and therefore #1) should be scalars. 
‘That is to say, they must be functions of the field quantities (possibly along with 
extemal covariant quantities) in such manner as to form scalars under Lorentz 
transformations. It then follows that the stress-energy tensor Ty, a8 defined by 
Eq. (13.30) is automatically a 4-tensor of the second rank. ‘The change in the 4- 
space however means that the components of T;,, may be altered in value. 

In tensor notation, the stress-energy tensor, T, is a linear, symmetric “func- 
tional” with slots for two vectors. It has the following properties: 


nv 


. If we insert the 4-velocity u of the observer into one of the slots and leave 


the other slot empty, the output is 


Tu, . 


To... e— (densi of 4-momentum, a) (13.72) 
‘The right-hand side is the negative of the 4-momentum per unit three- 
dimensional volume as measured in the observer's frame at the event where 
T is measured. In component notation, 

dp 


yh x Toy cx . { 
T% pu = Tptul = (4) (13.73) 


. If we insert the 4-velocity w of the observer into one of the stots and an 
arbitrary unit vector n into the other slot. the output is 
T(u,n) 2 Tiny) = — (» , #) 13.74) 


‘The right-hand side is the negative of the component of the 4-momentum 

density along the n direction. In component notation 
as 

“ave 


Tegu’r® = Tot’ nt = (13.75) 


. If we insert the 4-velocity of the observer into both slots, the output is 


T (u, u) = (mass energy per unit vokime) (13.76) 


as measured in the frame with 4-velocity u. 
In component notation, 

dp# 
av" 


Tapa? = Tyg ul = ty (13.75’) 


. If we pick a frame and insert two spacelike basis vectors ¢; and ey in that 


frame, the output is 
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Tk = Tee = Tei, ex) = Tee, €0 


;-component of force acting from side x* ~ § to side x* + 5 across 
a unit surface area perpendicular to direction eg 


= k-component of force acting from side x! — 3 to side x! + 5 across 
a unit surface area perpendicular to direction e; (3.77) 


For example, if we assume the Lorentz transformations apply and consider a 
perfect fluid moving with a 4-velocity u, which may vary in spacetime, we can 
describe the fluid in terms of its mass density, p, and an isotropic pressure, p, both 
in the rest frame of the fluid element. The stress-energy tensor is given by 


T=(+ pue@ut pg (13.78) 
or in component form 
Tug = (p + pita + PBap- (13.79) 
Insert the 4-velocity into one slot giving 
T%puP = [(p + plutup + pd% glu? = pu. (13.80) 
In the rest frame of the fluid, this becomes 
Tg? = pe (13.81) 
and 
Ti gu’ = € = momentum density = 0, (13.82) 


where the last equality follows from the choice of the rest frame. Finally 
Tin = Tein ex) = Pbiz- (13.83) 
‘The Lagrangian density is of course uncertain to a multiplicative constant fac- 
tor. It is customary to choose the factor such that Tog (or its symmetrized form) 


directly represents the energy density in the field. In the chosen 4-space the quan- 
tities R,, Eq. (13.34), are now defined as 


R= f 1,2av. (13.84) 
Let us consider a related set P! defined as 
PH eRe. (13.85) 


It follows then, from Eqs. (13.72) to (13.76) and the interpretation given above for 
Tig, that P! represents the components of the total linear momentum of the field, 
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and P® is E/e, where E is the total energy in the field, This suggests that we can 
interpret P* as the 4-momentum of the field. However, we still have to show that 
R* and P# wansform like 4-vectors under a Lorentz transformation. To prove this 
property, we shail examine what is meant by an integration over three-space in a 
covariant formulation and indeed how the integration limits are to be treated in 
general. 

‘The first instance where the covariance of the limits of integration may be 
questioned is in Hamilton’s principle. In Eq. (13.20), the integral appears man- 
ifestly covariant, but the limits of integration derived from Eq. (13.12) are not, 
‘The spatial integration is over some fixed volume in three-space followed by an 
integration over time between f; and f. But an integration over V for fixed ¢ is 
not a covariant concept, for simultaneity (“constant time”) is not preserved under 
Lorentz tansformation. A suitable covariant description is to say the integration is 
conducted over a hypersurface of three dimensions that is spacelike, By a space~ 
like surface, we mean one in which all 4-vectors lying in it are spacelike. The 
vectors normal to such a surface are timelike. Now, any vector connecting two 
points on a surface of constant time is certainly spacelike, for its x°-component 
vanishes. Hence, a surface at constant time is a particular example of a spacelike 
surface. But such a surface retains its character in all Lorentz frames, because the 
spacelike or timelike quality of a vector is not affected by the Lorentz transfor- 
mation. in a similar fashion, what is in one frame an integration over ¢ at a fixed 
point can be described covariantly as an integration over a timelike surface. With 
a system of one dimension (in physical space), the integration in Hamilton's prin- 
ciple as given in Eq, (13.12) is over the rectangle shown in Fig. 13.4. A Lorentz 
transformation is a rotation in Minkowski space, and the sides of the rectangle 
will not be paralle! to the axes in the transformed space. But we can describe 
the integration in all Lorentz frames as being over a region in 4-space contained 
between two spacelike hypersurfaces and bounded by intersecting timelike sur- 
faces. 


FIGURE 13.4 Regions of integration in Hamilton’s principle for a system extending in 
only one space dimension. 
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‘The appropriate covariant description of integral quantities such as P¥ is then 
given as 


PE a t f TH, ds”, (13.86) 
is 


where the integration is over a region on a spacelike hypersurface for which the 
1-form elements of surface, in the direction of the surface normal, are dS” (a gra- 
dient), As 7” is a 4-tensor of the second rank, it is obvious that P¥ so defined 
is a 4-vector, But now we can show that the components of P# given by (13.86) 
reduce to a volume integral in ordinary three-space, providing it is divergence 
less, that is, satisfies Eq. (13.29). Imagine a region in 4-space defined by three 
surfaces: S; and Sp that are spacelike, and Ss that is timelike (cf. Fig, 13.5). By 
a four-dimensional divergence theorem, 2 volume integral of a divergence can be 
replaced by a surface integral: 


are 
iy dx” 


(ax') = f TH dSy, (1387) 
Sy 4524s, 


where dx* is the invariant 4-volume, J[gicdfdx dy dz. The integration over 83 
corresponds to an integration over f at constant r. By allowing the volume to 
expand sufficiently, the integral over this surface will involve r outside the system, 
Where all field quantities vanish. Because of the assumed divergenceless property 
of T#®, the integral on the left-hand side also vanishes. Therefore, if the normals 
to the spacelike surfaces are taken in the same sense, 


f T# dS, =f T*’ dS,. (13.88) 
St St 


If 5; is any arbitrary spacelike surface, and Sp is a particular surface for which 
x°, or 1, is constant, then by Eq. (13.88), 


(13.89) 


i 


FIGURE 13.5 Schematic integration volume in 4-space 
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The 4-vector transformation property of the left-hand side is obvious; hence, 
the right-hand side, ie., R* according to Eq. (13.84), also transforms as a 4- 
vector. Further, if both Sy and Sp are surfaces at constant z, say 41 and f, respec- 
tively, then Eq. (13.88) is equivalent to 


RK) = RM(b), (13.90) 


which is thus the covariant way proving that R is conserved in time. 

With some care, therefore, the conserved integral quantities can still be used 
within the framework of a relativistic theory of classical fields. We shail not al- 
ways carry through the detailed correspondence but will let it suffice in most 
instances that the volume integration refers to a particular Lorentz frame in which 
the spacelike hypersurface is a region in three-space at constant ¢. For the angu- 
Jar momentam density, note that the covariant analog of MM/, Bq. (13.44), is a 
4-tensor of third rank: 


Mi Ltt — xT), (3.9) 


which is antisymmetric in jz and v. The corresponding global or integral quantity 
is 


MY oe fon dS, (43.92) 


where the integration is over a spacelike hypersurface. If the Lorentz frame is 
chosen such that the surface is one at constant ¢, then 


MY fmoay, (13.93) 


which corresponds to the previous definition. The rest of the argument on the 
conservation of M'! for symmetrical stress-energy tensors then can be carried out 
as before by considering this particular Lorentz frame. All of this follows from 
Chapter 7. 

As constructed in the previous section, the Hamiltonian formulation sharply 
distinguishes between the time coordinate and the space coordinates, This is not 
to say that it is necessarily nonrelativistic, merely that the formutation is not man- 
ifestly covariant. We must imagine the Hamiltonian framework as constructed in 
terms of the time as seen by each particular observer. Providing the field quantities 
and derived functions have suitable transformation propetties, this construction 
for each Lorentz frame is not in violation of special relativity. 

One further point needs to be made here. By aliowing 1p to stand for a set of 
covatiant field quantities, we allow for the possibility that the system consists of 
two or more fields that interact with each other. The complete Lagrangian den- 
sity may consist of a sum of Lagrangian densities representing the free fields plus 
terms that describe the interactions between the fields. It will be remembered that 
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one of the difficulties of relativistic point mechanics was the problem of consid- 
ering interactions between particles that necessarily implied action-at-a-distance. 
However, interactions between fields can be at a point and, therefore, consistent 
with special relativity, We can often go further and treat the interaction between 
a field and a particle at a given point in spacetime. There is thus the possibility 
of considering relativistically a system consisting of a continuous field, a discrete 
particle, and the interaction between them. How this can be done in a specific case 
will be shown in the next section, which provides illustrations of relativistic field 
theories. 


EXAMPLES OF RELATIVISTIC FIELD THEORIES 
We shal! consider three examples, of increasing complexity. 


A. Complex scalar field. Any complex field will be described by two independent 
parts, which can be expressed either as the real and imaginary part of the field or 
as the complex field itself and its complex conjugate. We shall follow the latter al- 
ternative, Accordingly, the Lagrangian density and associated functions will bere 
be given in terms of two independent field variables, 6 and @*, each of which are 
4-scalars.* For this particular example, we choose the Lagrangian density 


L= bag ~ ukegg* (33,94) 

where 49 is a constant and $= 24, 9, = g*” Pt as given in Eq. (13.17). 

Notice, that as required, £ is a world scalar. Expressed in terms of space and time 
variables, £ is written as (where @ = 6/81) 

L= bbt ~ VG. Vo ~ udeog*. (33,95) 


‘To obtain the field equation for which np = $*, note that 


aon OO (13.96) 
Hence, the Lagrange-Buler field equation is 
dy" + HGe = 0, (13.97) 
or, in equivalent form, 
Lae Cazes + Hob = 0 (13.98) 


"*As shall be seca in the next section, complex fiekds lead naturally to an associated charge and current 
density. ang this is the main reason for their introduction in physical theories, 
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and 
1 do 
oe 


In terms of the D’ Alembertian (cf, Section 7.5), the field equation can also be 
written covariantly as 


-Vo+ + 18b = 0. (3.97) 


C+ 13)6 = (0? + 13)6 = 0. 13.99) 
Similarly, from the symmetry of £, the field equation obtained when yp = @* is 
CP + p2)9* = (V? + d)p* =O, (13.100) 


This basic field equation satisfied by both ¢ and g* is known as the Kiein~Gordon 
equation and, as given here, represents the relativistic analog of the Schridinger 
equation for a charged zero-spin particle of rest mass energy 440. 

"The stress-energy tensor defined by Eq. (13.30) has components 


Ty = COD vt CO pho FOGG? +4300 u» (13.101) 


and is clearly symmetrical. As the Lagrangian density describes a free field, with- 
out interactions with the outside world, C does not contain x explicitly and the 
conservation theorem (13.29) holds for 7,,v, as can be verified directly. To in- 
troduce the Hamiltonian formulation, we must distinguish between the time and 
‘Space coordinates in some particular Lorentz frame. The conjugate momenta, ac- 
cording to Eq. (13.54), are then (cf. Eg. (13.95)) 


ae 
ag 
It follows that the Hamiltonian density (which has the same magnitude as 79) 
takes the form 


(13.102) 


Haagtn*$*—L, 
=a +VG- Vg" + used. (13.203) 


For the moment, al! that we shall do here is iHustrate the transformation to the 
momentum representation. The expansions (13.67) and (13.70) can be introduced 
into the Hamiltonian density. Since the field is not real, we do not have that 
Gf = 9-2. In effect, qx and gf now stand for two independent sets of discrete 
coordinates, one representing $ and the other @*. The total Hamiltonian is a sum 
of volume integrals over the three terms in Eg. (13.103). As a typical example, let 
us consider 


2 
2 f ogtay = 2 = ikW ye 
18 [ 60 ava & | este ay, (13.404) 
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which by Eq. (13.68) reduces to 

wae 
‘The only other term requiting any special note at all is that involying the diver- 


gences, which introduce a factor (ik) - (—ik’)} in the integrand. The final form for 
H can be written as 


H= ppl +ojiga?. (13.105) 
where a, is related to k through the dispersion relation 
of = 07 (k? + 2). (13.106) 


Each term of the summation in Eg. (13.105) is in the form of a harmonic oscil- 
lator of unit mass with frequency w,. This can be seen explicitly by evaluating 
Hamilton's equations of motion. In the momentum or plane wave representations, 
the fields and ¢° are thus replaced by discrete systems of harmonic oscillators, 
mutch in the same manner that the sound field in a solid is tooked on as a collection 
of “phonons.” The discrete spectrum of “Vibrations” of our scalar charged field 
is given by Eq. (13.106). Quantization of the field (that is, the so-called second 
quantization) is done most simply via the momentum representation. In effect, the 
motion of each harmonic oscillator is quantized as would be done for an actual 
harmonic oscitlator. But this subject certainly fies outside our province. 


B. The Sine~Gordon equation and associated field. If the scalar field in the previ- 
ous example were taken as real (that is, @* = @) and to exist in only one spatial 
dimension, then the obvious comesponding Lagrangian density along the model 
of Eq. (13.95) would be 


on $[S-(3) -ae']. «son 


(The factor of 3 is introduced for convenience; it clearly does not affect the form 
of the equations of motion.) The associated field equation (cf. Eq. (13.16)) 


18% _ 
axt 2 rt : 
is the one-dimensional Klein-Gordon equation. Note that it is linear in the field 
(x, 1). 
We can look upon the Lagrangian density of Eg. (13.107) as a small-field ap- 
proximation to a Lagrangian density of the form 


(13.108) 


# _(26\") _ ac - 
-(2)] H37( ~ cos), (23.109) 
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which has the corresponding field equation 
7 18% 


a Bar 
Inevitably, if perhaps frivoiously, Eq. (13.110) has come to be known as the sine~ 
Gordon equation. If the Klein-Gordon equation, Bg. (13.99), is reminiscent of the 
harmonic oscillator, then the “potential” term in the Lagrangian equation (13.109) 
recalls the potential (erm of the linear pendulum. Indeed, Eq. (13.110) has also 
been called, perhaps more appropriately, the pendulum equation. 

In this one-dimensional world, the stress-energy tensor has only four compo- 
nents. As x and t again do not appear explicitly in C, the elements of the tensor 
satisfy conservation equations, which are here two in number, Details will be left 
to the exercises, but of particular interest is the energy density Too: 


Bbsing. (53.140) 


to =| 6? +e (28)'| «deta ~ cose (3.111) 
2 ax 7 . . 
which is of course the same in magnitude as the Hamiltonian density 
Pe ee ay’ 22) 
w= ile +c (= + nEC"(1 ~ cos), (13.112) 


where the conjugate momentum is 
Hx, = 9. (13.113) 


‘The momentum representation for the Klein-Gordon field as the sum over bar- 
‘monic oscillators means that in the one-dimensional case the field can be built up 
as a superposition of plane waves of the form 


gute = Aptkyeltr a0, 3.144) 


where k and a are related by the dispersion relation, Bq. (13.106). For the field 
obeying the sine-Gordon equation, it is much more difficult to apply a momentum 
representation, because of the presence of the cos term in 1. But we can still 
solve the sine~Gordon equation by something resembling a traveling wave, A 
solution for ¢ in Eq. (13.110) that has the form of a disturbance traveling with a 
speed v, but otherwise keeping its shape, must be a function only of t = ¢ — x/v. 
In that case, Eq. (13.110) reduces to 


#6 45 
SSH Asing =o, 3.115) 
where 
2242 
Ax Lote 3.116) 
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In terms of the variable r, the equation of motion is indeed that for a simple 
pendulum of finite amplitude, For very smal! amplitude, we know that ¢ is a 
simple harmonic motion in r with @ given by Eq. (13.106) for a wave number 
& = o/v, independent of the amplitude. With finite amplitude, we also know 
from our study of the pendulum, that while # will still be periodic, the frequency 
@ will also depend upon the amplitude. That is to say, the dispersion telation will 
be amplitude dependent. This is a characteristic of course of nonlinear equations, 
of which the sine~Gordon equation is one example. The Klein~Gordon equation 
is linear, but the dispersion equation, fq. (13.106), is said to be nonlinear; that is, 
wg ig not a linear function of k. It becomes linear only when jig —> 0, reducing 
the Klein-Gordon equation the usual linear wave equation, 

‘We can thus describe the sine-Gordon equation as being nortinear, with a non- 
linear amplitde-dependent dispersion relation. Further exarnination reveals that 
it can have solutions with properties shared by only a few other nontinear equa- 
tions. These solutions are traveling wave disturbances that can interact with each 
other—pass through each other—and emerge with unchanged shape except pet- 
haps for a phase shift, Such solutions are also found, for example, for the nonlinear 
Korteweg-deVries equation, 


3 6 

ar ard 
where « and v are vonstants. These solitary waves that preserve their shape even 
through interactions have been termed “solitons” and have found many applica~ 
tions throughout physics, from elementary particles through solid-state physics. 
‘The pendulum sine~Gordon equation, for example, has been used to describe fam- 
ilies of elementary particles, and it also shows up in connection with the theory of 
the Josephson junction. 


C. The Electromagnetic Field.* The formatism and field equations for the electro- 
magnetic field were developed in Section 7.5. It remains to express these ideas in 
terms of the Lagrangian formalism, If the components A# of the electromagnetic 
potential are treated as the field quantities, then a suitable Lagrangian density for 
the electromagnetic field is 


pagee + y 3.417) 
ax 


ByyFk¥ 


L= + pa. (43.418) 


ry 
To obtain the Euler-Lagrange equations, we note that 


aL Z aL Fup OF? 


gae 18 oR 2 Ane 


“Past of the difficulty in handling the electromagnetic eld arises from the fact that the components Ai” 
are not entirely independent; to be unique, they must be connected through some gauge condition, such 
«8s Bg, (7.66), However, it will be sufficient for our present purposes if we treat the page condition as 
a “weak” constraint. 
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Now, from the defining equations (7.71), the derivative of Fp vanishes except 
when A= jt, p = vand A= v, 9 = 4. Hence, 


a ne 
Dany: Ge ae ae 


(3.119) 


and the Buler-Lagrange equations are 


aFe fie, 
7 [i =0. (13.120) 


Finally, it has already been noted that £ for an electromagnetic field consists 
of a free-field Lagrangian density plus a term describing the interaction of a con- 
tinuous charge and current density with the field, It is tempting to see how far 
we can go toward introducing field-particle interactions, by localizing the charge 
10 a point. This is most easily done by considering the physical situation in some 
particular Lorentz frame, that is, as seen by a particular observer. Manifest covari- 
ance is thereby abandoned, but the result still conforms to special relativity, as it 
derives from a clearly relativistic theory. The current density is a measure of the 
motion of the charges, and in any given system j is defined in terms of the charge 
density p by the relation 


itr, 1) = p(r, 1)v(r, 2). 
Here v is the velocity “field” of the continuous charge distribution. The localiza- 
tion can be carried out through the use of the well-known Dirac 6-function. In 


three-dimensional form, the -function has the property that if f(r) is any funo- 
tion of space, then 


fav swse-sey =r, (13.121) 


where s(¢) is the spatial position, say, of a particle at time t (so long as 6 is inside 
the volume of integration). Thus, the spatial charge and current density corre- 
sponding to a particle of charge q at point s is 

p=gd(r—s) (13.122) 
and 


$= 48(r—s)ven). (13.123) 


If we write £ of Eg. (13.118) as the sum of a free-field term Lo and an interaction 
term, the Lagrangian as seen in the given Lorentz frame is 


t= faves f avoe fava f avco~qo+9A-v. (33.224) 
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‘The interaction terms in Eq. (13.124) are exactly the same as those in Eq. (7.141) 
for the Lagrangian of a single particle in an electromagnetic field, This suggests 
that a single Lagrangian can be formed for the complete system of particle and 
field that, analogous to Eg. (7.141), would took like 


L=—me. Tp aprav-as f aveo, (13,125) 


Considered as a function of the field tensor or potentials, this Lagrangian implies 
the field equations; considered as a function of the particle coordinates, L leads to 
the particle equations of motion. The mechanical descriptions of the continuous 
field and the discrete particle have in effect been put under one wing, expressed 
in a common formalism! 

An important branch of moder physics is concemed with the construction 
of fields to represent various types of elementary particles. Of course, all such 
theories are quantum-mechanical, but many features of quantum field theories 
will have concomitant or nearly corresponding classical analogs. There is little 
priori physical guidance in the construction of possible Lagrangian densities 
and interaction terms for the various particles. Some constraint on the form of 
these functions comes from covariance fimitations. For example, the terms in £ 
must be combinations of field and other quantities in such a manner as to pro- 
duce a 4-scalar. Usually, £ is also restricted to the field quantities or their first 
derivatives, although Lagrangian densities with higher derivatives have also been. 
explored. Additional requirements on the form of the terms are also provided, or 
suggested, by conservation and invariance properties, implicit in the Lagrangians, 
‘These properties go beyond the conservation conditions contained in the stress- 
energy tensor and are usually to be found by the application of a powerful pro- 
cedure known as Noether’s theorem, which forms the subject of the next and last 
section. 


NOETHER’S THEOREM 


A securing theme throughout this text has been that symmetry properties of the 
Lagrangian (or Hamittonian) imply the existence of conserved quantities, Thus, 
if the Lagrangian does not contain explicitly a particular coordinate of displace- 
ment, then the corresponding canonical momentum is conserved. The absence 
of explicit dependence on the coordinate means the Lagrangian is unaffected by 
a transformation that alters the value of that coordinate; it is said to be invari- 
ant, or symmetric, under the given transformation. Similarly, invariance of the 
‘Lagrangian under time displacement implies conservation of energy. The formal 
description of the connection between invariance or symmetry properties and con- 
served quantities is contained in Noether’s theorem. It is in the 4-space of classi- 
cal field theory that the theorem attains its most sophisticated and fertile form. For 
that reason, explicit discussion of the theorem has been reserved for the treatment 
of fields, although a discrete-system version can also be derived. 
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Symmetry under coordinate transformation refers to the effects of an infinites- 
imal transformation of the form 


MH my XH oe Hb Bx (43.226) 


where the infinitesimal change 6x“ may be a function of all the other x’. 
Noether’s theorem also considers the effect of a transformation in the field quan- 
tities themselves, which may be described by 


plat) en (x'*) = no (x*) + bnp(x). (13.127), 


Here d7p(x") measures the effect of both the changes in x and in np and may 
be a function of all the other field quantities n,. Note that the change in one of the 
field variables at a particular point in x space is a different quantity 7: 


Hix) = np (x) + Bng(x"). (13.128) 


‘The description of the transformations in terms of infinitesimal changes from the 
untransformed quantities indicates we are dealing only with continuous transfor- 
mations, Thus, symmetry under inversion in three dimensions (parity symmetry) 
is not one of the symmetries for which Noether's theorem can be applied. As a 
consequence of the transformations of both the coordinates and the field quanti- 
ties the Lagrangian appears, in general, as a different function of both the field 
vatiables and the spacetime coordinates: 


L(mpx"), pve), x4) > Lila’) nf ye), 27"). (13,129) 


The version of Noether’s theorem that we shafl present here is not the most 
general form possible, but is such as to facilitate the derivation without sigaifi- 
cantly restricting the scope of the sheorem or the usefulness of the conclusions, 
‘Three conditions will be assumed to hold, The first two are 


1, The 4-space is flat; that is, either it is Buctidean, or in the form of 
Eg. (7.171), R%gyo = 0. 

2. The Lagrangian density displays the same functional form in terms of the 
transformed quantities as it does of the original quantities, that is, 


LW). my x) x) = Ln"), 1p), 7"). 43.130) 


This type of condition has not previously entered our discussions of con- 
served quantities, mainly because it has been automatically satisfied under the 
transformations considered. When cyclic coordinates are transformed by dis- 
placement, the functional dependence of the Lagrangian on the variables is 
unaltered by the implied shift in origin. But in our present extended types 
of transformation, it becomes a symmetry property that needs study. Thus, 
the free-field version of the Lagrangian density for the electromagnetic field, 


13.7 Noether’s Theorem 594 


Eq. (13.118), retains its functional form when A¥ is subject to a gauge trans- 
formation, while other forms may not. Note also that Eq. (13.130) ensures 
that the equations of motion have the same form whether expressed ia terms 
of the old or the new variables (form invariance). The condition of form- 
invariance is not the most general circumstance under which this is ue; the 
original and transformed Lagrangian densities may also differ by a 4-divergence 
without modifying the equations of motion. Indeed, it is possible to carry out 
the derivation of Noether’s theorem with such an extended version of form 
invariance because the volume integral of the 4-divergence term vanishes. But 
for simplicity we shall restrict ourselves t0 Eq, (13.130). The third condition 
is 


3. The magnitude of the action integral is invariant under the transformation, 
that is to say, (cf. Hamilton’s principle Eq. (2.1)) 


Ie fax Se 000 100.2") 
= [arse nowt"), x"), 43.431) 


where d.x* is the invariant volume element is equal to /Tg]dx° dx! dx? dx? 
and J/g] = VTdei@) is the square root absolute value of the determinant 
of g. 


Again, Eq. (13,131) represents an extension of, and includes, our previous 
symmetry properties such as cyclic coordinates. The Lagrangian does not change 
numerically under transtation of a cyclic coordinate, nor does the value of the ac- 
tion integral. Equation (13.131) will be called the condition of scale-invariance. 
Our second and third conditions thus represent generalizations of the symmetry or 
invariance conditions that led to the existence of conserved quantities for discrete 
systems. 
Combining Eqs. (13.130) and (13.131) gives the requirement 


f Lng). nf yo"), x) dx -f Lng"), np,wixt), x") dx* = 0, 
ba 2 

(33.132) 
in the first integral, x’ now represents merely a dummy variable of integration 
and can therefore be relabeled x“. But of course there remains a change in the 
domain of integration, so the condition becomes 


f Lea Ce). yw), x4) dat — f Llp"), np.w), x4) dx? se 0, 

y Bs 

i (13.133) 
‘The sequence of transformations of space and of integration region is illustrated 
in Fig, 13.6 for a space of two dimensions. Equation (13.133) says that if in 
the action integral over (x) space we replace the original field variables by the 
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FIGURE 13.6 Schematic illustration of the transformation of the invariant action inte- 
gral. 


transformed quantities, and transform the region of integration, then the action 
integral remains unaltered. 

‘Under the infinitesimal transformations of Eqs. (13.126) and (13.127). the first 
osder difference between the integrals in Eq, (13.133) thus consists of two parts, 
‘one being an integral over 9 and the other an integral over the difference volume 
Q ~ Q. An example in one-dimension will show how the terms are to be formed. 
Consider the difference of two integrals: 


btéb > b 
f (re +aponds~ f senax = f Sf (x) dx 
i , , 
+86 
+ [veo +afanax 
ib 


atba 
= [sem + apenas. 
h 
(13,134) 
‘To first order im small quantities, the last two terms on the right can be written as 
b+56 atéa 
f f@dx- f Se)dx = 8bf(b) ~ baf(a). 
Me a 


‘To this approximation, Bq. (13.134) becomes 

6 ia 
[ Sf @)dx + F(a) bx| , 
a a 


bedh b 
[ve sotonar- [sonar = 
ote L, 
(13.135) 


. d 
at [aren + Sexson] a. 
, i 
(43.136) 


The multidimensional analog of Bq. (13.135) then says that the invariance con- 
dition of Eq, (13.133) takes the form 


43.7 Noether's Theorem 593 
[cota acts f constyast f co 2) ~ cn stds! 
F A ln 
+ [ conaxtas, =0. (13.137) 
é 


Here, £(n, x) is shorthand for the full functional dependence, S is the three- 
dimensional surface of the region (corresponding to the end points @ and b 
in the one-dimensional case), and 5x is in effect the difference vector between 
points on S and corresponding points on the transformed surface S' (cf. Fig. 13.7). 
Corresponding to Eq. (13.136), the last integral can be transformed by the four- 
dimensional divetgence theorem, so for the invariance condition we have 


, d » 
om fax {eer ~ce, rH) + (CO, x) 8x i. (13.138) 


‘Now, by Eq, (13.128), the difference term in the square brackets can be written to 
first order as 


Ln (x), mv"), 24) = L(0*). po), x4) = rom a + ee 


aL 
Baw 
(13.139) 
‘The important property of the 5 change is that it is a change of 7 at a fixed point 
in x" space (unlike the 5 variation, Eq. (13.127)). Hence, it commutes with the 
spatial differentiation operator; that is, the order of the quantities 


Fs d 
6 and rr 
can be interchanged. Symbolically, 
8L ding 
Hy H =e : 
Len x") ~ Ln, x) = Bap + oa. Paras (13.140) 


FIGURE 13.7 The integration regions in two dimensions involved in the transformation 
of the action integral, 
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or, using the Lagrange field equations, 
d Can 
fy iy ct [8s . 
Lens") Lina") = ey iin). (3.141) 


Hence, the invariance condition, Eq. (13.138), appears as 


(13.142) 


which is a conserved current equation (cf. arguments on pg. 571). 

It is helpful however to develop the condition further by specifying the form 
of the infinitesimal transformation in terms of R infinitesimal parameters €,, 7 = 
1,2,..., R, such that the change in.x” and ny is linear in the ¢,: 


bx" =e XY, bp =e Yrp- 3.143) 


‘The functions X? and W,, may depend upon the other coordinates and field vari- 
ables, respectively. If the transformation symmetry relates to the coordinates only, 
and corresponds to a displacement of a single coordinate x”, then these functions 
are simply 

XY = 8%, Wp = 0. (13.144) 


7 = Op 


“Thus, the transformations contained in the form of Bq. (13.143) constitute a far 
more extensive test for symmetries than we have used thus far. From Eqs, (13.127) 
and (13,128), it follows that to first order 57 and 37 are related by 


=, ane 
inp = Bry + 52 bx”. (13.145) 
Hence, 


8g = €r Veo ~ pa Xe )- (33.146) 


Substituting Eqs. (13.143) and (13.146) in the invariance condition, Bq. (13.128), 
we have 


d aL mS 
fais (sare 8) 


Since the ¢, parameters are arbitrary, there exist in analogy with Eq, (13.142), 
conserved currents with differential conservation theorems: (integral of diver 
gence = 0} 


(43,147) 


(13,148) 
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Equations (13.148) form the main conclusion of Noether’s theorem, which 
thus says that if the system (or the Lagrangian density) has symmetry prop- 
erties such that conditions (2) and (3) above hold for transformations of the 
type of Eqs. (13.143), then there exist r conserved quantities, 

“The conservation of the sirese-energy tensor is easily recovered as a special 
case of Eq. (13.142), If £ does not contain any of the x#, then it, and therefore 
the action integral, will be invariant under transformations such as Eq. (13.144), 
‘where A takes on all the values ;2. Equation (13.148) then reduces to 


d ac 7 d (a é 
ae (Coes mad) «] ae (arte) 38 


which is identical with Bqs. (13.29) with Tv given by Eq, (13.30). 

A large number of other symmetries are covered by transformations of the 
form of Eq. (13.142). One of the most interesting is a family of transformations 
of the field variables only, called gauge transformations of the first kind,* such 
that 


bx =0, tip = €cpnp —_ {no summation on p), (43.150) 


cp are constants. If the Lagrangian density, and therefore the action in- 
tegral, is invariant under this transformation, then there is a conservation equation: 
of the form 


oO" =0, (13.151) 


OF epg te (13.152) 


Equation (13.151) is in the form of an equation of continuity with @” in the role 
of a current density j”. Hence, invariance under a gauge transformation of the first 
kind leads to the identification of a conserved current that would be appropriate 
for an electric charge and current density to be associated with the field. 

Asan illustration, let us consider the first example of Section 13.6, the complex 
scalar field. A transformation of the type 


we =ge, GM = gre (13.153) 


corresponds in infinitesimal form to a gauge transformation of the first type, 
Eq, (13.150), with, 


cH oe 


The familiar gauge transformation of the electromagnetic field, which adds a 4-gradient Ay 10 Ay. 
is part of a gauge transformation of the second Kind and is aot considered here, 
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Itis obvious that the Lagrangian density of Bq, (13.94) is invariant under the trans 


formation {13,153}. Hence. there is an associated current density for the Klein~ 
Gordon field that can be given as 


(13.154) 


which is in agreement with the conventional quantum-mechanical current density. 
Note that the entire derivation of the conserved charge current density depends 
upon the fact that the field is complex. Thus, as mentioned above, a real field does 
not lead to a charge or current density associated with the field. To describe fields 
associated with charged particles, we must use a pair of complex fields such as @ 
and @* for the (spin-less) Klein-Gordon particle. 

Note that while Noether’s theorem proves that a continuous symmetry prop- 
erty of the Lagrangian density leads to a conservation condition, the converse 
js not true. There appear to be conservation conditions that cannot correspond 
to any symmetry property. The most prominent examples at the moment are the 
fields that have soliton solutions, for example, are described by the sine~Gordon 
‘equation or the Korteweg-deVries equation, 

Consider, for example, the Lagrangian density for the sine~Gordon equation, 
Eq. (13.107), As x and ¢ do not appear explicitly, the Lagrangian density is invari- 
ant under translations of space and time in the manner fulfilling the conditions of 
Noether’s theorem. In addition, there is a symmetry under a Lorentz transforma- 
tion (in x, ¢ space). No other symmetry is apparent. We would therefore expect no 
more than three conserved quantities from the application of Noether's theorem, 
Yet it has been demonstrated, by methods lying outside the Lagrangian descrip- 
tion of fields, that there exists an infinite number of conserved quantities. That is 
to say, an infinite number of distinct functions F; and G; that are polynomials of 
@, and derivatives can be found for which 


ahi, a6 


dr 7 =O, 3.155) 


‘8 that the volume integrals of the Fj are constant in time. It appears that the 
presence of such an infinite set of conserved quantities is a necessary condition in 
order for the field to describe solitons. 

Finally, we can easily deduce the version of Noether’s theorem that should 
apply to discrete systems. Here the four coordinates of spacetime are no longer 
parametric variables on equal footing—the space coordinates revert to their sta- 
tus as mechanical variables (or functions thereof), and only time remains to fill 
the role of a parameter. The action integral, instead of being a four-dimensional 
volume integral, 

{ Lax4, 
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is a one-dimensional integral in t as in Eq. (2.1) which is Hamilton’s principle: 


= [ua 


Instead of the continuously indexed field variables np(x"), we have the discrete 
generalized coordinates git). It is straightforward enough to recapitulate with 
these translations the steps that led to Noether's theorem. We could repeat in this, 
manner the arguments contained in Eqs. (13.126) through (13.148) as applied to 
discrete systems. But the effect of the conversion is sufficiently obvious and clear, 
that we can readily see the translation need be done directly only on the final 
result, Eg. (13.148). 
‘The rules for the translation can be summarized as 


Lok, 
xt ox” > t, 
Np > Ue 
Now > Ue (13.156) 
Further, all sums over 4-valued Greek indices reduce to one term, int. As a result, 


the transformations, Eq. (13.143). under which the Lagrangian is to exhibit form 
and scale invariance become 


a ee (13.157) 


Equation (13.148), the statement of the conservation theorems resulting from the 
invariance, now becomes 


d aL. eh 

ai (i eb) vs] 
‘Equation (13.158) is the statement of the conclusions of Noether’s theorem 
for a discrete mechanical system. 

‘The expression in the parentheses in Bq. (13.158) is our old friend the Jacobi 
integral h of Bq. (2.53), or equivalently in terms of (q, p), the Hamiltonian. In- 
deed, we can recover the conservation of A by considering a transformation that 
involves a displacement of time only: 


(13.158) 


X, = 83, Yr, = 0. (13.159) 


If the Lagrangian is not an explicit function of time, then clearly the form of the 
Lagrangian and the value of the action integral are unaffected by this transfor- 
mation. But Noether’s theorem, Eq, (13.148), then says that as a result there is a 
conservation theorem 


598 


Chapter 13 Formulations for Continuous Systems and Fields 


Let us suppose further that a particular coordinate q; is cyclic. Then the La- 
grangian and the action are invariant under a transformation for which 


Xr =0, We = bud (13.460) 


and Eq, (13.158) immediately implies the single conservation statement 


d (aL 
= {) =o, 
a #) 
or 
pr =0. 


80 the canonical momentum is conserved, Thus, the theorems on the conservation 
both of Jacobi’s integral and of the generalized momentum conjugate to a cyclic 
coordinate are subsumed under Noether's theorem as stated in Eq. (13.158). 

‘The connection between symmetry properties of a mechanical system and con- 
served quantities has run as a thread throughout formulations of mechanics as 
presented here. Having come full circle, as it were, and rederived by sophisticated 
techniques symmetry theorems found in the first chapters, it seems an appropriate 
point at which to end our discussions. 


EXERCISES: 


1. (a) The transverse vibrations of a stretched string can be approximated by a discrete. 
system consisting of equally spaced mass points located on a weightless string. 
Show that ifthe spacing is allowed to go to zero, the Lagrangian approaches the 


Hisnit 
at fla (Vy 
Ls 3 f [or T ( x ax 
for the continuous string, where 7 is the fixed tension. What is the equation of 
motion if the density 2 is a function of position? 

{b) Obtain the Lagrangian for the continuous string by finding the kinetic and po- 
tential energies corresponding to transverse motion. The potential energy can be 
‘obtained from the work done by the tension force in stretching the string in the 
‘course of the transverse vibration. 

2. (@) Describe the field of sound vibrations in a gas in the Hamiltonian formalism and 
obtain the corresponding Hamilton equations of motion. 

{b) Generalizing the momentum expansion to a vector field, express the Hamiltonian 
for the acoustic modes of a gas in the momentum representation. 
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3. Obtain Hamilton's equations of motion for a continuous system from the modified 
Hamilton's principle, following the procedure of Section 8.5, 


Show that if y and y* are taken as two independent field variables, the Lagrangian 
density 


+ 


ca h : ‘ 
Wy Oye Verte cath od 
La VU WET EET Wh Hi) 
leads to the Schridinger equation 
ih av 
no 
and its complex conjugate. What are the canonical momenta? Obtain the Hamiltonian 
density comresponding to £, 
5. Show that 


ne 
gute 


is a constant of the motion if the Hamiltonian density is not an explicit function of 
position. The quantity G; can be identified as the total tinear momentum of the field 
along the x direction. The similarity of this theorem with the usual conservation 
theorem for linear momentum of discrete systems should be obvious. 


(a) Ina 4-space that is not Euclidean, the 0’ Alembertian is defined as 


o 


2 
Pa Vea gto, 
2 OO aia 
Here 24” is the contravariant metric tensor, which in the flat space of special 
relativity is indeed the same as gay. For the metric tensor of trace +2 instead of 
~2 used in Bq. (7.33), find the explicit form of the D' Alembertian so defined. 
(b) A suitable Lagrangian for the charged scalar meson field in this metic is 


‘Show that one of the corresponding field equations is 
(CP u3)0 = (9? - udyg = 0. 


Show also that in light of part (a) this equation is actually identical with 
Eg, (13.99). 


7. To the Lagrangian density for the scalar charged meson, Eq. (13,94), add the following 
term to represent the interaction with an electromagnetic Seld: 


Pay 
where 


A = HOO". b26"). 
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9 


Ww. 


MW 
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B. 


‘What are the field equations for $ and $*? What happens to the conserved corrents 
and associated conservation theorems? 
‘Suppose the Lagrangian density in Hamilton's principle is a function of higher deriva- 
tives of the field quantities np: 

£= Lp Mp. Mp,pvi 
Assuming the vanishing of the variation at the end points, what is the form of the field 
equations corresponding to such a Lagrangian density? 
Consider a scalar field quantity 7 that, for simplicity, is a function only of x and r, 
Suppose now that the Hamiltonian density is a function of higher spatial derivatives 
of 7 and x, that is, 

Hm Hn, the My Rxy Heaxz). 
‘What are the corresponding Hamilton equations of motion?” 
Show that the Korteweg-de Vries equation corresponds to the field equation for a scalar 
field y with Lagrangian density 
Wes 
where the subscripts indicate derivatives with respect to the variables indicated, pro- 
vided y is a potential function for the quantity $ of Eq. (13.117): 


asd 
ian 


Consider « Hamiltonian density in (x, £) space: 
Mat bc tiy thn. 


‘Show that the Hamilton equations of motion correspond to a form of the Korteweg- 
deVries equation, Eq. (13,117), if 


n= (1) 


t a3 
Lm sha + oie 


ne f Ox’. dx’, 
~c0 
Evaluate explicity 79/c and Ty for the symmetrized strest-energy tensor of the free 
electromagnetic field as given by 


Aya y FiyPy 
Taveym = Tuo ~ “Hh fet Laue 


‘What can be said about the physical meaning of these components? 


In a 4-space with metric guy of trace +2, evaluate explicitly the elements of the 
‘covariant (mathematically speaking) tensor Fy of the electromagnetic field. Also 
sive the elements of the matrix with one index lifted and with two indices lifted: 


Fea iyy: PP = gM Fagg? 


APPENDIX 


Euler Angles in Alternate 
Conventions and 
Cayley-Klein Parameters 


The Euler angles as defined in Section 4.4 are specified by an initial rotation about 
the original z axis through an angle , a second rotation about the intermediate x 
axis through an angle 8, and a third roation about the final z axis through an angle 
. This sequence is here denoted as the “x convention,” referring to the choice of 
the second rotation. For the x convention the Cayley~Kicin parameters in terms 
of the Euler angles are 


a= e¥ 492 cog 5 BmiclW-O2 sing, 


8 
8 x IPB og6 
€ cos 5 


6 
fe PN2 gin 
y sie sins, 
Other conventions are possible, and two in particular have found frequent appli- 
cations in particular ficlds. Formulas will be given here for properties of a generat 
rotation in terms of the Euler angles of these two alternate conventions. 


y CONVENTION: 


‘The y convention differs from the x convention only in that the second rotation 
is about the intermediate y axis. Transcription from the x to the y convention 
is particularly simple because @ retains its meaning in both conventions and the 
changes for the other angles are easily obtained. In the x convention, is the 
angle between the line of nodes and the x axis; in the y convention, itis the same 
angle measure to the y axis. Similarly in the x convention, is the angle between 
the line of nodes and the x’ axis; while in the y convention, it is the same angle 
relative to the y’ axis. Tempratily using subscripts to indicate the convention used, 
these relations imply the connection (cf. Fig. 4.7) 


x 
bray th 
Yea wy F. (Alyy 
o 
sing, = cosy sin Vz = — C08 Vy 
coeds =—sing, cosy = sin Wy. (A2y) 
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With this recipe we obtain the following formulas in terms of the Euler angles in 
the y convention: 


Rotation matrix, 


—cos sing —cos@cosdsiny cosycosd—cosPsingsiny  siny sind 
sind cos sind sing cos 


(A3y) 


sin p sing + cosO cos pcos sin Ycosd +cosé sing cos ¥ way | 


‘The same result can be obtained by noting that the exchange of y for x corre: 
sponds to a rotation of the reference frames about the z axis through an angle of 
~m/2 or 371/2. We can therefore translate the A matrix from x convention to y 
convention by a similarity transformation by the orthogonal matrix G: 


0 -1 0 
1 00 (A.4y) 
o O11 


Cayley-Kiein parameters. For this convention the Cayley-Kiein parameters are 
andl) cos pael*) sing 
~e) sing 3 ol) cos. (ASy) 


Euier parameters. it immediately follows from the definitions of ep ~ ex in Sec- 
tion 4.5 and Eq. (A.4y) that in the y convention the Buler parameters are given 
by 


again leading to Eq, (A.3y). 


® 


gem? jacet ota? 
2 2 2 2 
eS dk SD on YE 
er = sin 5 sin 5 Fo 0s (A6y) 


Components of angular velocity. Either by direct use of the translation equations, 
{A.2y), or by following through the physical meanings of the component parts of 
©, we can obtain the following components of « along the body axes in the y 
convention: 

ay = ~)bsind cosy +6sin yy 

wy = bsind sin yy + 6cos yf 

oy = cose +. (Ay) 


xyz Convention 603 
Simnilarly, the components of along the space axes are 
oy = —Osing + ¥ sind cosd 
ay = bcosd + ¥ sind sing (Ay) 
@, = Yoos8 +6. 


Finally, note that 
© 
cos (3) = €9 = cos ¥> cos = (Ady) 


which is the same as Eq. (4.63) for the x convention. 


xyz CONVENTION 


Tn this convention each rotation is about a differently labeled axis. Obviously, var~ 
ious sequences of rotations are still possible. It appears that most U.S. and British 
aerodynamicists and pilots prefer the sequence in which the first rotation is the 
yaw angle p about az axis, the second is the pitch angle 6 about an intermediary 
y axis, and the third is a bank or roll angle y about the final x axis (or figure axis 
of the vehicle). Of the three elementary rotation matrices D remains the same as 


Eg. (4.43), C appears as 
cos? 0 ~ sind 
c=] 0 tf 0 ' (A.1Oxyz) 
sin@ 0 cosf 


and B is the same as Eq. (4.44) (with Win place of @, of course). The product 
BCD gives the following formulas: 


Rotation matrix. 


cos 8 cos cos@ sing ~sind 
A= | sinyrsin@cosd ~cosyrsing sinysin@ sing + cosy cos cos@siny 
cosy sind cos +siny sin? cosy sin@ sing —siny-cosp cos@cos ¥. 


(A.Alxye) 
Cayley-Klein parameters. These parameters have the form 


= (cos ¥ cos? ~ isin & sin®) 67 
= (cos Fos isin sins) 


= (cos s sin isin S cos 3) et? (AL 2xyz) 
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Euler parameters. From Section 4.5 and Eqs. (A.12xyz), it follows that the Euler 
parameters are 


cos $ ey = cos S cos$ cos$ + sin sing sin 
1 = in cos 5 cos $ ~ os ¥ sin S sin $ 
ex = cos 5 sin 3 cos $ + sin ¥ cos sin $ (A.13xyz) 
65 =~ sin sin cos $ +003 ¥ cos Sin &, 


Note that the cosine of the total angle of rotation now has a different form from 
either the x oF the y convention. 


Components of angular velocity. Clearly cay ties along the body x axis, ev» along 
the space z axis, and ea along the intermediate axis, and therefore in the final yz 
plane. The resulting components along body axes are 


oy =¥ — sind 
wy = 6 cosy + bcosé sin yr 
oy = ~6 sin y + $0086 cos W. (Ad 4xyz) 


‘Similarly, the components of e along the space axes ate 
@, = ¥cos8 cosd —Osing 
oy = Hc086 sing +4 cose 
& =O — sind. (A.1Sxy2) 


‘The previous editions of this work dealt with the Cayley-Klein parameters in 
more depth. 


APPENDIX 


Groups and Algebras 


‘As we have seen in almost every chapter of this text, invariances in the formu 
lation of classical mechanics display themselves as symmetries in the equations 
of motion. This property is formally discussed in Section 13.7 as Noether’s theo- 
rem, Newtonian mechanics was formulated with the explicit assumption that the 
Jaws are invariant under any Galilean transformation to another inertial frame, 
In the special theory of relativity, the laws are formulated to be invariant under 
Lorentz transformations between inertial frames. The general theory of relativity 
is formulated to remove the restriction of using inertial frames. These and other in- 
variances and transformation properties that we have discussed can be understood 
in terms of groups of transformations. In many cases, physicists deal extensively 
with representations of groups, rather than the groups themselves. so we will put 
some stress on representations. For example, the set of 3 x 3 rotation matrices 
with determinant +1, which appear so extensively in the text, is a representation 
of the special orthogonal group in three dimensions (denoted by SO(3)). Since the 
reader's knowledge of groups may not be extensive, we will begin with basics by 
defining 2 group and give some examples of finite groups, We shal! then discuss 
infinite groups* and representations. 


PROPERTIES OF GROUPS 


A group is a set of objects called elements with a product operation and the fol- 
lowing defining properties: 


1. Closure—the product of two elements equals a third element in the group. 
Ifa and b are elements in the group, the product ab = ¢ where c is also a 
member of the group. 

2. Multiplication is associative—if a, b, and c are group members, a(be) = 
{ab)c. 

3. The group contains a unit element, 7, called the identity with the property 
that for all elements of the group, a = al = Ia. 

4. Bach element a of the group has an inverse element, a~! with the property 

if 


aa = aa 


*Mathematicians af this point will use @ different terminology for infinite groups. We shall follow the 
phiysicist’s convention of referring to both Site and infinite collections of elements 2s groups, 
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‘FABLE B.t_ Multiplication Table for the Four-Element Cyclic Abelian Group, Cq 


| t <1 i -i 

t | 1 my i ~i 
~t -r 7 “i i 
i i -i -1 1 
-i ~i i i “1 


‘A group is abelian if the multiplication operation commutes; that is, for all 
elements @ and of the group, ab = ba, If any of the group elements fail to 
commute, then the group is nonabelian. An example of a finite abelian group is 
the set of elements (1, ~1, i, —i} where 1 is the identity, and i = J~1 . This 
group has four elements, so it is said to be of order h = 4. We shail use A for the 
group order. This group multiplication table is shown in Table B.1. 

Bach group element appears once and only once in each row and in each col- 
umn of the multiplication table. This group can be generated from one element, i, 
called the generator, with the property 


3 


aol, ¥ 


? =-1, 


(B.A) 


so it is called C4, the cyclic group of four elements, Any cyclic group, Ch, of 
order h = n elements has a generator element A with the property that the mth 
element of the group. Am. is of the form 


An = A™, (B.2) 
where 


Ata 7, 


(B.3) 


A dihedral group, Dy, is a group with h = 2n members and two generators A 
and F with the properties 


A" =! and Field, {B.4) 


A subgroup is a collection of some of the elements of a larger group that by 
themselves form a smaller group. For example, in Cy as we can s¢e from the 
multiplication table, the elements | and ~1 form a subgroup. Two elements b and 
¢ are conjugate with respect to each other if for some element of the group, a, 


aba* 3) 


The collection of all elements “c” conjugate to b as a runs through all the elements 
of the group is called a class. All classes are disjoint subsets of the group with 
each element belonging to one and only one class. For abelian groups, such as the 
one shown in Table B.1, all elements are their own class. The identity element, [, 
always belongs to a class by itself. The class structure is important for nonabelian 
groups. 
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‘There are two groups with six elements, the cyclic group Cg and the dihedral 
group D3. The elements of Ds are usually denoted by 1, A, B,C, D, and F. The 
generator A has the property A? = /. It generates the element B 
AA= A? = B, (B6) 
and Aw! = B and B-! = A, since 
AB = BA= 1. B12 
‘The element F, has the property F? = 1 and generates the remaining two ele- 
ments C and D through multiplications of A and B. The elements C, D and F 
are their own reciprocals since F? = C2 = D = J; that is, 
Ct=C, Dt=D, and Fm EF, (B.8) 


‘This is a nonabelian group since, for example, the elements A and C do not 
commute 


AC=F CA=D. (B.9) 


The group multiplication table is shown in Table B.2. 
The subgroups are 


subgroup | > 1. 


subgroup 2 —> I, D 
subgroup 3 —> I, F 


subgroup 4 —> 1, A, B. 
The six elements divide into three classes, 


class} 7 
class 2 A, B 
class 3 C, D, F. 


TABLE B.2 The Multiplication Table for the Dihedral Group, D3 


i u A a | _¢ D F 
T 7 a B | OC D F 
A A B i i FE c D 
B B - A a D F c 
c c D Beta af A B 
D D F co: B I A 
F F o De AS od B 1 
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Note that in Table B.2 class 3 appears only in the upper-right and the lower- 
left quadrant of the multiplication table, while classes 1 and 2 appear only in the 
upper-left and Jower-right. This shows the representations that are possible for Dy. 


REPRESENTATIONS OF GROUPS 


A representation of a group is a set of matrices that satisfies the multiplication 
table of the group.* By a representation we mean what is more precisely called 
an inequivalent irreducible representation, Fj, or a set of m x m matrices that 
cannot be simultaneously decomposed into lower-order matrices, A theorem in 
‘group theory states that the number of irreducible representations, k, is equal to 
the number of classes and the sum of the squares of the dimensions, 1), of the 
irreducible representations, I’; equals the group order, h. That is, 


Sesh, @.10) 


it 


where h is the number of elements in the group, k is the number of irreducible 
representations, and J; is the dimension of the ith representation, For the group 
Ds, k = 3 and h = 6, so Eq, (B.10) becomes 


6, (BAL) 


2 2 2 
R+B+h= 


whose only solution is /; = f= 1, f3 = 2. There is, as for all groups, a one- 
dimensional identity representation, I; in which we map each element onto +1, 
Another one-dimensional representation of D3 is the set Pz = {1, ~1}, where the 
mapping is {/. A, B} + | and {C. D, F} > —1 as can be seen from Table B.2. 
‘The two-dimensional matrix representation, 3, can be given in terms of the unit 
matrix and the Pauli matrices: 


Bik of) m8 J ob fh am 


(1-iewv3), B= -}(I+iov3), 


C= 4 (Voi +03). D=~{ (Vio. ~0s). F203. (B13) 


Notice how the group elements in class 3 involve only o; and c3. Thus, they 
are independent of the matrices / and 02, as is expected from the structure of the 


“Mathematicians always mean matrices when they cefer to representations. Some field theorists take 
a more generat meaning. 
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multiplication table. However, since each representation has an identity element, 
there is no simple association between classes and representations, 

‘The representation of a group can be faithfid or unfaithful, For a faithful ma- 
trix representation, each element in the group is represented by a unique matrix. 
In an unfaithful matrix representation, more than one element in the group is rep- 
sesented by the same matrix. The representations I) and I of Ds are unfaithful, 
while 3 is a faithful representation. A faithful representation is an isomorphism 
ora one-to-one mapping of the group elements onto the matrices of the represen- 
tation. An unfaithful representation is a homomorphism or a many-to-one map- 
ping. 

‘We have discussed the dihedral group D3 as an abstract entity, that is, a8 a 
set of elements that satisfy a group multiplication table, and which has a two- 
dimensional representation that is a set of matrices also satisfying the same multi 
plication table. Groups also have mathematical and physical realizations in nature, 
For example, the permutation group of three numbers (123) is a D3 group. It has 
the identity (123), three twofold cycles (213), (132), and (321), which correspond 
with the elements C, D, and F, and two threefold cycles, (231) and (312), which 
correspond to the elements A and B. A physical realization of this group is the 
symmetry operations of an equilateral triangle. The elements A and B are 120° 
and 240° rotations about a centered axis perpendicular to the plane of the triangle, 
and the reflection planes m, m2, and m3, correspond to the elements C, D, and F 
of the group. This is sketched in Fig. B.1. We say that the abstract group Ds, the 
threefold permutation group and the invariance group of operations on the equi 
Jateral triangle are isomorphisms because there is a one-to-one mapping between 
their elements. 

As a further example, let us consider the quaternion group, Q, which is one 
of the five groups of order 8 (8 elements). The multiplication table is normally 
written as shown in Table B.3. This group has 5 classes 


m 
FIGURE B.1_ Equilsteral tciangle showing the three mirror planes mj. 
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‘TABLE B.3 ‘The Multiplication Table for the Quaternion Group 


| i TF a) ~e; e ~e2 cay eR 
t Z -t ea Ne a2 |e 3 83 
“tT -t Fo mey 4 a 3 8 
e He -t I 4 eye 2 
~e |e & I -fo m6 a een 
2 2 2, ~e3 23 ot i 4 a 
men | ~e2 2 73 L to ney 
6 3 nes nn et wt I 
~e3 | 63 3 =e 2 ee t =f, 
Classi > f 
Class2 > ~1 
Class 3 > ey 
Class 4 > bey 
Class 5 —» ste; 


From Eq, (B.10), we have 


H+B+h+h+ k= 
r 2 3 4 ‘s 


which has the solution 


1, and Is = 2. (B.14) 


For the one-dimensional representations, all elements can be mapped into +1, 
or they can be mapped into the one-dimensional representation T= (1. ~1} 
by (7, ~1,e1,~e)} > +1 and eo, ~€2, €3, ~e3} ~> ~ 1. The two-dimensional 
faithful matrix representation has elements (cf. Eq. (B.12)) 


i 


i, hey Fioy, keg= Ficz, and te; = Fio3. 
(B.15) 
‘Thus far we have confined our attention to finite groups. However, the rotations 
in three-space and the Lorentz transformations are infinite dimensional groups 
since the rotation angles and the boost velocities can take on values from the 
continuum. The set of all proper (determinant = +1) 3 x 3 rotation matrices 
are a faithful representation of the special orthogonal group in three dimensions, 
‘SO(3). If we add the inversion operation, we include the improper rotations with 
determinant = —1 and obtain the larger orthogonal group 03). The group SO(3) 
is a subgroup of the group 0(3). The set of Lorentz transformation matrices in 
one direction constitutes a group with the O(3) 2 subgroup. If we allow boosts in 
two directions, we have a much larger group of inhomogeneous Lorentz transfor- 
mations. 
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TABLEBA The Character Table for D 


Ds { a 202 3C3 
ry 1 t 1 
P2 1 t ~t 
r3 2 -1 0 


The sum of the diagonal elements of a matrix is called the érace of the matrix. 
The trace of the matrix in an irreducible representation, 1, is called the character, 
Xiv Of that matrix. The character of a matrix in a representation is determined by 
the class; that is, al! the matrices of a representation that correspond to the same 
class have the same character. For the dihedral group Da, the relation between the 
classes C; of the two-dimensional representation, 3, is given as follows: 


Class C; Elements Character xi 
Class 1 T +2 
Class 2 AB ~! 
Chass 3 CDF 0 


For the one-dimensional representations and I"2 of D3, the characters are the 
‘same as the one-dimensional matrices. This information can be most conveniently 
expressed in a character table. For D3, this is shown in Table B.4. 

In Table B.4, the headings nC», on the columns give the number of elements 
n in the class Cm of that row. The characters in the first row for class C; also 
give the dimensionality of the representation. The rows of the character table are 
orthogonal to each other, provided we take into account the number of elements in 
each column. For example, considering I"z and I", we have 1 x2+2x (1x ~1)+ 
3x (—1 x0) = 0. As an application, in quantum mechanics the 1's can represent 
energy levels split from a parent atomic state by an electric field environment of 
D3 symmetry. 


LIE GROUPS AND ALGEBRAS 


‘The terms Lie group and the associated idea of Lie algebra are used in several 
chapters. A Lie group is 2 manifold, which is also a group. A manifoldis a contin- 
uous geometric object; for example, Euclidean space, the spacetime of the speciat 
theory, and a circle of radius 1 in the complex plane are all manifolds. Most of 
the manifolds considered in physics are continuous manifolds.* For a manifold 
to be a Lie group, there must exist a group operation (termed multiplication) for 


*A continuous manifold is 2 manifold with the concept of neamsess. That is, for every point, P, in the 
‘manifold, there exist other points in the manifold that ace as close to P as desired. As the mathemti- 
clans would say. for every point, P, in the manifold and given any © > 0, there exists another point in 
the manifold that is closer t0 P than e. ao matter how small e. 
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all pairs of points in the manifold, which is consistent with the continuous nature 
of the manifold. Consider four points in the manifold a, b,c, and d and denote 
the group operation of a and c by ac. Consistent means, if @ and b are close to 
each other and ¢ and d are also close to each other, then ac, ad, bo, and bd are 
all close to each other. If we restrict our attention to the Lie groups that physicists 
ate likely to encounter, there are only a few. One set of Lie group elements cor- 
responds to rotations in odd dimensions, for example, the three-dimensional ro- 
tation group O(3). A second set is the rotations in even dimensions, for example, 
the Lorentz group in 4 dimensions. Another set involves the unitary groups, for 
example, SUQ), which is the set of 2 x 2 unitary matrices with determinant +1. 
‘The final set contains the symplectic groups (See Section 9.4). There are also five 
special finite groups. 

Corresponding to the Lie groups are Lie algebras, which are flat vector spaces 
with a Lie bracket or commutator defined for a set of vector fields, {rj}, which can 
serve as the basis vectors of the space. These vectors satisfy 


{uty} uty ~ tym =cij*t~ (summation convention) {B.16) 


where the cj;* (which clearly satisfy cjj* = —ciy") are called the structure con- 
stants of the algebra. All Lie algebras must, by symmetry, satisfy the Jacobi iden- 
tity 


Iti. ty. HD = Et, Ftp, AN Ey. Ete DT + Ute ty, ty] = 0. B.17) 
For example, the Pauli matrices satisfy Bs. (B.16) and (B.17) with the structure 
constants cj;* = 2i€j,x, where €/;x is the Levi~Civita density symbol. They form 
a Lie algebra, 

‘There is a distinction between the elements of the Lie group and the elements 
of the Lie algebra. The manifold of the Lie group is not conceptually identical 
with the flat vector space of the Lie algebra. The relation between the Lie group 
and the associated Lie algebra is exponential. The Lie algebra is the logarithm of 
the Lie group, and conversely the Lie group is the exponential of the Lie algebra 
in the following sense. Let am be a memiber of the Lie group, then 


Gan = el La bat) (B.18) 


where zy is a basis vector of the Lie algebra. The equal sign is interpreted as a 
one-to-one uniqueness. For infinite dimensional Lie groups and algebras, the sum. 
in Eq. (B.18) is replaced by an integral and m is replaced by a continuous index. 
Each quantity * is the kth component (along the basis vector 7) of a vector Om 
of the algebra associated with the mth element of the Lie group. The vector 0 is 
said to parameterize the Lie group and the Lie algebra. 

Ar example of the group-algebra relationship is provided by the SU(2) rep- 
sesentation of the rotation group. The algebra basis vectors are the unitary Pauli 
matrices Eq, (B.12) which satisfy Eq. (B.16) (ef. page 412) with the structure con- 
stants given above, For a rotation through the angle 6 about the direction of the 
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unit vector n, we have the rotation matrix Q(@, n) where a is a unit vector 
@ @ 
= [cos = +in-osin =. B19) 
Q = loos 5 +in- osin 5 (B.19) 
‘This can be written in the form of Eq. (B.18) 
Q = eieamel (8.20) 


‘This follows from the expansion of the exponential in a power series, An expan- 
sion of the scalar product 


RO = Nyy + Nyy +70: (B21) 


enables us to identify 448 with the parameter On* of Eq. (B.18) and to identify % 
as oy. The matrices Q are a faithful representation of SU(2). The use of SU(2) was 
introduced into classical dynamics long before quantum mechanics was devised. 
Jt was used because SU(2) notation allows a finite rotation to be described in 
terms of a single angle and a single direction vector (cf. Eq, (B.21)). For « more 
extended discussion, see Section 4.5 of the 2nd edition of this text. 

Another example of the Lie group-Lie algebra relationship is the Heisenberg 
algebra which, in one dimension, has the three elements x, p and /, and the three 
commutators 


Ix, p]= 1 = ihm, 
x. =0 (B.22) 
ip. D=0. 


An associated Lie subgroup comprises the infinite set of elements e!@° which 
transform a wavefunction |x > in the quantum-mechanical coordinate represen- 
tation as follows: 


Ply >= la px >, (B,23) 


where « is a real constant. Another Lie subgroup comprises the e!4* operators 
which transform a wavefunction |p > in the quantum-mechanical momentum 
representation in the following manner: 


ep >= Btp>, (B.24) 


where f is real. The overall Heisenberg Lie group is formed by group multiplica- 
tion of the corresponding subgroup elements e!@? with e!?*, 

For most physical theories, there exists an action that remains unchanged in 
value for cerain continuous chances in the dynamical variables. This is used in 
Chapters 1,7. 8, 10, and 13 to derive dynamical equations of the Lagrange and 
Hamiltonian approaches. We can now see that the set of transformations of the 
dynamical variables that leave the action integral unchanged form a representation 
of the invariance group (often a Lie group) of that physical theory. 
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CLIFFORD ALGEBRAS 


‘The three Pauli matrices oy. their three counterparts jog, the 2x2 unit matrix | and 
the matrix i} together form another type of algebra called a Clifford algebra. The 
lowest order Clifford algebra contains the two elements i and 1. A higher order 
Clifford algebra is formed from the 4 x 4 Dirac matrices 1 and their products. 
‘The 7; can be expressed as direct products of Pauli matrices and the unit matrix } 


as follows: 
_fo of 0 a [9 o 
maf, ] e-[a ] ea) 
10 
n=[j ‘| (B.25) 


In a Pauli matrix Clifford algebra formalism the scalar (A - B) and cross (A x B) 
products combine into a single operation AB called a geometric product: AB = 
A-B+A xB. The coordinate vector is written in the form r = x01 + y02+203, 
so the Pauli matrices act as basis vectors. A quantity (S, VIVp. Sp) defined in this 
algebra, called a multivector, has one scalar component $, three vector compo- 
nents Vz, Vj, Vz, three pseudovector components from Vp, and one pseudoscalar 
component Sp. Several examples of multivectors and multivector transformations 
are: 


energy-momentum 4-vector (0, Olp, E/c) {B.26a) 
electromagnetic field tensor (0, E}cB, 0) {B.26b) 
space rotation (cos 6/2, O|msin@/2, 0) (B.26c) 
special Lorentz transformation — ({{y ~ 1}/21'/*, —B{ty + 13/21/10, 0) 
(B.26d) 
‘identity transformation 4, 00, 0) (B.26¢) 


The first four expressions constitute various ways of combining the nonzero parts 
of the four terms S, V, Vp, and S» in pairs. For example, the electromagnetic 
fields B and E combine together in a multivector in which E is the vector part, 
cB is the pseudovector part. and the scalar and pseudoscalar components are zero. 
Note that Eq. (B.26c) reduces to (B.26e) in the limit @ => 0. In this formalism the 
product of two successive individual rotations about different axes automatically 
provides the axis direction n and angle @ of the equivalent single rotation, infor- 
mation which cannot be readily obtained from the usual rotation matrix product 
operation. This convenient successive rotation technique involving the use of half 
angles was described in Section 4.5 of the second edition of the present text, and 
is omitted in the present third edition to make room for new material. The Clifford 
algebra approach was developed by Hestenes in his New Foundations for Classi- 
cal Mechanics where he called it geometric algebra (see selected bibliography). 
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GROUP THEORY CLASSIFICATION OF ELEMENTARY PARTICLES 


‘The power of group theory is demonstrated by the simple unitary group SU(m) 
classification schemes of elementary particles. We briefly discuss this for baryons. 
A small submultiplet containing N baryons is classified in terms of an SU(2) 
representation by its isospin number { where 


N=U+i. {B.27) 


For example / = 1/2 for the neutron, proton pair n and p, and { = 1 for the 
sigma triplet 27, 2°. and £*. Each panicle is labeled by its my value, where for 
a given / the my values have integer spacings in the range ~7 < my < J. When 
the next higher unitary group SU(3) is invoked a new quantum number called 
strangeness, s, is added, and various SU(2) submultiplets with different s values 
group together in the larger irreducible representations T of SU(3). Bach baryon 
has three quarks called up (u), down (d) and strange (s) for a total of 3° = 27 
combinations (e.g., a proton has the wud grouping), and the SU(3) group theory 
classification divides these 27 into three irreducible representations 1, I's and 
P\o, with P's appearing twice, and the respective dimensionalities of TF add as 
follows 


Prt fet let Pios1 +8484 10 = 27 (B.28) 


Figure B.2 presents a plot of s versus m, for the particles of the ground state SU(3) 
octet Is which combines four SU(2) submultiplets: (n, p, 1 = 1/2), (A% I = 0), 
(27,29, £4, 7 = 1), and (27, 8°, F = 1/2), A higher order classification of 
the baryons in terms of the special unitary group SU(4) takes into account a fourth 
quark ¢ called charm, and groups together SU(3) multiplets in terms of their total 
charm values. Now there are four types of quarks, u, d,s, and ¢, comesponding 


FIGURE B.2_ Piot of strangeness (s} on the ordinate versus isotopic spin (m7) on the 
abscissa, The strangeness ranges from ~2 to 0 while the isotopic spin ranges from —1 10 
+1, Horizontal lines of constant strangeness contain SU(2) submaltiplets. 
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@ (b) 


FIGURE B.3 Two of the 20-fold supermultiplets of the SU(4) classification of baryons. 
Charm (c) is plotted vertically and strangeness {s) and isotopic spin (im ) are plotted on the 
horizontal plane. (a) has the uncharmed ground-state octet, Ig of Fig. B.2 at the bottom. (b) 
is the plot of another supermultiplet of SU(4). (See Phys. Rev., DS4, Part 1, 1996, p. 100.) 


to 43 = 64 baryon quark combinations, Figure B.3a shows a plot of the 20-fold 
SU(4) supermaltiplet formed by horizontal groupings of SU(3) multiplets, with 
each particle labeled by its quark composition, In the lowest level we find the 
ground state uncharmed baryons of Fig. B.2, that is baryons which contain only 
combinations of the quarks u, d, and s, The middle level contains singly charmed 
particles, that is baryons with one c and two ordinary quarks, and the upper layer 
contains doubly charmed particles such as 92%. with the quark content scc. Figure 
B.3b shows another of the SU(4) supermultipiets. 

These classification schemes are of more than academic interest because they 
provide selection rules for predicting elementary particle interactions, such as the 
conservation of strangeness for strong and electromagnetic interactions, but not 
for weak interactions. Mesons, each of which contains a quark plus an antiquark, 
also conform to classification schemes by the simple unitary groups SU(n). 
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Inelastic collision, 118 
Inertia 
ellipsoid, 197, 20% 
tensor, 191 
‘components, 195 
diagonal, 196 
eigenvalue, 195, 196 
eigenvector, 196 
imegral, 194 
principal axes, 196 
principal moments, 197 
properties, 195 
similarity transformation, 196 
Inertial 
force, § 
system, definition, 2 
Infinitesimal 
canonical transformation, 385. 
386, 396, 398, 399, 401 
rotation, 163, 166 
Infrared spectroscopy, 258 
Instability, 205 
Integrability breakdown, 502 
Integral 
invariants of Poincaré, 394 


Inversion, 156, 181 
Islands 
in chaos, 502, 503 


6u1 


hierarchy, 504, 505 
various orders, 504 
Isomorphism, 609 


J matrix, 342, 3282-389, 393 
Poisson bracket, 388 
Jabberwocky, 202 
Jacobi 
determinant, 394 
form of least action principle, 
361 
identity, 393, 398, 424, 428 
integral 61, 566, 597 
Lagrange brackets, 424 
Poisson bracket, 390 
matrix of canonical 
transformation, 426 
Josephson junction, 265, 271, 618 


KAM (Kolmogorov-Amold- 
Moser) theorem, 484, 
487-492 

Kamiltonian, 370 

Kepler 

equation, 102, 126, {31 
second law, 73 
third taw, 101, 470 

Kepler problem, inverse square 
law potential, 70-126, 347, 
ais 

action variables, 47% 

action-angle variables, 466 

closed orbits, conditions, 89-92 

cyclic coordinate, 445 

equations of motion, 72-76 

equivalent one body problem, 
10-71 

equivalent one dimensional 
problem, 76-83 

inverse square law, 92-96 

Lie algebra, 414 

motion in time, 96 

orbit equation, 86-89, 96-103 

perturbation, 536 

Poincaré map, 495, 496 

scattering, 106-121 

spherical potar coordinates, 467 

symmetry group, 414 

virial theorem, 472 
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Kinematics 
rigid body, 134, 184 
tools, 184 
Kinetic energy 
ellipsoid, 203 
rigid body, 184 
rotational, 191 
total, 9 
Kinetic theory, 85, 112 
Kirchhoff junction conditions, 66 
Klein-Gordon 
equation, 585 
field, $85 
particle, 596 
Kolmogorov-Amold-Moser 
(KAM) theorem, 484, 
487-492 
Korteweg-deVries equation, 596, 
600 
Kronecker delta (8;,), 138, 181, 
190 


Laboratory 
frame, 302 
system, transformation, 306 
ime, 279 
Lagrange 
bracket, 392-394 
fundamental, 393 
calculus of variations, 36 
equations, 16, 21-23 
derivation from Hamilton's 
principle, 44, 45 
‘Buler equation derivation, 
200 
Nielsen form, 30 
perturbation, $33 
multipliers, 16, 67 
point, 124 
solution of three body problem, 
123 
undetermined multiplier, 198 
Lagrangian 
applications, 24-29 
central force, 7 
consesved quantities, 566 
covariant, 318, 321, 322, 
382 
definition, 21 
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density, 564, 567, 583 
continuous system, 361-566 
discrete system, 558-560 

electromagnetic field, 350 
formulation versus Newtonian, 
199 
from Hamilton's principle, 44 
heavy symmetrical top, 208 
precession of Earth, 227 
relativistic, 312 
rigid body. 185, 199 
separable, 185 
Laplace transform, 264 
Laplace-Runge-Len2. vector, 
102-106, 131,429 
Larmor 
frequency, 23% 
precession, 318 
theorem, 232 
LC circuit, $1 
Least action principle, 356, 362 
A-variation, 359 
Jacobi form, 361 
restrictions, 358 


. 539 
polynomial generating function, 
24 
transformation, 334, 335, 375, 
549 
Levi-Civita density, (e:jx) 169, 
ato 
Liapunow exponent, 491, $19 
damped pendulum, $19 
diagram, $20 
dimension, 521 
ogistic equation, 514, 519 
negative, 492 
Sierpinski carpet, 519 
solar system, 494 
Libration, 452, 455, 460 
Lie 
algebra, 171, 412-415, 611-613 
definition, 412 
Kepler problem, 414 
Poisson bracket, 392 
structure constant, 413, 612 
bracket, 178 
relations, 415 


group, 411, 412, 611-613 
subgroup, 613 
Light cone, 279, 280 
Lighttike, 278, 304 
Limit cycle, 489 
figure, 491 
van der Pol equation, 491 
Line of nodes, 150, 473 
Linear momentum, 
particle, 1 
system of particles, 6 
total, 6 
Liouville theorem, 418-421, 428, 
483 
Lissajous figure, 83, 258, 439, 
458, 462 
noncommnensurate, 464 
skeich, 440, 463 
Ljapunoy, see Liapunoy 
Logistic equation, 509, 620 
control parameter, 510 
Feigenbaum diagram, $10, 
S13-S1S 
fourfold cycle, 510 
iterations, 510 
Liapunov exponent, 512, 514 
self-similarity, 514 
twofold cycle, 510 
Longitude of ascending node, 474 
Lorentz, 282 
boost, 284 
condition, 297 
force, 22, 131, 237, 350 
frame, $80 
group, 282, 610 
invariance, 302, 577 
ten constraints, 282 
transformation, 280-265 
boost, 282 
equations for cr and r’, 
281 
general matsix, 28} 
homogencous, 282 
inhomogencous, 282, 610 
invariance, 302 
pure, 284 
scattering, 306 
Lorenz equations, 523 
Lyapunov, see Liapunov 


M-mnairix, 382-389, 394 
MacCullagh formula, 225 
Mach’s principle, 324 
Magnetic 
field 
charge particle motion, 23, 
37 
uniform, 409 
moment, 230 
rigidity, 318 
Manifold, 576, 611, 618 
Mapping, 287 
quadratic, $03 
Mass 
conter of, 312 
reduced, 71 
weighted coordinates, 241 
Matrix 
addition, 145 
antisymmetric, 148, 165 
cofactor, 340 
determinant, 159 
hermitean, 412 
infinitesimal element, 164 
inverse, 147 
Jn 342, 383-389 
Me, 382-389, 394 
multiplication, 144 
orthogonal, 147 
reciprocal, 147 
rectangular, 147 
skew symmetric, 148 
transpose, 147 
vonitary, 412 
Maxwell's equations, 54, 276, 
297, 350 
covariant form, 298 
Mean anomaly, 192 
Mechanics, see Classical 
mechanics 
Merry-go-round, 183 
Meson, 331, 616 
scalar, $71, 599 
Metric 
‘Minkowski space, 287, 580 
matrix, 287 
tensor, 327 
MeV, definition, 32 
Microcanonical ensemble, 421 
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Miltion electron volt, definition, 
2 
Minimums 
sian oping pacple 
surface of revolution, 40 
Minkowski 
coordinate, 288 
force, 299, 322 
space, 278, $80 
‘two dimensional, 287 
Mixing, 516 
property of chaos, 491 
Mode, normal, 252 
‘Moderator, 120 
Molecule 
internal coordinates, 272 
linear tristomic, 272 
pentatomic, 272 
polyatomic, 258, 259 
rotation and vibration, 
180 
sristomic, 275 
vibrating, 253, 258 
linear polyatomic, 558 
Moment 
of force, definition, 2 
of inertia, 19% 
about axis of rotation, 192 
choice of origin, 193 
coefficients, 187 
ellipsoid, 197 
integral, 194 
‘operator, 188 
parallel axes, 193, 194 
Momentam 
angutas, 187, 344 
‘canonical, $5, 314 
center of, 332 
conjugate, 55, 335, 351 
conservation, 403 
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Motion 
dounded, 80, 484 
chaotic, 491-493 
equation, 74 
hyperbatic, 315 
periodic, 484 

Muhtiplet. 613, 616 

Muhtiply periodic, 458, 461 

Muhivector, 614 


Napier’s rules, 476 
Network, electrical, 264 
Neutron scattering, 120 
Newtonian 
equations of motion, 199 
formulation versus Lagrangian, 
199 
mechanical corpuscles, 132 
second taw. 1, 209 
third law, § 
Nielsen form of Lagrange’s 
‘equations, 30 
No-interaction theorem, 324, 
353 
Node 
ascending, 472 
line of, 150, 473 
Noether’s theorem, 344, 566, 589, 
594 
conditions, 590 
conserved current, 594 
conserved quantities, 418 
discrete, 596, 597 
statement of, 594, 595, 
397 
symmetry properties. 598 
Non-Euctideun, 278 
Nonabelian group, 606 
Noncommensurate, 464 
Nonhoionomic system, 45 
Noninertial system, 175 
Normal 
behavior in chaos, 515 
coordinates, 250, 251 
modes, 252, 256 
Number theory theorem, 463 
Nutation, 215 
heavy symmetrical top, 209, 
24 
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0(3) group, 610 
Objateness 
Earth, 229 
Moon, 229 
Oceupation mumber, 253 
‘One dimensional problem, 
‘equivalent, 76 
One-form, see I-form 
Operational caleulus, 275 
Opties 
geometric, 112 
meteorological, 114 
Orbit 
bounded, 80 
chaotic, 522 
circular, 80, 81.94 
closed, 452 
conditions for, 89 
commensurate, 106 
degenerate, 106 
elliptic, 94. 95, 484 
‘equation, 99 
of state, 86 
integration, 93 
hyperbolic, 94, 110 
inclination, 474 
open, 452 
osculating, 531 
parabolic, 94 
phase space, 452 
quasi-periodic, 490 
reflection symmetry, 87 
regular, $22 
satellite, 229 
shape, scale, orientation, 105, 
473 
stable, 90 
unbounded, 79 
unstable, 90 
Orbiting, 123 
Orthogonal 
matrix, 147 
transformation, 139 
‘Orthogonality condition, 140 
‘Oscillation, 238-265 
eigenvalue equation, 241-249 
forved, 259-265 
free vibration frequencies, 
249-253 
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Jasephson junction, 271 
normal coordinates, 249-253 
pendutum, damped and driven, 

265-274 
potential expansion, 238-241 
principal axis transformation, 
241-249 
triatomic molecule, 253-259 

Oscillator 
anharmonic, 545 
double, 486 
parametric, 508 


Parabola, 81,94, 128 
Parametric resonance, 505, 508, 
509 

Parity, 590 
Bast, 279 
Pauli matrices, 412, 612, 614 
Pendulum 

damped driven, 265 

double, 14 

equation, 267 

hysteresis, 270 

periodicity, 453 

perturbation, 533 

phase angle, 533 

plane, 234 

spherical, 83, 428 
Pentatomic molecule, 272 
Periapsis, 99, 108, 540, 541 


Perihelion. 99, 100, 474, 477, 
484 
Mercury, 332, $38, 539 
Period doubling, 516 
Periodic 
frequency, 455 
motion, 452, 484 
libration, 452 
rotation, 452 
multiply, 458 
orbits of pendulum, 454 
quasi, 461 
Permutation 
group, 609 
symbol (éjj¢), 169, 173, 181 


Perturbation, 487 
action-angle variables, $41 
adiabatic invariance, 549-555 
degeneracy, 547, 548 
fast variable, 547 
first order, 530, 534, 537 
Hamilton-Jacobi equation, 543 
Hamiltonian, 526 
harmonic oscillator, 529 
Kepler problem, 536 
oth order, 530 
pendulum, 533 
precession 
equinoxes, 539 
Mercury, 538, $39 
satellite orbits, $39 
second order, 534, 544 
secular, 532, 535 
slow variable, 547 
solar system, 532 
theory, 229, 338, 483, 
526-555 
quantum, 527 
time dependent, 527-533 
examples, 533-541 
time independent, 541-549 
Phase space, 335, 370, 453, 573 
ellipse, 98 
harmonic oscillator, 380 
damped driven, plot of, 507 
uncoupled, 486, 487 
Kepler problem, 98 
orbits, 454 
point cansformation, 370 
regular orbits, Hénon-Heiles, 
$02 
trajectory, 354 
Photomeson production, 304 
Photon, 253 
Pitch angie, 154, 603 
Planck's constant, 380 
Poincaré 
integral invariants, 394 
map, (of section), 494, 495 
Hénon-Heiles, 499-501 
Kepler problem, 495 
transformation, 282 
Poinsot’s construction, 201, 202, 
206, 234 


Point 
inflection, 42 
Lagrange, 124 
saddle, 124 
transformation, 31, 370, 422 
configuration space, 370 
phase space, 370 
‘turning, 78 
Poisson 
equation, 225 
theorem, 398 
Poisson bracket, 388-411 
angular momentum, 408-411 
applications, 396 
canonically invariant, 390 
conservation theorem, 
402-404 
correspondence principle, 390, 
398 
double, 390 
equation of motion, 396-398, 
407 
fundamental, 389, 411 
generating function, 402-406 
infinitesimal canonical 
eansformation (LCT), 
398-405 
integral invariants of Poincaré, 
304 
invariance, 388 
Jacobi identity, 390 
Jacobian determinant, 394 
Lagrange bracket, 392 
Lie algebra, 392 
linear and angular momentum, 
an 
nested, 408 
perturbation theory, 532 
symmetry groups, 411-418 
symplectic, 388, 389 
theorem, 411 
Polar coordinate, 72 
central force Lagrangian, 73 
plane, 25 
spherical, 32 
Polhode, 202 
Polyatomic molecule, 258, 259 
linear, 558 
rotation and vibration, 180 
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Potential. 4 
energy, 4 
equilibrium, 239 
total, Hf 
equivalent one dimensional, 
central force, 78 
generalized, 22 
gradient, 10 
Hénon-Heiles, 497, 498 
hole, 82 
integrable, 86 
linear restoring force, 83 
power law, 86, 87 
sealar, 20 
velocity dependent, 22-24 
Power series, 43 
Precession, 206 
astronomical, 208, 228 
average frequency, 217 
Earth, 207, 226 
equinoxes, 209, 223-229 
fast and slow, 219 
force free motion, 207 
free body. 205 
heavy symmetricat top, 209 
Larmor, 231 
magnetic field, 230 
Mercury, 332, 538, $39 
orbital plane, 540 
pseudoregutar, 218 
regular, 218 
sateltite, 228 
system of charges, 230 
“Thomas, 282, 330 
Principal axis transformation, 
ma 
Proper time, 279, 310, 321 
Proton-neutroa reaction, 304 


Quadrupole moment 
gravitational, 226 
Sun, $44 
Quantization, 54 
Quantum 
commutator, 392 
corrections, 115 
electrodynamics, 54 
field theory, $76 
Hamiltonian, 613 
Heisenberg pictare, 408 
mechanics, 111 
Bobr, 466 
perturbation theory, $26 
scattering, 120 
theory, 290 
transition from classical 
mechanics, 76 
Quark, 615 
Quasi- 
periodic, 461, 490 
static motion, 268 
Quaterion group, 610 


Radius 
gyration, 198 
vector, 73 

Rainbow scattering, 114 

Raman spectroscopy, 258 

Randomness, 483 

Rayleigh’s dissipation fanction, 

23 

Reactance, $3 

Regulacity, 488 
breakdown, 488 

Relativity, 276-328, 619 
4-vector, 287 
angular momentum, 

309-312 
coltisions, 300-309 
electromagnetism, 297-300 
force, 297-300 
general, 324-328, 538 
Lagrangian, 312-324 
metric tensor, 287, 288, 291 
reduced mass, 71 
spacetime, 278-280 
special, 265, 276-324 
postulates, 277 
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Representation 
faithful, 609, 623 
group, 608 
irreducible, 608 
momentum, 576 
Repulsive centrifugal barrier, 78 
Residue, 469 
Resonance, 260, 548 
deep, 549 
parametric, 509 
shallow, $49 
transients, 260 
vibrating system, 260 
Resonant frequency of linear 
triatomie molecule, 255 
Reversed effective force, 80 
Reversible process, 336 
Rheonomous, 13 
Ricci tensor, 327 
Riemann 
surface, 469 
tensor, 326, 327 
Rigid body, 11 
angular momentum, 185~188 
definition, 134-138 
degrees of freedom, 134 
equations of motion, 184, 
198-200 
Baler 
equations, 198-200 
theorem, 155, 156 
heavy symmetrical top motion, 
208-223, 
Kinematics, 134, 184 
Lagrangian, 199 
motion, 134, 155-174 
nutating, 209, 214 
orientation, 169 
rotation, 155-174 
finite, 161-163 
infinite, 163-27 
solving problems, 198 
torque free motion, 200-223 
Rigidity, 318 
Roll angle, 154, 603 
Rolling 
constraint, 14 
disk, 15 
hoop, 50 
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Risster equations, $23 
Rotation, 141. 452, 455 
active sense. 143 
clockwise, 162 
counterclockwise, 170 
finite, 161 
formata, 162, 170 
generator, 171 
‘group, 171 
infinitesional, 162, 163 
instantaneous axis, 172 
kinetic energy, 192 
matrix, 142 
passive, 169 
sense, 143 
proper, 158 
trace, 160 
vector, 59 
Roath 
Kepler problem, 348 
procedure, 56, 347 
Routhian, 348 
Rutherford 
‘oss section, 110 
scattering, 131 


Sateltive 
antificial, 229 
close, 229 
orbiting Earth, 474 
orbits, 223, 229 
‘Scalar, 189, 293 
curvature, 327 
field, 287 
‘meson, 571 
field, $99 
potential, 20 
product, Minkowski space, 288, 
290, 291 
scale invariance, 591 
transformation, 370 
Scattering, 106, 306 
angle, 112, 308, 309 
center of mass. 116 


elastic, 118, 120, 306 


glory, 114 

inelastic, 118 

laboratory coordinates, 115-121 

neutron, 120 

rainbow, 112 

Rutherford, 111, 131 
Schrédinger equation, 54, $84, 599 
Schwarzschild solution of Einstein 

field equations. 538 

Scleronomous, 13, 25 
Screening, mucteus, 111 
Screw 

motion, 161 

symmetry axis, 161 
Secular 

change, 531 

equation, 157, 244 

fineastriatomic molecule, 254 

perturbation, $32, $35 
Seif-similarity, 505, 514 

fractal, 516-519 

logistic equation, $13-515 
Semiclassical approximation, 115 
Semiholonomic, 46, 48, 49 


Semimajor axis, 95, 475 
Serniminor axis, 101 
Sensitivity to inital conditions, 
494 

Separation constant, 445 
Siderial 

day, 175 

yeat, 538 
Sierpinski 


carpet, 517-519, $22 
fractal dimension, 518 
sponge, 522 
Sigma elementary particle, 615 
Simitarity transformation, 149, 
158, 189 
trace, 160 
Simultaneity, 580 
Sine-Gordon 
equation, 585 
field, 585 
SOQ) group, 413, 418, 610 
SO{4) group, 414 
SOfa) group, 418 
SOHO, 126 
Solar day, 175 


Soliton, 587. 596 
Sound vibrations in gas, 598 
Space 
configuration, 34, 357 
dual, 292 
fitting, $21 
Minkowski, 278, 290 
Spacelike, 278, $80 
Spacetime, 278 
interval, 278 
Special relativity, 276 
postulates, 277 
Spherical triangle, 181, 476 
‘Spin angular momentum, 
10 
Spiraling, 113 
Stability, 205 
marginal, 493 
Staeckel conditions. 446, 447 
Stationary 
path, 37 
value, 35 
Steady state, dynamic, 267 
Stochastic, 483 
Stokes’ law, 24, $2 
Strange attractor, 489, 492, $00 
dimension, 521 
fractal dimension, $20 
Hénon-Heites, 500, 501 
Strangeness, 615 
Stress 
energy tensor, 566, 570, 589 
conservation, 595 
properties, 578 
symmetrize, $72, 600 
tensor, 570 
Strong 
Taw of action and reaction, 7 
nuclear force, 299 
Structure 
analogy, 54 
constant, 412, 413, 612 


SU(2) group, 413, 418, 612, 615, 


616, 621 
SUG} group, 418, 615, 
SUC) group, 616 

SU(n} group, 418, 615, 616 
Subgroup, 606 
Submultiplet, 615 


Subject index 


‘Summation convention, 138, 169, 
186 

‘Superconductivity, 618 
Supermoltipler, 615, 616 
Susceptance, 53 
Symmetry 

groups, 411-418 

mechanical systems, 411-418 

properties, 60 

spherical. 60, 72 
Symplectic, 343, 381 

approach, 339, 343 

canonical transformation, 381, 

382 

condition, 384, 387, 422 

generating function, 394 

group, 387, 612 

Hamitton’s equations, 343 

matrix, 384 

Poisson bracket, 388, 397 
System 

continuous, 568 

discrete, 558 

vector, 409, 410, 413, 


‘Fachyon, 278 
‘Tait-Bryan angles, 154 
‘Tardyon, 278 
‘Taylor series, 239 
potential expansion, 482 
‘Temperature, definition, 85 
‘Fensor, 188-191 
alternating, 169 
Cartesian, 189 
definition, 293 
first rank, 189 
inertia, 191-198 
‘isotropic of rank 3, 169 
metric, 286 
moment of inertia, 191-198 
product. 294 
properties. 188 
rank, 293 
second rank, 188 
slots, 293 
unit, 190 
wedge product, 295 
zero rank. 189 
‘Thermodynamics, 336 
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Thomas 
frequency, 285 
precession, 282, 330 
‘Three body problem, 121-126, 
617 
Euler solution, 122 
Lagrange solution, 123 
restricted, 124, 133 
‘Threshold energy, 302-305 
‘Time dilation, 279 
Timelike, 278 
‘Top 
Euler equations, 210 
fast, 215, 221 
heavy symmetrical, 200, 208, 
482 
with one point fixed, 208 
motion, 208, 212 
steeping, 221 
symmetric, 618 
tippie, 221 
uniform, 221 
‘Topological dimension, 518 
Torque, 2 
critical. 266 
damping, 266 
gravitational, 223 
pendulum, 266 
‘Torus, 487, 492 
Tour de force, 407 
‘Trace of similarity transformation, 
160 
‘fransformation 
active sense, 143 
canonical, 368-421 
‘nfinivesimal, 396 
restricted, 371, 382 
congruence, 245, 246, 
282 
equation, 13 
extended canonical, 371 
formal properties, 144 
Gatitean, 28) 
gauge, 595 
generating function, 371 
identity, 146, 156, 395 
improper, 151, 168 
infinitesimal, 165 
canonical (LT.C.), 396 
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‘Transformation (cont.} fast, 547 field, 588 
‘Legendre, 375, 549 slow, 547 four-, 286 
examples, 375. Variation, 354 generalized, 25, 319 
Ninear, 187 B-type, 38.44 Vibration 
‘Lorentz, 280 A-type. 357, 359 anharmonic, 255 
matrix, 144 integral, 44 forced, 259, 264 
elements, 140 line integral, 35 free, 250, 253 
‘operator, 142 Variational modes, 261 
orthogonal, 139-150, 184 Hamiltonian, 353 linear triatomic molecule, 
passive sense, 143 principle, 5, 34-43, 51 253 
point, 31, 370, 422 ‘Vector longitudinal mode, 257 
principal axis, 241 4-vector number of normat modes, 
proper, 151 ‘energy, momentum, 295, 300, 255 
restricted canonical, 371, 382 301 transverse mode, 257 
rigid body rotation, 139-155 photon momentum, 304 Virial 
scale, 370 table, 287 Clausius, 84, 128 
similarity, 149, 158, 180, 189, velocity, 286-288 theorem, 83-86, 94, 472 
pr) addition, 163 Virtual 
‘Transient, 260 axial, 168 displacement, 16, 20 
‘Translational mode, 272 conserved, 104 work principle, 17 
‘Trintomic molecule, 275 covariant, 289 Viscosity, 51, 265 
‘Triple cross product, 186 field, table, 287 
‘Durning angles, 213 first rank tensor, 189 Wavefunction, 613 
‘Twin paradox, 285 flux density, 569 Weak mictear force, 299 
Minkowski space, 286 Weber's electrodynamics, 
Ultrarelativistic, 303 polar, 167 367 
region, 308 radius, 73 Wedge product, 295, 296 
Undetermined multipliers of rate of change, 171-174 Wheatstone bridge, 66 
Lagrange, 46, 363 system, 409, 410, 413, Witten and Sandet diffusion 
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